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SOME ALGEBRATCATLY SPECTAL SOLUTTONS

ON ETNSTETN'S EQUATTONS - TT

P, C, Vatdva

Abstract In the first pert of this series of pavers it
vas shown that algebraically special s-lutions of Einstein's
equations +expressed in the metric-form , Rep

= lint H rage
0, * Te o and exhibitting symmetry about an axis

eaplit into two families - the Schwarzschild and the Kerr
families. The most general solution of Schwarzschild family
was obtained in T, The most general solution of the Kerr
fanily is derived in the present psper. The general solution .

presented here describes the gravitational field of a rotating
body which is radiating energy.
1. Tntrodvetion

This paper is in continustion of the earlier
paper f1] which will be referred to in the sequet as T,
Section ° of T forms a necessary introduetion for the present
investigation and 57 we begin with a brief outline of the
geometrical notations introduced there.

Tn a Minkowskian space-time, we ean find four
uniform vector fields such that (1) any two of them are mutuatly
orthoronal and (44) one of them is time-like and the other three

space-like, Let >" be the unit tangent to the tine-like vector
passing through a point P ( coordinates x!) and at, Bi, c 1 he

the unit tangents to the srace-like vectors, We use the elenature
+ ) and raise and lowever intices with the help



z+

of "inkowskian space-tie,of the setric tensor or

These four uniform vector fields give rise to a Euelt4ean
reference frane with coordinates x , y, Z, t for P where

end t = x')\, so thetx= x A 411

4!

A4)

indicating an ordinary derivative,
a

Tf tts any space-like unit vector in the
3~ flet TT at right angles to X at the point P then

is a null vector defining a null eongruence in
in the Minkowskian space-time,

Tn the t~ flat TT at the point P, let of and @

be the spherical angles of the direction with reference
to the triad at pl, ci at P. Then we can define % news

8

space-like unit vectors d ' wm and at by the fo' lowing
relations ( sce Pig. 7 )
C;

mi= cos f ale sin & Bt

{= sin of mt

U =cosae m - sin « ct

+ cog of ci

we - sing ai + cose Bt



he

We take « and f as functions of the coordinates x of the potnt
P , Tt has been shown in T that the null congruence At d.
is geodetic and shearfree if .
(1.1) a F = * = 0

and

y
*sin ot(1.2)

>

(.3) sin

Tt can be verified that if

(1.4) u®xsine cos f +y sine sing +zgcos& +t
(1.5) v= xcos cos f +

+y cose sinf - z sine

(1.6) w= x sin @ - y as B

Oy Therefore thethen

gen conditions (1.1) for geodetic null congruence can be

integrated and exhibited in the form

v=V(u, & )W (a, ay )
Wand V teing undeternined functions of the ergunents,

In T, the partial differential equatione sati«fied by the
functions v and are written down on the essuaption that they do

n-t depend on the angele &.( Syanetry about ce) These equations
are

qu) A

(1.7) W + V an
- Weot ox +

Ww
= ©

(1.8) ~ W Veot aw + ve =o



a suffix denoting partisl derivatives ! e.g, vie Ov[ou
The general solution of these equations satisfying the restriction
We owas discussed in T the corresponding gravitalional fields
being designated as fielda of the Schwarzschild family,

°, Shearfreenull congruence in Kerr family +

In order to solve equations (1.7) and (1,8) in the

mpre general c,se w "co we use the substitutions
v cosec = p , wcosec «= q , cos" = 8

and derive a single equation

u
iq(2

from the two equations (1,7) and (1,8), Equation (©@,1) can

be treated as a linear partial differenti.l equation in p - iq
as a function of u and s, The complete solution of (,.1) can

be written as

2.2) utis(p-ig)#f (pe iq)
where f is an arbitrary analytical function of the couplex
variable p ~ 1q . From (9 9) we get the two solutions

ps + Olpyq) = o

qa + Y(p,q) = 0,
where - and Y are eenseeta conjugate harmonic functions of

u +

their argusents, Thus finally

(2.3) uvrycot« +P(p,q) =
0,

(> .4) wcot « + YY (psq) =O,
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>

where

(2,%) pm vcosecs sq wcosees sq
p

are the two equations which determine and as functions of the

coordinates of the field point P in such a way

4
(2 .6) - r+ sin « cos f A+ sine sing B +cose¢ C

is a tangent vector at the point P ( x,y,2,t ) of a shearfree

geodetic null congruence, From equations (o .3) and (0.4) and

from the derivatives of the functions u, v, w recor4ed in

Appendix (1), one can find that

(2.7) of
3 i= (A274 py [- B sin « r+ (AC Bn)l+ (AD + BC )

