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SOME ALGEBRATCATLY SPECTAL  SOLUTTONS

ON ETNSTETN'S EQUATTONS - TT
P, C, Vaidys

Abstract ¢ Tn the first part of this series of pavers it
was shown that algebraically sreeial s~lutions of Einq&e&n's
ﬁqga;ions*exprezsed in the metrie-form , ?ih,:whh_+ H 'irk’
’iftﬁ 0, 'z:;h"ﬁé 0 and exhibitting symmetry ahout an sxis
eplit into two families - the SBchwarzschild and the Kerr
femilies, The most general solution of Schwarzschild family
was obtained in T, The most general solution of the Kerr
femily is derived in the present psper., The general solution
presented here describes the gravitationsl field of a rotating
body which is radiating energy.

This peper is in continustion of the esrlier
paper [1] which will be referred to in the sequel as T,
Section 2 of T forms a necessary introduction for the present
investigation and so we begin with a brief outline of the
geometrical notations introduced there.

Tn a Minkowskian space-time, we can find four
uniform vector fields such that (1) any two of them are mutus'ly

orthoronal and (i1) one of them is time-like and the other three

space~like, Let_|Af be the unit tangent to the time-like vector

passing through a point P ( coordinates xl) and Ai, Bi, ¢l »e

- the unit tangents to the srace-like vectors, Ye use the atznaturev

( = 3 =5 =4 * ) and raise and lowever ind'ces with the help




ke

;
of the metric tengor'*]ﬁhor‘ﬂ of Minkowskian spsce~-time,

These four uniform vector fields give rise to a Euclidean
reference frame with coordinates x , vy, 2, t for P where

x=xA s ¥ " x! B z = xiC1 and t = xll\; so thst

{ ¢’

X = Ay y = B , £,=0C and t51=:X1 y % 200Wa
indicating an ordinary derivative,

Ir é;vis any spsce-like unit vector in the
3= flat ?Y at right angles to )f at the point P then
5£=>€*@% is 2 null vector defining a null congruence in
in the Minkowskian space-time,

Tn the 3~ flat TT at the point P, let e« and p
be the spherical angles of the direction if wvith reference
to the triad A% 91, cl at)P, Then we can define % news
space~like unit vectors Zf‘, w and ml by the fo'lowing

relations ( sce Fig, 1 )
C;
A

m'= cos £ Al+ sin p B!

= ginoam + cos o C1

e ‘
L =cose m! - gin o« ‘Ct

m= - sinep Ail+ cos ¢ B!




1
We take « snd B as functions of the coordinates x og the point

P ., Tt has been shown in T that the null congruence Er= 9Hf am_

is geodetic gnd shearfrce 47

{1.1) ¥ r

‘and

(.3) s m sin « E4= 0.

Tt can be verified that 1if
(1.4) u=xsinecos P+y sine sin f + z cos o + ¢
(1,5) v=xcoseocos P +ycose sinf - z sin «

(1.6) w=xssinf -y as B

= % 1 1
then u, ¢ #X=o0,v:"=o0, w)i' = 0 , Therefore the
geR conditions (1,1) for geodetic null congruence can be

integrated and exhibited in the form

veW(ueo, ), vV (y e p)

W and V being undetermined functions of the erguments,

Tn T, the partial differentisl equatione satisfied by the
functions V and %ﬂhre written down on the assumption that they do

n~t depend on the angle £.( Symmetrv about Ct) These equations

are

W + 1-‘!’ *w =
(1.7) Vu v hu eot e . o

(1.8) vvu-wwu -Vcotu«rvﬁ-.-.-o




a suffix denoting partial derivatives ¢ e.z. Vk='BV‘0M.’
The general solution of these equations satisfying the restriction
W = o was discussed in T the corresponding gravitalional fields

being designated as fields of the Schwarzschild family,

», Shearfree null congruence in Kerr faomily @

‘ Tn order to solve equations (1.,7) and (1.8) in the
mpre general cp,%e¢ w 0 we use the substitutions

V COSEC & T D , WCOSEC o = q 5, COS o = g
and derive s single equation
1 2
@.1) (p-1q),- —[(p-1q)]
9 2 1 u

from the two equations (1,7) and (1,8), Equation (2,1) can
be treated &8s s linear partial Aifferenti,l equation in p - 1ig

as a function of u and s, The complete solution of (@ .1) can

be written s=

22) u+rtis (p-1q)=r (p - tq )

where f is an arbitrary analytical function of the complex

variable p - 1q . From (@ ,2) ve get the two solutions

u+tps + ®lpq) =o
qs + Yip,q) =0,
vhere ¢p and Y are senfeetu conjugate harmonic functions of

their arguments, Thus finally
(2.3) u+veot o« +P(p,q) =0 ,

(2 .4) w cot o« + \P(p,q) =0,




vhere

(2,.58) PTVCOosec o« , QT VWCEOSC @ 5 p =Y 5, P T =\
) q P
are the two equations which determine « and B as funetions of the

coordinates of the field point P in such a way

v 5 1 1 1
(9,6) £ = AN+ sgincecosf A+ sine sinf B +cose C

i{s a tangent vector at the point P ( x,v,z,t ) of a shearfree
geodetic null congruence, From equations (2,3) and (2 .,4) and
from the derivatives of the functions u, v, w recorded in

