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In the LulCUldt%@ﬁKPf lig %trvccttﬁrxﬁg from a homogeneols

medium one comes acrocs the infinite series
+ Z g,
— % AT ’)L oL - i‘“

- 01'x~+ Q=
N = —20 =
where B is a constant, and an intege: K 1s a positive
m& WO’G\, s s .y g iy 3.2 oyE
— E_#m which under the condi tions under wiiCh .ngh C=
scattering is generally studied can be made 1ﬁi1¢1te imelly
small, and hence the sum is usually replaced by the

corresponding integral-rwhich:gimas
"t‘OO :' = :
Ao T (ot + 92 v 2t Tl

(%/Yi-f—@)L

N> —o
which can be seen to be equal to Gy =
It is casy to show, however, (Krishnan and Bhatia,
that (1) holds nét only in the limit when &< —» 0, but
any value of & in the range O £ X <. The proof

“as follows,

Concsider the known series¥
+ o0

Z /3“’““[(""'*’@&1. e

m = e o+ A .
in which (5 is a constant, n an integer, and O L Z L2,
The serieé can be integrated term by term with respect to £
¥& in any closed interval (7, S ) where 0< ¥ < 0< 27C,

since it is uniformly convergent in this interval. We

then obtain

i” et w+@ﬂ mewr%) 3

n=-0"

Lk
@,_‘-f&,} Lo %—\-(z,) T—\ Y)

N=-RX

* J, Bromwich, An introduction’ to the theory of

infinite series, Macmillan, 1931, p. 371, ex. 5.
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keeping O constent and making Y — © , it is readily

seen that (3) reduces to
o0
e lmepid 7

oA

since the first series on the leftshand side of (3) is

uniformly convergent, and therefore represents a conti-
nuous fumetion of 7 . Putting now o = R, =0,

and dividing both sides by 2& (&7 0), we obtain for
G0l 2 I

+ 0 e : :
B WAl g (4)

[ o + B
M= — 00 N ;

This can be seen to be true for X = 7C—also, and hence

(4) holds over the interval 0« <9
The above result uﬁplies that the area subtended
o/

between the curve‘z Ao 9 and the x - axis may
be x obtained just as well by adding up the ordinates at
equal intervals & , and multiplying by & (i.%l%y simple
rectangulation ), as by integratiom, providedﬁphiacs.7c .
It may be noted here that the sum in (4) is independent
of O , which shows that we may start the divisiong of
the x- axis into equal steps & from any value of a¢C .
In particular}%.=0 need not be one of the points of dkwiziq
division,

tha

As we shall show presently,/same property,

namely

°‘Z f(no+8) =@__¢cmc)

N=- n=-o

for a sultable range of values of &, DL X £ L Say,
holds for several other functions too. Before consider-
ing such functions, we shall refer here o an alternative

~ proof of (4), which was given us by Professor Norbert

%MWMMMMWM)
Wiener, and TIs quotedzﬁo (Krishnan and Bhatia, 1947).

| doSEn worrne
The proof is very suggestive, snd enables us to[ﬁiﬂﬂ the

conditions which—{5)—holdss* W %W'L‘*A"(S 4=

<3, wetvsns (5 )

* £ (2) = constant is a trivial example uhieh il
) (97, ,
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funetion f(x) = £(-2), and

its Fourier transform defined by

? w—\

Let £(7%¢) be such that g(v)

//’ "\iex <D & Q“gﬁéﬁﬁ wh re g 1is a DOQlt1V€Auuﬂ
(Drn

2
Mﬁhdhm,m.fa SuLlsIle g; == condition, since %
g(v,s_, VE (2 ~(v) 1f 0 &jv)g 2 7= 0 1¢ |ar]
, N ! d

R
A¢,kawa>‘%E‘ Poisson's summation formula *
M

B AL

o —
ey = V2T >
) f’“\ L
Mr~@ ==
(%

where N is an ilnteger, &&?&_ 0\£K<:2%ﬁl+her> is only one
value of N, namely N = O, for which g(ZJLM&) differs from 0.