2.8) sina e. = (0Bal ~ Aging € = "ane ROY, + CAC 2m,
where A= (seo x +%)¥ - Pi, +P

(2 9) @)Be ©,V + C cos # +%) (t
c De cosa +

Ry '
f

with P= D(pyq) and Y= (pyq) satisfying (©.5).

The expansion 67 = 4 of the null congruence ts
given by

53 5-1
(2,10) A (AC- BD) (A+B )

Tt may be noted that ¢(p,q) = b p- q') »
= 2dnq,

b sin « cos & whichhexhe = constant, will give v= - =
67

eorresponds to the case of radiating Kerr metric reported

eleswhere [2] . Again 1f Plpyq) = Py ¥(p.q) = x
3 k

and a constants, one obtains fron (2 >) and (2,4) that

1

3

1
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-7 ~1
(> 11) v= ausine (1+8 cose ), w= k sin « (1+ acos «)

which correspond to solutions discussed by Patel fs]
Tf one puts a =o in (9,11), one gets v=o,w* k sin #

which corresponds to Kerr solution,

TheMetric :5,

Consider a Riensnnian space-time described by the

metric
+

Vay THE GE y(3.1)
*

EH being a furetion of the coordinates and £ + the null

congruence, Tt has been shown in T that tf E; is
shearfree and geodetic in the Minkowskian space~ time it
will continue to be so in the Riemannian space~time

described by (%,1), The christoffel symbole for the

metric (3,1) have been recorded in T as appendix (11),

Ry, for the metric (3,1) when 1s reodetic .
pedi jot the present paper will be found the general form of

Taking given by equation (°,6) above and

following. Yas [4] we take
o «

(3,2) H= MEY = MA2-2M CAC BD) CA +B )

with

M = (x') such that My,(3.3)

We note, in passing, that any function of coordinates like
Me (x!) which satisfies the equation '= 0 will
be taken as independent of @ end hence as functions of

the arguments p and q only * This 1s consistent with
our symmetry assumption
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5 - Z -

With the above
above

form of H, we find thet

4
¥ tRik E O, 51 At =

The forms of the severe fant y are recorded in
r

appendix (111), Tn order to get-RPy, ara P we tust take

we must take = v= 0 which vill lead to the following two

differential equations 65 for ™.

(3,4) Co v(m 12 ») a2cn(dm 1a a)

(3.8) 52

on(oM
to + (%- rw 19 q) + su (C+D Pals oe

As wentioned earlier in deriving (3.4) and (3,5)

we have tsken ( pyq )

In order to find the condition which will ensure that

(3.4) and (3.8) are mitually consistent as equationsfor

C, o so that

and ean be taken as functions of p and q only, Then

from the 4éfining equstions (2,9) for C and D we shall

find thet

ag ge ye Deh
Using these simplifying results we find thet the

two equations for " are mutua' ly const stent if

(N.- 8C )=O(3.6) ce re

Thus in order that « and & defined by (2.3) and (2,4)

determine shat the shearfree geodetic null congruence

1

we use o, rt

9.
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leading to R ik Aro Fi k it is necessary that the

two conjugate functions ¢ and y' should, in addttion,
satisfy equation (%,6).
Now it can be verified thst

k + ab

1
+ >

= A
Biex [ (meen), bat a

where h = H, a . Therefore if Srg-*ik 4 &
we find that

(3.7) +ars" = (HE

Using seversl results mentioned in arrendix (iv) we can

rewrite (3.7) in the explicit form

arc=6u(A +
>

B7 " tac - Bn) (C++ sine + oAg) + (AC+BN) B.
(3.8) + (BC-AN) B, ~e(re ey (c+ By ae C,t (cn4)

~6Mqsin « (AC-BN) (A + J ts,

Thus we have the general solution of Einstein's dquations
R FF£4onik where 7 given by (7.6), The metric for

* *
+ #H

Yr FF H being etven bytre solution is given by Gi Way

the equation (%.2), The corresponding form Riven by

equation (3,7) above, A, B, C, D being defined in (9 9)
and M satisfying any one of the two equations (3,4), (3.8),

1



4. Particular Cases.

Case (1) © = ap, Y= aq - by 8,yh constants.

