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Light-scattering in homogeneoua media remrded as
reflection from epnrovriste thermel elastic weves

by

oo

Gir E.2 . Krishnen, ®.F.%,, and A.R, Bhetias; D.Phil
University of Allahebad,

apnTRACT

Attributing the scattering of light in a homogeneous
: g g

.y

transparent liquid to the loecal fluctustions in density,
end the latter to the superposition of the thermel elastic
waves of different wave-lengthamaintained in the enclosure,
ene may, following Rinstein, evaluate the scattering co-
efficient of the liquid along any given direction. The
expregasion for the scattering coefficient invelves a
triple infinite series, which Rinstein evalusteaby suit-
ably replacing it by a triple integral, The series, how-
ever, cun be directly summed, and the contributions from

& progrespive waves to moatterins studied in
detajl, This method brings out prominently the aopropri-

ateness of regarding scatlering as regular Rrage roflsc-

; : : % Aaone
tions from suitable elastic waves; and also reveals meny

interesting features which are missed when the summation
is replaced by integration,

The intensities of the Brillouin components, are
ealeulated on this basis, both in a fluid mediﬁm and  in
a ¢rystal; and in the lstter cass the sxpression for the
over-all intensity of the Brilleuin cemponents isg shown
to be identical with the well—known expression of Unller

in X-ray soattering.




1. EBINSTRIN'S TREATMENT OF LIGHT-SCATTERING IN
A LIQUID

The intensity eof light scattered by a homogeneous liquid
is calculated by Einstein (1910) in the following manner.
Consider for simplicity a monatomic liquid contained in a
large cube of edge-length L, O<;< L, 0<¥%¥<L, 0<2Z<L.

The local fluctuations in the density of the liquid, due to
thermal agitation, which ultimately produce the scattering,
may be expressed in terms of the stationary elastic waves

maintained in the cube ;
) e Do"!—&

oo 0
where A is the fluctuation in density at any point xyz

from the mean value D , and @ g 7 are positive integers
which define as usual the stationary elastic waves; a station-\
ary wave defined by civen ¢€ o-C will consist in general of

eight progressive waves whose wave-length /\ is equal

. x \ o Bl
to 2 L/ f:—&- & 0 » and the direction-cosines of whose
wave-normals ( one in each octant of cordinate space ) are

given by the eight combinations of (f € +o; t'l‘)/@%fﬂ‘&—w‘*‘lia\’a.‘
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where N is the frequency and V is the phase velocity,
Cag ) T T

of elastic waves of wave-lencth /\Cv“'t s
Consider a small cube of edge-length 1 of the liquid,
with its edges parallel to those of the large cube. The
fraction of the incident light scattered by this element of
volume Lz s per unit solid anégle, a'long a direction making

an angle cp with the incident direction, will then be given
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where SQ is the scattering coefficient per unit volume of the
ligquid per unit solid angle along the direction considered,

and Uo is the corresponding coefficient for an individual

( not isolated ) atom in the liquid, n is the number of atoms

- ity e . . 2.
per unit volume, B - is the time-average of . , and
T

where € g T, are positive numbers, not necessarily integers,
which analogously to © ¢ T define certain wave-normal direct-
ions, and a wave-length, and are such that
(1) one of the four pairs of wave-normals defined by
them is along the bisector of the exterior angle
T — ¢p between the directions of incidence and
of observation,
the Wave-length‘A°==2L/(€:A~UfEVT?)# defined by
them satisfies the Bragg condition for reflecting
the incident light-waves along the direction of

observation, namely
ZAOM%mK) '“'LS-)
where A is the wave-length of the incident light.
In other words, if there were elastic waves in the liquid
of the above wave-length, and progressing along the above
bisector in either direction, the coefficient of reflection
of the incident light-waves from these elastic waves would

be a maximum in the direction selected for observation of




scattering.
In (3) we have expressed the scattering coeffici e
S

of the scattering coefficient of the atom, i.e., the

of the liquid along any given direction ¢¢ in terms

atomic cross-section for scattering, along the same
direction, namely C{; « The CZ; introduced here is
analogous to the well-known atom form factor for
intensity in X-ray scattering. <§; will be propor-
tional to M2 where M is the dipole moment induced in
the atom per unit "field in the medium", and since
the actual field acting on the atom which produces
the dipole moment M is not merely the field in the
medium but includes the polarization field due to
surrounding atoms, CEE' will not be an atomic constant,
but will depend also on the density of packing of the
atoms in the medium,

We may mention here that in Einstein's derivation,
fSce is expressed in terms of the local fluctuations
in the refractivity of the liquid accompanyine the
fluctuations in density. We shall dﬁscuss the value of
Tz, in the liquid in relation to the density of
packing of the atoms, and the refractivity of the
liquid, in a later section of the paper (See 8ection 6).