Appendix (1), one can find that

5 : == i
( “4+ B” = ¥ + (AC - BN (e +
2 .7) ‘" (A"+ B") [ B sin « . AC - B )[1* BC ) m 1]

2

-1 5 = o
2.8) sine« g = (£4m?) [: -Astne § - (AD + BRC) f, + (aC -““‘;;j

vhere
( seq o +435 'Y - %(t +¢)

(2.,9) ‘P,.Y\[/ + ( cos « +‘{{’3) (t + @)
cgt ’ D=cos o + q%

vith @ = @ (p,q) and Y= VY (p,q) satisfying (2,5).
"L
The expension @ = £ , 14 of the null congruence is
given by

] 2 -
(2,10) @A =2 (AC-BD) (A +B)

.

) ) ‘
Tt may be noted that ¢(p,q) =b (p - q ), V¥Yip,q) = 2bpg,

Bzxkx Db = constant, will give v = - b sin « cos « which

corresponds to the case of radiating Kerr metric reported

l -k
eleswhere [ 2] . Again if @(p,q) = Py VYipeq) = 9 e k

and a constants, one obtains from (9.15 and (2.4) that




-l -1
v=gusine (1 +acoso ), w=k sin « (1+ gcos «)

which correspond to solutions discussed by Patel [31]

Tf one puts a = 0o in (#,11), one gets v =0 , w =k sin «

which corresnonds to Kerr solution,

The Metric @

Consider a2 Riemannian space~time described by the

metrie

8™ g *HE 4 F g,

-

H being a function of the coordinates snd & i the null
congruence, Tt has been shown in T that {f £ g
shearfree and geodetic in the Minkowskisn spsce- time 1t
will continue to be =0 in the PRiemannian space-time
described by (3,1), The christoffel symbols for the
metric (3.,1) have been recorded in T as appendix (11),

th CL&éJ%JAM.L”d‘40f the present paper will be found the general form of
Ry) for the metric (%.,1) when T

T

18 peodetic .

Taking " - glven by equation (»,6) above .nd
following  “as [4] ve take
(3.2) Hr‘{f‘:;=HF—-wOM(AC-B“)fﬁ+B)
with

~

1
M =M (') such that ¥ , , £ =0

We note, in passing, that any function of coordinates like

M =¥ (xl) which satisfies the equation Wliﬁzz o will

be taken as independent of B end hence as functions of
the arguments » and q only , This is consistent with

our symmetry assumption ,




With the above form of H, we find that

- .
i

R r_‘ = r o ’—R = r S
1k % L LR X%
The forms of the scalars ﬁaend 4 are recorded in

appendix (111), Tn order to get-Ry.= 870"1 'k we must take

we must take)p_= v = 0 vwhich will lead to the following two

differential equations # for M ,

(%.4) ¢ n")(’anu/a p}-o, cn@vn’aq)=o

J

(3.8) 8¢ n(c)w Op)+ (- I 1D q) + 3w (s ”ﬂ)bh‘

As mentioned earlier in deriving (3.4) snd (3.%)
we have taken M =M™ ( p,q ).

Tn order to find the condition which will ensure that
(3.4) amd (3,5) are mutuslly consistent es equationyfor
M , we use the fact that C,, - 0, D F'= o0 so that

< ¢

C and D can be taken as functions of and q only, Then

P
from the Aéfining equations (2 ,2) for C and D we shall

4 R AL

Using these siwplifying results we find that the

find that

two equations for M are mutua’ly cons!stent 4f

ce (C-sp’)+DC (D-3C)=
P q

Thus in order that « and £ defined by (2,3) and (2,4)

determine &het the shearfree geodetic null congruence




leading to Rik T - 8?0"1 ’k sy 1t 1= necessarv that the
two conjugate functions ¢ and °y should, in add?tion,
'satisfy equation (%,6).

Now it can be verified that

k - - g )\k 3 ‘U’J‘ )

=B > -Ei[(nndfh)}k -5 ”"\* H , ab
a

where h = H, a © . Therefore if R

ik
wve find that

- -

ke 4
(z.7) 8rs = (HE + h),;  \ -~ %Wwﬂ,ab
Using several results mentioned in srpendix (iv) we can
rewrite (3.,7) in the explicit form

2 2. .-9 2 9 2 -1
grg=6M(A + B ) L(AC - BD) (C+ D+ gine +2Aq ) + (AC+BD) B

e
L § 01 ~ 2 - s | ®
+ (BC-AN) B - 6¥(A '+ B (C+ D SO 0+ (0 -1 X
(z.8) AD) “.l 6 3 2 {o " )VJ
oy e