Hence

2t JM 2(0) i o

Q’L-«- = o
Covdrstotoctiong ko § Lo) g arabae oo
from which, ‘Eh:iiex:anyG) we obtain

+o0

j ey dx. (8
: N =—00 e 7
Eurther, for a fixea 8 , it can . be seen that

@ff’t)gm e > 0)

(3

which shows that for v = O, the Fourier transform of F(X+0 )

1s the same as that of f(x), - Henee 1t follo tha :
Bt cochithat lovr ET o6

WLM dat O L4 N‘/@-
- See E.C.Titchmarsh, Introduction to the theory of Fourier

¥ integrals, Oxford, 1937, p.60, where the Poisson summation
formula is st=teé—=nd proved sp‘oiéiiiits with reference to

the Fourier cosine transformsy ge(v) =V/ﬂ—d( £(72) cos vxdax,
but for the even functions that we are cansidering the

+he cosine transforms become identical.




;\ Ne have seen that WW si

&AL such a function, the range of ® over which (19) holds

for this function being O <& & /L, More generally

~

: m / n : :
= ir 2 : rhere m and ara nosliti integeras
d[ M(/’UM }42(2 sin & s Where m ana' n ars pos td inte gers,

) ebtiher Doth ofi—them o0dd, or both ef—them even, and FEN ™M

are examples of such functions; sinmce their *fourier

/ ey
transforms g&=))czn be seen to have zero value if !’h”g Zn
w&""* i ;

{ﬂ‘" MJ? %f%& )and non-zero ﬁ(lue; otherwise, and hence
1]
for these functions relations £ will be valid if
J \,ﬁ/w

G<MéilL/W} Q&r «:.T.ff::«a(f\an,m/\ ,VL::Q

The Fourier transforms of the first three powsrs
of sinx/= , that is of f{z)= (sinx/x)"
are plotted in Fig, 1, a b c. (m = O correspondsto the

trivial case f(x) = constant noticed already.)




Since the Fourier transforms are known for a large
number of functions, and many of them have b-en conveniently
t,bu$f ted*, it 1s easy to select other examples of functions
#Hhoat :
witieh satisfy the criterion stated above, and for which
therefore relations (10) &are wvalid, We give in the following

tables a few. Those given in Table I are tsken from a paper

by HamanujanT; entitled A class of defiinite intesrals, in
which among others are given the values of several Fourier }45
integrals, some of which are found to satisfy the above
criterion. Those given in T. ble II are taken from Campbell

and Fost:r's Tables of Fourier integrals.
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x5, &3:befaﬁe, 1s a positive real number not infinite.
N 1s a complex quantity, not infinite,

ie—a~eemp%ex—queati¢y7_not infinite, the-reslpant
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:T’&a, is the Beqsel punotion o” the first kind.
Jg(?) is the Bessel function of the first kind for
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entered in Tables I and 11,

The last two funetions given in Table II, howevgr,

,4.:’5\%

differ from the rest in that g@v), besides being zero s
peeTmm= || > & , is o= zero at v = 0L Considering
the last function one obtains, &% “é’ 0 <c;>( < 71‘
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< Hence we obtain if © <0(<77)'is not equal to O

for any value of n
+ 20 ; e
Do (R +8) > coa(+8)
L Qn@(-—%-ﬁ)l e =
N = -0 =

1.@44 a2 o
The corresponding integrals [ -3~w;;-
o0 x
are, however, infinite.
last And= ot edoudk
The pzsvﬁéuglfunction/ln Table II for which alqo

glv) = at v = O, and again for \tr\ >.cL , ylelds
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If gs(v) = Q‘@'}j ,’{.@cj sin vmdy( then