We should, however, emphasise here a fundamental

assumption that underlies the derivation of relation

(3). Consider a small element of volume v in the
liquid containing on an average N atoms, the linear
dimensions and thed isposition of the volume el ement
being such that the scatt_ered radiations from the
different parts of the element reach the observer in
practically the same phase. If EGFE- is the mean
square 6f the fluctuation in the number of atoms in

the volume el ement from its average value N; the assump-
tion referred to is that the contribution from this

volume element to the scattering by the liquid is given
2
ANt o . = r i e




%

We shall discuss the validity and the implications of

thie assumption when we take up in 2ection 6 below the

the relation between the 2tomic secattering

P

in the li;;ﬂ.li(i}:::}.’}d the density and the refracti-

s 1iguid.

EVALUATION OF THE SERIES APPEARING IN
(3) BY INTECRATION

Coming back to expression (3 ) for S since the

C.?’
wave-length of light is long in comparison with the inter-
atomi¢ distance, the wlues of e o T , even for the
f -] -3 (5

backward diraction of obaervation, will be much smaller

than the maximum values of (9 o~ T for the elastic waves,

end since the significant values of Aum §/§ ,/va'7 n7 .
2 :
7“G/ € are confined to smell walues of 5 m

respectively, bthe summations in (3) mey be taken
over all permitied (discrete) values of § or ”
the cage mdy be, from — 00 to -+ 0O,

vary in steps of unity, and for siven

idence and ervation, i.e. for given

. co¥raesponding steps in the variation of

£-m L ®ill be Tr/:z_ X &/L s and can be made infinite-
simally small by making £ sufficiently small in compari-
son with L., Doing &b, and regarding E:TT #as inde-
pendent of Q€ o~T - which will be practically t}m cape

at room Lemperature which is high emough for the tlermal
energios of the long elastic waves thet are involved here
to be nearly proportional to the absolute temperature —

we obtain +0

oF RN E gurm pub QTS o oot
ErTE,, fnk e ey e 21 258 4y dyds
7

—00

(7)

from which we obtain
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At the high temperatures that we are considering

— 3
e e ix 18]
g :
where (3 is the isothermal compressibility of the liquid,
and © is the Boltzmann constent, and we obtain for the
scattering coefficient per unit volume, per unit solid

angle, along the direction considered

g ve s (10)
Sp=N T, -RTR,

For a gas obeying Boyie's law, VUQT(%,.I and SLP
becomes egual to WU; s as should be expected since e
scattered radiantions even from neighbouring atoms will

then be of randog phases, In the other exireme case where

all theu toms scatter in the geme phese, S will evidently
by

be equal to n G:Q .

3. DIRECT SUMEATION CF THE SERIES

We wish to point out here that the geries appoesring
on the left hond side of (”; say be summed up directly, and
to draw attention to cartain interesting features in scat-

tering thet are revesled by the summation, and are missed

#

when it i replaced Ly integration in the manner described

&

above. Whal is reguired is the sum of the valuss of

m""g/gﬁ- » 8bcs, ab equsl intervals ol=1m/ . &/L , and
it ean be shown that

+0 ,4\:\:- C’VLOC-P“ 6>‘ o 'TT_

£ o et

Nz -0

O LXK & 71y and B isa
constant. ( 9 in our problem is equal to W2. ’Y«/Ltimes
the fractional part of © or G or T » as the case may
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be). The proof is as follows?m

Consider the known series*
+o0 - ¢

pindne gl | e
Z e = ) .
A -+ ‘i) )
in which (ﬁ\ is a constanty . ang integer, and O <‘%< 27C i, \The

series can be integrated term by term with respect to% in any
closed interval (7,0 ), where 0 £ 7V < ) L2 o sined &t 13

uniformly convergent in this interval, We then obtain

*‘;’ C,MS’ et fﬁ)}f? S v-;;wcr.s@ﬁ%+@)§_§_ i ;’g_.{> i 'Q?)) :
S (m+ ‘31 s o { %-!—(3}'7* & N
N==00 ™~ L gL =~ o0 28 ’

Keeping ’5\ constant and making 'f_._> © ¢ it is readily seen
that (13) reduces to 3
&y TSNP oy

foesrs GO0 :

since the first series on the left hand side of (13) is

uniformly convergent, and therefore represents a continuous

function of ¥ . Putting now O =00, and ocf_& , and
dividing both sides by 2 &L (D(#:O), we obtain, for O(D((/L/
+ 0 - Pl
v (’YLO('F 9) . - Q/)
Ok e
%Z:__‘w @/L X+ L/}
This can be seen to be true for & =JC also, and hence (11)

e g
holds over the interval O < oK £ JU |

- Prool rewiliw Octoben 2¥,1947,
* See for example I. Bromwich, *An Introduction to the

Theory of Infinite Series®, Macmillan, 1931, p.371, ex. 5.