C=o0, dq
~1

As-q (lea) - abs Beh (an +t dq -

Since C = 0, the erndition of consistency (%,6) is ess! ly
seen to be satisfied, and (3.8) will now give ara = o so

that this case satisfies R,, = 0 . This is the solution

reported by Patel [%] and contains Lorentz trensform

of Kerr's solution as a particular case.

Case %) p=b ¢ p- a"), v= oppq , b = constant

C= - %bq , D=0o

tt ( p- a' ) » B =- 4d nq
67 ng.

Since Cy 0, D = 0, the condition of consistency (%,6) 1s

easily seen to be satisfied, (3,8) wi?l now give

+ %bq

53

. This ie the case reported e? sewherearc= 1M b (A +B
9

as es radiating Kerr metric

Case (%) A new case is

* 0f= (d-q) Y= pa a,b constants
-71

C , D=-p (aq)
671

= btat - g +a") ] Bree B(btat Vif :
The condition of consistency is obviously satisfied since

C reduces to a constant.
-1

arcs = (64faq) (A+B),



In order to get a meaning for the excluded case a = 0, we

write down the functions v and w by solving the two

equations (2,3) and (2,4) we shall then find thet
1

w= (au+b) sine (1+a

cose au + b (14a cose )2 3 1

*

Tt is easily seen that the excluded case = 0, gives v = 0, ¥

w= b sine , which gives Kerr's metric.

Conclusion . Tn section % we have an explicit solution of5.

Ra - Orokte which retresents the most general solution of

what we have called here the Kerr family of Einstein's equations,
One peculiar mathenetical feature of the explicit solution ia
worth noting, Tf and f are the spherical anelezin the

3-flat TT of the projection of "4 am this seflat then if &x and

satisfy (2.3) and (0.4) the null congruence *
1

18

geodetic and shearfree, But ell geodetic and shearfree null

congruences will not lead to solutions of Einstein's equations

belonging to the kerr family, Only those menbers 7 of the

congruences for which « and Ff, in addition to satisfying
the consistency condition (3,6) will lead to rattating
Kerr type metrics satisfying Einstein's equations

iy

Rix = = emg E
As1 k
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Appendix. (4)

The derivatives of the functions u, v, ware
fA.1) u,, tue#,1 4

= ¥

i - weos a B ~ dow(A?) v -41

(A.%) w + utve oter t sine fy

Appendix (44)

OR = (He+p) (F(HE+ Sey) 1 787 k
r+ E"tt

Kya
*

r(A.4) L,a san 'yt Ean 8 )

98

7

ab 28
+ FH remh

Here h = Hay

Appendix (411)

Forms of scalars fk and y of section % are given by

-1
27*+ 3MB sin of (A' +a = (c'+ By] My

- 2(ACeBD) 4 *

1

We give here the form of R (3,1)metricthefor

1

1
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Tn deriving the above expressions, the fo'lowing results
are useful

1 (A.8) id sine &ay = 0.

Tn deriving the final expression (%,8) forg, the

fo! lowing intermediary results are useful !

544. w+ WMA sina (A + B9 )

rh
M sine,- BN)

>

9* aok (Cc
ah cot WN (A+B Oy.

Appendix (iv)

Boyt
ab

L,ab
a

oe
9

(A +B )(HE + n) + = (He +h) Hfe (A +B7

53

ab
(A,10) (He +n)

9 fy
ab

1,b
fe] .

(412) G+ B?) p y= tan « ad saa )-(ayescese )] &

ACR+ t BY €(A,13) +B
4 tan (Be BY

3

t

1 OSA)