-2 .
2 2] ‘3 L ]
-6Mgsin o« (AC-B7) (& + B (C+ D) [!10% ) ne,+ ( c’-m”-)éﬁj_

P

Thus we hnge Ehe generalﬁsolution of Einstein's dquations

R =-8r [ T 4 (» T netr
1k { vhere 4 given by (°,6), The metric for

* *

tte solution is given by g1k=W]4k+ H ’1fk H being given by

the equation (3.,2), The corresponding formtﬁins given by
equstion (3.7) above, A, B, C, D being defined in (2,9)

and M satisfying any one of the two equations (3,4), (3,8),




lar Cas

Case (1) ¥ = gagp, ¥= aq - b, a,h constants,

C O, D= bq-]

&
Since C = 0, the condition of consistency (%,6) 1s ess!ly
seen to be satisfied, and (3,8) will now give 87s = 0o so

that this case satisfies le = o . This 1is the solution

reported by Patel [1] and contains Lorentz transform

of Kerr's solution as a particular case.

Case ) o : . Y= y» b = constant
Cc

o

A=-gqetne+2bg t# (p-q)|,B=-abrs

Since %¢= 0, D = 0, the condition of consistency (%.,6) is

easily seen to be satisfied, (3.8) wi'l now give
N
B =« 12M b (A +B ) , This is the case renorted e!sevhere
as a radiating Kerr metric[:].

Case (%) A new case is

-1 ! -1
@ = (b=q) &a , ‘f"-'-' pa , a,b constants, a =‘§o

-] -
C =-a , D=« p (ag)

A= ;’ [b+at - q (1+a%3j], B=- ﬁ(b+at)})¥=g;¢;.

The condition of consistency is obviously satisfied since

1

C reduces to a constant.
' &
8ro= - (6Mlag) (A +B')




Tn order to get 2 meaning for the excluded case a = 0, we
write down the functions v and w by solving the two

equations (2 .,3) and (2 ,4) we shall then find that
-
2 2
(au +b) sinea (1 + 87cog o )

-1
2 2
v=-asinecose (au+b ) (1 +a cose )

.

Tt is easily seen that the excluded case 5 = 0y Rlves v =0, W

w=b sin e« , which gives Kerr's metric,

Conelus on_._ Tn section % we have an explicit solution of

R1k= - vafift which revresents the most general solution of

wvhat we have called here the Kerr family of Einstein's equations,
One pecu’iar mathematical feature of the explicit =olution is

worth noting, Tf « and £ are the*snherical anclesin the

%
3-flat TT of the projection of *, an this 3=flat then 1f « and

£ satisfy (@ .3) and (2.4) the null congruence ¥ g i

geodetic and shearfree. But all geodetic and shearfree null
congruences will not lead to solutions of Einsteiq's equations
belonging to the kerr family, Only those members Ei of the
congruences for which « and £, in addition to satisfying

the consistency condition (2,6) will lead to radiating

Kerr type megrigs satisfving Einstein's equations

Rk B¥G N N
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Appendix (1)

The derivatives of the functions u, v, w are

1) o » '1 ~emaxf. taw,

—

- e b
(A.2) ' > 0,1 wcos o B, ( u-t )«,1

(2.3) ¥ -t [u*vcote! -t J sin = F’i

Appendix (11)

Ve give here the form of Rik for the m@tric (!,1)
M -
- 2R =2 (Ho+h) + 92 (He+h) -9 £ 4+
1k y ( % %( 1,k W ‘b 1,8

k k,a ;

'y

- i " & *
(1,4) "’va% 1,a J:k,b 2 HV) (rigab (fk‘* Ek:ﬂb {1

9 ff- 4,<’ 4 . & -"-L

o ab- a
2 (Y) H,aw s %ah > 8 2 HY‘ ELai,bm Hhaar

*®

i 1
Here h = H’i" a=F "

Appendix (111)

Forms of scalars /4 and Y of section % are given by

{ + 3B stn o« (2°+ B%) J
k(.

(A,a)/Lt(A’m?) = (C+ p”')[ L

- 0 c- 3 g
 (AC-BD) H’kd‘ S




-]lte

¢ -l 2 =t
(4.6) v 4%+ %) = (CP+ ) [ ¥ F+ MM sin o (4 +B)

(AC -~ BD) k(v

-3(aC - BD) ") M, stna, o

Tn deriving the above expressions, the following results
are useful! ¢

-1

ah 2 9 s 9
(2,7) Mmooy teot o (C*eD )k +B ) =9,
,.i

6

Appendix (iv)

Tn deriving the final! expression (%,8) forg, the

following intermediary results are useful @

-~

ab ) e L] 2 .-
P S T e T

1 1 s 0 éw
— (B +n) 4y +- (H6 +h) ¢ ch+*~)(p+5)
2 ’ o i,k

i

ab . 1 {t 5
(A,X0) o0 W L - e wl N b,

2

ad % *

r 3 -
(A.31) ") . L0 o .

—

(1.12) 1+ 8) p  =Ytan « al+Bwm)-{ap+Bs+e)] &

L g -

(A,13) ( A%+ B") e } tan « (Bli- A'it) + [ AP+ ¢t ) - BV]§

:SL»AJL/LQwJ%?k&V
d%ivme4lAﬁvui)7 [swiﬂa)