T We are thankful to Professor Norbert Wiener for the
following elegant alternative proof of L1313}, Le,t

Let %W’)—‘—m X ’bk%)e, v’atw

be the Fourier transform of the funection

At [ + 9) Ao i
/B»QM.\ = L%_*_ O)"L = wq_ ) ) yl
Then »L’U"’@ 400 R
W) =S—=—| == Rr s
i . A"
,{v@ 5
. 3 ‘_\‘____ 7_-@ Gt g<nreio

\/._..——
'\/b’bé’ a«%OWal—vwa 1 ?OLSSO’YLS /b’O'Y“W\’LMQa—
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bé ). The proof is as followss

oo . Qonsgider the well-known series®

> [anieeemsd ontene®yl |- 2o P @ ocaiag)

dvs 'M—ﬁ e

in which {?3 g »a constant, and . an mteg‘ar. ‘:;nﬁ-ﬁxmng
oursslves Jn the interval O : % L 2.7 4 this series in
€12y oan be intesrated term by term (i.e., the sum of the
gseriss of interrals thus obtained will be equal to the
axu,bdb
integral of the sum), since it ie uniformly convergent /excaf
in the neighbourhood of zero, and is boundedlybey convergent
over the whols interval inclwling zew, Replacing each sine
torm in {12) by the preduct of & sine andﬁwﬂ:ma term and

th ?at 'ﬁ", W e }ﬁ&«'ve

o0

Vgl S TR
no=\L

Futting «3,/9_ oL ocra ®, transposing = ‘Lﬁ.ﬁi’ to

the left hand cm{e and d1v1ding both mdaa by o("" o(_7l= O»s

we obtain for 0 < X £ T

% ol (nu +9> g
> it e
N== 00 @"“’d 0= e e

This ocan be readily seen to be true for o( = Il also,

.1..

and hence (11) holds over the interval © < X € 75

% Spe for examule J, Bromwich, "An Introduction to .
/X~ 5-'

the Theory of Infinite Series", Waemillan, 1931, p. 37}
{ We are thankful to Professor Norbert Wiener for the A
following elesunt altm‘n& L_%_ve proof m {11),

,u—
at ar\ — S 1A
let q) =] tW) e du

be the Fourier transform of thefunc’m on

%_@L = pon (m+0) _:_/.2\3-«-2"“3", 8aY,

AL (.9)'2_ arr

o e I ’
s el ______,_,,-..../O“""Ay L.
* @)= s peis as*
T i
-1;»9 el ‘
2 ar J 7(: =
\/'a'_'ﬁ":
Now according to Poiseor’s formula,
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We notice in particular that the sum in (11) is
independent of 2

Coming back to the series appearing on the left hand
gide of (7), we obtain using (11)

L\3
2
(25 ) eel14)

v

<

the same result as obtained in (7) by integration.

Since the series can be summed up, it is not necessary
to mke 4 small, One may choose L as large as one likes,
even make it equal L , in which ocase X becomes equal to
w ,/2 , and still satisfies the condition 0L X £ ,&.

Meking 4 =[|., one obtams @V‘S‘% (2)

y

L‘ M
S— c—-“-————"‘-“"‘ 3 ...(15
e o Z{ 2;};5

o nT . 8
<~r - 2. ) e, re(16)
o= = 0 (W e @f\

and 9 = T/2 times the fractlonal part of © , etc.

Each of the three sums appearing in (15) is obvmusly

equal to 2, ,r_nvmg for S the same value )as before.

A
4, LIGH,\ SCATTERING REGARDTD AS REFLECTION

FROM APPROPRIATE RELASTIC WAVES
Expressions (15) and (16) for S
ing information :

(1)

give us the follow=-

For any given stationary wave (specified by given

nz-:—oolh-L ) M.:z;w ? (
where o is an integer, and K >0

o« If further, as
in our problem, DL

is not greater than 7 , there is only
one value of M for whichg( ="

differs from 0, namely
o= 0

; and ?@3_-_-; f_".,-,-./'z_ ) and is independent
of 6 . Hence

b 7 1 =
Z/&'L%oq.—.—.m‘/o(l e =

= =N

sz
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et  (1F) md (14?) give the variation of its
¢ontribution to ch with the change in the direction
of incidence)or of observation, i.e. with the change

in @ g~ T . The variation is as

/-M.Lf?/fl : /Q“:""k"?//ﬂL : Wag/yﬁ,

F =0 when e = @ etc., saud
- ) 3 . o
oLg//J,f: - aL'Y]//o(O; = &L‘/Azﬁ ::7?/2_.

For any given directions of incidence and of obser-

vation, i.e., for any given ¢€_0, T (18) and
(18) give the contributions to S, from different
stationary waves, i.e. stationary waves of differ-
g e a T ; these contributions also are pro-
portional to /Jiw?”?/g’% Mﬁ‘ﬂy/ql‘ . @v‘f's:/r;)’*; being
zero when fj:: E‘O etc., and a change of © or o
{58

or by unity, as will occur when we pass from one

stationary wave to the adjacent one, corresponding

to a change of T!“/L in 5 , or ™. er T , respective

‘ly.r

It can be readily seen that the resolving power of the
stationary waves regarded as forming a reflection grating is
just half that necessary to resolve, in the Rayleigh sense,
the reflections from adjacent stationary waves, by which we
mean stationary waves whose ¢ or 0 or T values differ by
unity. Hence the significant part of the contribution to S,
comes from waves whose € G T 1lie close to ¢ G- T , and
pragtioslly 1ie in therangs € to U T2 T X2, =
Hence it is not now necessary to assume the independence of
:B:cr't on €9 T . We choose for T3* the value appro-
priate to the neighbourhood of RS e

On the other hand when the scattering volume is restrict-
-ed to a small element &3 , L& |l_, the resolving power of

the elastic waves inside the element regarded as forming a




4 10
reflection grating naturally becomes smaller by a factor X//L—/
and hence not only the few elastic waves whose f 0 T values
lies in the close neighbourhood of € o T , but waves cor-
responding to a much wider range ——(ﬁ’b—iL/L)<€<(€o+2‘/§)atc. —

will apparently contribute to the scattering along any given

direction.
Dd'abwL:.L_ -f'OO i z 9
Now/each of the sums gzvo Qv 5/? , etc. appearing

in (15) is equal to 2, which is just twice the value of
m;z-g/ v ab F=0, stc. Their product will therefore be
8 times the value at ¥=%=7= 0. Now in reflection from a
stratified medium, it will be seen by applying Huyghens's
Principle, that the variations in density along the normal to
the plane—of reflecti'&{é‘i’gﬁ'e will affect the intensity of
reflection in the Bragg direction. Hence the above result
indicates that Sc{, is eight times the coefficient of reflee-
tion along the Bragg direction of reflection from a pair of
progressive elastic waves, extending over the whole volume

L3 of the liquid, the two progressive waves travelling in
opposite directions along the bisector of the exterior angle
between the directions of incidence and of observation, the
wave-length of these waves,/\o—:zL/((’::v-U;"-t—’E.,’:}'/?— — 7\,/'2_@;«. 4?/&}
being that appropriate for giving a Bragg reflection of the :
incident light-waves of wave-length A along the direction
of observation, and the energy of each of the two progressive
waves being one-eighth of the energy associated with a normal
mode of vibration*, or one-eightl.of the energy of a Planck
oscillator of frequency N, corresponding to the wave-length

/\, + It follows that S_may also be taken to be just the

coefficient of reflection along the Bragg direction of reflec-

e

* since eight such progressive waves constitute one

e ——
normé]l mode of vibration.




g !
tion, from these two progressive waves, provided we assign to

each of these waves the full energy of a Planck oscillator of

the appropriate frequency Ne

5. INTENSITY OF SCATTERING IN TERMS OF THE
ENERGY AND VELOCITY OF PROPAGATION OF THE
REFLECTING RELASTIC WAVES

In the last section we noticed that practically the whole
of the contribution to the observed scattering along any given
direction comes from the few elastic waves in the close neigh-
bourhood of those in a position to reflect, in the Bragg sense,
the incident light waves along the direction of observation,
i.e. from those elastic waves whose ¢ o T values lie in the

close neighbourhood of ¢ 9 g3 g1 snd hence expression (8)

o
for ch , namely i B

e G . T

will be valid even under conditions when ZB:_ may not be
z

e et

independent of ¢ T T Celo at low temperatures, provided we

use for B~ the value appropriate for € 0 T . In that case

—

it will be convenient to express B::rt in terms of the

® a ©

energy and the velocity of propagation of the elastic waves
defined by © g, T_, instead of in terms of )'Q-T—/E as We
did at the high temperatures. The expression for 5;? will now
be of the form

E (N,)
Sae = %o;___\_/_,«___...

o

%
S e
)
WFW\.L ©
whose E(\/\/) is the energy of a Plaﬁ,l\( oscillator of frequency

& WN, [RT
f\[0 and equal to &ND/Q& S AR +——'a-_&l\/°) and V., is the

velocity of propagation of elastic waves of this frequency in
the liquid)

AN R

s

=1/
For the long elastic waves A > m ' involved in light-scatter-




o

ing, \/; zi%%{be practlcally 1ndependent of the wave-length
A , and equal to (rgij\\ )1ead1ng to the same expression
for Eieas before.

We have confined ourselves till now to 8 fluid medium, in
which the elastic waves concerned in reflecting the incident Lk
waves, andl thus producing the observed scattering, are longitu-
dinal waves, the direction of displacement of the atomg@s under
these waves being along the wave-normal, i.e. along the normal

to therlangrééztsfisctznn This will be the case in an elasti-

Qﬂo*ﬂ{s/wug, ,Qg( a.£4¢ rr‘yfu»lf\/ m‘g/ frvu,juu/ MmA ) Qaas -v( A—%J

/\0 and the direction

of the wave-normal, say WQ; of the elastic waves which by #
reflection of the incident light waves produce the scattering,
will still be determined in the same manner as before, namely
by € <,T, , but the frequency ﬁJ ,and the velocity of pro-
pagation \é of these elastic waves w111 now_be dependent on

7 - Novmal N,
the direction of prepasstion—of the waveglzn the crystal, and
will have three different values, corresponding to the three
directions of displacement in the érystal associated with elasti
waves of a given wave-length, and given wave-normal direction,
&—— Further, the directions of displacement will not in
general be parallel and perpendicular respectively to the
direction of the wave-normal .;: y &8s in an elastically isotro-
pic mediﬁm, but will be inclinedito this direction. Let e, co, | e,
be the angles which the three directions of displacement make
with the direction of the wave-normal of the elastic waves.
According to #he Huyghens's Principle it is oq%znthe components

e

of the dis 1acements along the normal to th%/mlagg'&§=£a££ze£:on

that will a4$%et the intensity of reflect1oq§ Hence the express-

now be given by




Yy '

where hﬂ:=‘vl,//\o , and V. , t=1,2.3 are the
frequencies ;nd the velocities of proéagation of the
three polarized elastic waves associated with the
wave-1ength /\3 , and the wave normal‘ﬁl)both defined
by €. e

Expression (18) can be readily recognised as
Waller's (1925) expression for the 1nten81ty of
scattering of X-rays of wave-length A é;ﬁgﬁukuk
Anfzk74i4«v;> _yb \/: can be expressed as usual
in terms of the elastic constants of the crystal,
which for such long wave-lengths /\o as are involved
here, will be practically the same as the static

elastic constants of the crystal.
6. THE ATOMIC CROSS-SECTION FOR SCATTERING

Coming back to the liguid medium, we proceed to
evaluate the cross-section of the atom in the liquid
for scattering, namely G:%, If the incident light
is linearly polarized, and the direction of observa-
tion makes an angle B with the electric vector of
the incident light ( and cp with the direction of
propogation of the incident light, as before ) o ,

¢
as we have defined it, will evidently be given by

S 2.
. Q.w;/k} M B, ... (19)

where M is the dipole moment induced in the atom per
unit "field in the medium", as usually defined, of
the el ectric vector of the incident light-wave, and

is given by

x/fn,_—_- e S e

q_T‘qm,
where X_ is the optical susceptibility and € is the
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square of the refractive index, of the liquid.

i CoSmh o eral2l}

We should emphasise here that the field actually
acting on the atom, and producing the dipole moment M, is
not merely the field in the medium, say B, but also includ-
e8 the polarization field P due to the dipole moments
similarly induced in all the surrounding atoms, Hence X_ in
expression (20) will not be just proportiomal to M, '
(except in a gas where € ~1 ), but will be greater. If the
polarization field P has the Lorentsz value, namely
wmTX E/3 , the total field which acts on an atom
and induces the dipcle moment M, will be |+ LFTT??/é
or (§,+-Q£»/3? timesE, where € is the mean dielectric
constant of the medium. Hence neither M, noz— CQ; as we
have deflned it, which'is proportionalto M , will be
atomic constants, but will depend also on the density of
packing of the atoms in the medium. If the dielectric
constant conforms to the Lorentz formula, CF‘ will be
proportional to (?"*2)), and will be correspond;ngly much
higher in the liquid than in the gaseous state.,

Bxpressions (19) and (20) are intended to refer to
the case when the incident light is lineislly polarized,
and the direction of observation makes an angle 6 with
the direction of the electric vector of the incident light

wave. If the incident light is unpolarized, o~>f in the

above expressions will have to be replaced byQ#—unF%Q/&,

and for other polarizations of the incident light by a
suitable factor %*G?) which can be readily calculated.

Substituting the value of CE; deduced hera in
expression (10) for fS , We obtain

BT e LT uel
N b b e
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y & COMPARI@@F WITH BINSTEIN'S VALUE

 We expressed S,in the first place in terms of the!
atomie¢ scattering coefficient O:; , and thence deduced
expression (22) for Sce , whereas in Einstein's deriva-
tion, as we mentioned in an earlier section, SQiS con-
nected directly with the local fluctuations in the refracti
vity of the liquid accompanying the fluctations in density,
The two are related in the following manner.

%de'é in our notation gives the scattering per unit
volume from an element of volume when all the atoms in the

element scatter in the same phase. This 'WO'U.?L% correspond

L 2~
in Einstein's dirivation to ﬂ”/)\‘*’-(:D ae/aJ)) @, In evaluating
A
~N

D2¢/>D Binstein adopts the Lorentz relation

S L .t
A S - CW A
C+2- D 5 s

which gives on differentiating with reference to D

2¢C
) o5 ev el RA)
= a. b : g

which leads toc Einsteing's expression for SC?

= L@gﬁ@_ﬂ C*“ﬂ /{,—@D)_...ws)

This d1f+pr¢s from (22) in thet it includes the factor
k*‘”) which is not nresﬁnt in (22).

s namely

Thie discrepancy is due to the following circumstanceg
2(:/31) oceurrings in Einstein's expression for S‘@ denotés
the fluctuation in € in any small element of volume of the
liquid accompanying the fluctuation in its densitﬁ'per
unit value of the latter. Adopting a suitable formula
connecting € and D for the liquid, for example the
Lorentz formula (23), as we have done, we would not be just
justified in obtaining the required value of 96‘/93‘ by
differentiating € in the expression with reference to
D .« Such a differentiation would give the change in FE
consequent on a change of D, per unit value of the lat! er,

when the density D of the liquid is varied uniformly e,
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throughout the liquid, whereas the variations of dénsity
we are concerned with here are local fluctuations, the
fluctuations in different regions being uncorrelated with
one ancther, In order teo ob‘ain the value of QE/ZCD
appropriate for such local variations in density, we need
to know how the polarization field at any point, which is
equal toz+ﬁay% =(§—4»ﬁ3 times the field in the medium, and
which together with the latter gives a total field
€+2)/% times the field in the medium, varies with the
fluctuations of density at the point. Now the polarization
field at any point will be determined not only by the
density of distribution of the atomic dipolesin its close
neighbourhood but in the whole of the surrounding regions.
Hence though © appearing in the numerator of (23) will
vary in accordance with the fluctuations in density at the
point, & océurring in the denominator of (23), which
comes through the factoerS+2{y43 + Which gzives the ratio
of the actual field to the field in the medium, both at
the peint, will not vary in the same menner. From some
arguments put forward by Ramaathan (1927 ) it appears that
to a first arproximation the polarization field at any
point in the medium should be independent of the fluctua-
tion in density at the point. In other words the value of
?BGV/SLZ) appropriate to our problem would a2pproximate

more closely tc the expression

€
2 e
D 35 :

ees (26)

_ rather than to £t

_?__G,_Zse-‘l
5 - - s

obtained by direct differentiation of Lorentz's express-
ion, and given in (%4).

The fundamental assumption underlying our derivation
of expression (3) for fi? } namely that the contribution
to \Eie from & small element of volume - in the liquid

containing on an average N atoms, and so small that the
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scattered radiations from different parts of the volume
may be regarded as being in practically the same phase, 18
given by &= (6)2396%9(01:: Z:;?L CQE , is indeed
equivalnnt to agsuming that the Lorentz polarization field
at any point in the ligquid is practically independent of
the local fluctuation of density at the point. Hence the
absence of the factor <figf?q—in our expression for fi€ "
as compared with EBinstein's.

The avaidable experimental data for light=-scattering
in a large number of liquids, as was shown by one of us
gseveral years ago (Krishnman, 1926), poin&_definitely to
the need for deleting the factor C?;;Zﬁ from Einstein’'s

expfession (20) for the scattering coefficient in a liquid,
8. BRILLOUIN SPLITTING IN LIGH?-SC&TTERING

We have neglected till now ths small changes in
frequency accompanying geattering, i.e. the enhancement
and degradation in frequency accompanying the reflections
respectively from the two sets of pregressive waves SE L
travelling in opposite directions, to which attention was
first 'drawn by Brillouin ( 1914, 1922 ). Qongider an
elastic wave defined by (?Q;T:igd baving.a frequency N

Mn«ﬁmemM@MLL}_ﬂﬁfﬁw}) et
\?M§ contribution Trom this weve toc the scattering coeffi-

cient Sie along the direction ¢ selected for obser-

vation of scattering, whichwe shail denote by [}Sw s
will now’consist of two terms, as Brillouin (1933) has

shown, namely

+ —: s
[Scelmr : Fte]em: ! [Sﬂeo—'z: ¢ g

where the two terms with superscripts + and — corresril

pon& respectively to scattering of enhanced and degraded
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frequencies, namely V) £ Nepq + Lot us denote by

B, \&,} and K, the components of the wave-vector K
of the incident 1ight-wave._’&nd by K;_)W;and K’;_ the compo-
nents of the wave-vector 1 of the scattered radiation;
e l=va = v and i’} = /2 ='z)'/1r')where o~ and 1- are the velocitieg
in the liquid of the incident and the scattered radiations
respectively; ~ besides being slightly different from

a>- o Will also be slightly different for the two values

k’ . Bither of thetwo terms in (27) will now be given

‘”:;;7 ;i, (28

&nd 15 :{ correspondiing respectively to
the two velues of R’eu‘t
It will be seen from (29) that the condition?:n:‘gr.o}
which defines the directions of maximum intensity of reflec
tion for the two frequencies, is not now the same as the
Bragg condition, namely € = €, ,9=0; and T= 7 but
corresponds to slightly different values of ¢ G\"E
which we shall denote by (’,: O"fc‘: respectively. ee

o

will also be slightly different for the two Brillouin

components,
/
In the special case when R is put equal to K ,

i.e., when we neglect the change in frequency accompanying
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reflection,+€: Cr;/ 'tol reduce to ¢ g, T as they should)
and [Sc_?jeq_‘_twill t}é?be equal to [S‘?];g—rc’ and [SCQ]N_T
will be twice the walue given by the right hand side of
(28).

Considering the general case, and confining ourselves
to a given direction of incidence, and a given direction of
observation, it will be readily seen from (19) that as we
pass from one elastic wave to another, the corresponding
change in E (and similarly in m or € ) will be given
by

AE/ae = /2 + Tehoe AR;/Ae) vl 30)

which in view of the relation K = c/zL)where K _ is the
o - component of the elastic wave-vector K  and

K [.—. Qe’:\. G&-t*TLS/ /¢ L}Jbecomas

, ’ /
e m%é& =& wﬁ%—-%-f—%}..(sx)
AE 2 AK., = k.

selky  + &N _ 4 aAlWK)
T AE = ;

/

Ae O AN/AK g

PESENEESEEEE e i vy
—

AR aAR/AR

where Ca/’ and Gr are the group velocities of the
gscattered light-waves, and of the elastic waves in the

neighbourhood of the wave-number !C , respectively.

[4
EE_ZS;-—-I"_E: Ree K"‘"-—C—;fr} oo (303

NG e N9

'4
In the second term inside the square brackets, h% /K’,’
and K«./K are direction-cosines, and hence will be=tess

than—unity,
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them/unity, and (Tr/ 7, will in general be of the same

order of magnitude as ‘// > y the ratio of the velocity of
sound to that of light, and hence the second term will be
negligible in comparison with the first term, and AE’/AG)
and similarly A'V}/AU“ and AE’//A?: s will be almost exactly
equal to /2 . In other words as we pass from one station-
ary elastic wave to the adjacent one, and the = or o

o

or U values change by steps of unity, the corresponding

K

changes in £ v © will be in steps, practically of l{/z_ as
before,

°1nce A.‘?/Af etec., are practically u/z_ L}*cej

€

or ERS _& will be significant for only a few values
L% % g
of o T in the close neighbourhood of the correspond-

. i S ¥ . /
ing ©,9. T,  or practically of ¢ g-T, since © —¢ ,setc.

can be readily showm to be less than £(_L_PQ . \//“J‘.
and hence less than 1 when L is of the order of unity. In
other words the frequencies (\/60.,‘,: and the mean square of

amplitude E o for the elagtic waves concerned

effectively in scattering either of the Brillouin compo-

nen’os)will be practically those corresponding to € G T,
In other words for any given direction of incidence, and of
obgervation at an angle @ , the changes in frequency
will be practically -+ N_, and the intensity of sither

component will be given by

Thus the coefficient of scattering of either of the Bril-
louin components separ-tely, of enhanced or degraded
frequency, V=vr N, per unit volume, per unit solid

angle, will as before be equal to eight times the maximum
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intensity of reflection from & progressive wive of the

appropriate freguency PJO travelling along the appropri-
3

ate direction, and exte ndaﬁg over tha whole volume L of
the liquid, &nd ha;?:g/t ; energy O?Aplanck oscillator of
frequency N,

This result is the same asg tthat obtained by Brillouin
(1933) who ssaumed the two progressive waves that give
rise respectively t@'(}@ two s pectral components in scat-
tering as each having the full energy of a Planck oscilla-
tor, and further arbitrarily took the scattering coeffi-
cient as equal tot he reflection coefficient at the meximu
gorrespondine to ¥ = M = £ D &

In a crystal too, the wave numbers K, of the elastic
waves which effactively comtribute té??ﬁatterzni along any
given direction, will be defined as before by . G\ d}and
practically by € T s but in general there will be
three different values of [V, asseciated with the three
velocities of propacation of & wave whose wave-length and
wave-normal sre defined by € o T and hence there will
be three pairs of Brillouin cemponents whose frequencies
are

s foasg
S = N

1

On this basis the intensities cfﬁprillouin components
correspondinez t o the same frequency shift on either side,
will be =& the same tmbensidy whereas the intensities of
the three components on any one side, corrsesponding to the
three values of N/ - , will be widely different, the inten-
sities of the three being given respectively by (See(18))

cm TS Bl Ll g oyl
o 2B V.

and CCt and NQ, and hence \4: also, being widely differ-

ent for the three components.
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9. RELATIVE INTENSITIES OF THE STOKES AND THE
ANTI-STOKES BRILLOUIN COMPONENTS

o
From the point of view adopted above, which regards
the Brillouin components on sither side as Doppler shifts
accompanying reflections from the appropriate progressive
waves moving in opposite directions)the enhanced and degras
ded frequencies corresponding to t he same frequeney -~ shift
N, should be of the same intensity. Though this will be
true at all ordinary temperatures T>72~/N /}Q sy wherse R
is the Boltzmann constant, this will not be the case at low
temperatures, The intensities will then have to be c%lcula-
ted on the gquantum theory, as in the ease of the 1ntensit1
of the Raman spectra. Indeed the Brillouin compcn#nta are
the 8tokes and the anti-Stokes Reman lines respectively,
due to acousti¢ frequencies, whereas the uéual Raman spec-
tra are due to‘ the vibrational ant%vt.atianal frequencies
charscteristic of the medium, i.e., due to the gptical
branches of the elastic waves, which also will be present
in general, and which for simplic'ity», we have neglected
till now, in the erystal explicitly, and in the liguid
" implicitly by assuming the liquid to be monatomic.
There is one strikinge difference between Raman

spectra due to the acoustic and the optical branches of the

c
elastic waves. Whereas for the optical branch of the elasbff
\

waves the frequency N«Z is practically independent of the
wave-length /\ = A/(ZM%B » and hence the corresponding
Reman shifts AY). =+ N, are independent of /\ , and
therefore of the direction of scattering, for the acoustic‘
branch N«: is nearly proportional to |//\ » and hence the
frequency shifts of the Brillouin components are propor-
tional to g//\ , and hence vary as /c’ww%

The effect of including the optical branch will be

two-fold. Besides the appearance of the usual Raman spectra
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the polarigation characteristica of ordinary scattering

also will be sreatly altered, since {Z; for the scatter-

ing ;giﬁs will be a function of the direction of the eleec-
tric vector of the incident light wave in relation toitha
dispositions of the different atoms, In other words the
optical branch of the elastic spectrum will not anl? pro;
duce Raman spectra corresponding to much larger frejuency
shifte than are involved in Brillouin splitting, but will
affect the polarization of ordinary scattering - in a
liquid the effect will be the same as that attributed in [th
the usual treatment to the optical anisotropy of the moles

cules in the medium,.

SUHMNMARY

The intensity of light scattered by a homogeneous
monetomic liquid can be calculated readily, following
Ringtein, by attributing the scattering to the local
fluctuations in density, and regarding the latter as due to
the superposition of the standing or progressive elastic
waves of different wave-lengths. The expression for the
scattering coefficient along any given direction involves

. & triple infinite series, each of which is of the fomm
R Ll (no+8)

S «

ma—o . (L O 9
and B are positive constants, By splitting the medium

where M is an integer and &

into small volume elements, o mey be made sufficiently
gmall and the summation may be replaced by integration,
and this is usually done., But this is not necessary, since
the series can be summed even when o is not so small,
provided © < X £ 77 » which is'actu.ally the case, since,
even when the volume element chosen is the whole of the
medium o« is pust Tﬂ/h-.

Paking the medium as a whole, one finds that the
elastic waves regarded as forming a reflection grating,

have a high resolving poyﬁ%, actually half that necessary




2 ij

to regolve in the ?&yleigh sense the reflections from
edjacent elastic waves; and hence it becomes convenient

to regard scattering in terms of reflection from the appro-
priate elastic waves,

On this basis, the coefficient of scattering along
any given dirsction comes out to be eight times the coeffi-
cient of reflection at the maximum from just two progress-
ive waves in the medium which satisfy the Bragg law, eadh
of the two w ves having one-eighth the energy of a Planck
oscillor of the ssme freguency as the waves.

These two prosressive waves give rise rempectively

to the two Brillouin componpents in scattering, and the

intensity of either of them deduced in the above manner

agrees with that ealeuleted by Brillouin, who assumed each
of the progressive waves to have the full energy of a
Planck oscillater, and who further arbitrarily took the
scattering coefficient as equal to the reflection coeffi-
cient at its maximum.,

The calculation of intensity is extended to a crystal-
line medium, and the expression for the total intensity of
all the Brillouin components together, is shown to be
identical  with Waller’s expression for X-ray scattering,

For more precise 6élculation of intensity the Bril-
louin components have to teresarded as the Raman spectra
due to acoustic frequiencies, as distinguished from the
usuzl Raman spectra, which also will bs present when the

elastic spectrum consists of optical branches also.
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