..~(U{

where ( = 1C /2.
% : 3((3) "E'QC’) "\N\f/ A ¢L~”2Jtt5! oA "Lu:x;/f‘«,
a7 &Q#:iﬁré&)/whﬁ&e sine trensform {/
2l 0:‘\\.6—'(. ,E-

gs(v) heceme zero for ’“!T‘I , we—heve—fod ﬁ} a 5

i.e. »(FO < ’>( < /0 /[12.{&) all the terms on the right-hand

side of (1’—?) \rcmnrh, and we obtain
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‘ON THE EQUIVALENCE OF CERTAIN INFINITE
SERIES AND THE CORRESPONDING INTEGRALS/ '()

BY

':3 4 . 5
e . wyw\ag% /
K. S. KRISHNAN, National Physical kestsete, Delhi. L%Wtfﬁ%_~L

[Received 15 March, 1948.]

1. In calculating the intensity of light scattered X

w\,/ feama a4  homogeneous medium, one comes across the
/ 3

%

i

PR it

A

infinite series

)
7n=-—00
where ¢ is a constant, and n an integer. o /is a positive
number which under the conditions under which light-
Scattering is generally studied, can be made arbitrarily
. small, and hence the shm s usdally replaced by the
corresponding integral*

L i
Wleedd), (o g2
. @) e o (1)..
n——00
It is easy to showf, however, that (1) holds not only
in the limit when « tends to zero, but for any value of «
in the range 0 < o <». The proof is as follows.

Consider the seriest

o sin (n4g) z »
i e @

n—=—00
where g8 is a constant, 7 an integer, and 0 < z < 2x. The
series can be integrated term by term with respect to z in
any closed interval (v, 5), where 0 < y < 5 < 2, since it is
uniformly convergent in this interval. We thus obtain

* Einstein, Ann de? P/{y’z/f:(—
< T@i@-‘lné&ﬁf%ia?&lg47)-

':?Br;omwich, Infinite Series, (1931), 371, Ex. 5.

Bo K. S. KRISHNAN.
m'coﬁsﬁ(ﬁn:kﬁﬁ)z o cos (n4p)s
L. @k — 2 e =769 )

Keeping s constant and making y-—» o, (8) reduces to

S 1=Cos (n+p)s —
2 (ntp)? T2

since the first series on the left side of (3) is uniformly
convergent at.y — o and therefore represents a continuous
functicon of y. Putting now § = 24, o8 = ¢, and dividing
‘both sides by 2a (s£0), we obtain for 0 < o < b

2 sin? (na+4-9)
N “

This can be seen to be teue for »— = also, and hence (4)

holds over the interval 0 < o< .

The above result implies that the area subtended
‘between the curve » =sin? x/x* and the xjaxis may be
obtained just as well by adding up the ordinates at
equal intervals «, and multiplying by o (i.e. by simple
regtangulation), ‘as by integration, provided 0 < a .
It may be noted here that the sum in (4) is independent
of 9, which shows that we may start the division of the
x-axis into equal steps « from any value of x. In parti-
cular, ¥ — 0 need not be one of the points of division.

. 2. As we shall show presently, the same property,
iz, ;

e il &
« 3 St =a 3 S =" e (),
i :
= —00 7N = =00
for a suitable range of values of o, 0<a<l, say, holds
for several other functions too. Before considering such
functions, we shall refer here to an alternative proof of

(4), given by Prof. Norbert Wiener.* The proofis very

* Quoted by ws in the paper by Krishna and Bhatia, loc. sit.
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supgestive, and cnables us to detéimine the conditions
ior the validity of the equations (5).*

Consider an even function f(x) =f(—x), and its
Fourier transform defined by

60) = (o) S (e ©

Let j(x) be suchi that g(v) has non-zero values in

s

the range—a<v<ga, where 2is a positive number.
- Obviously f(x),:::}{iﬁ? x/x* satisfies this condition, since

go) — (rf2)}(2—|v]), if o< |v] < 2, and
i
According to Poisson’s summatimz formula,t

¥ 5 (e (7)

e s S —.;03 Gkl BRGNS

where Nisaninteger. If nowo < a < < 2nfa; thereis uuly one
value of N, viz. N = o, for which g(2~N/«) differs from o,

Hence
& 1
™y 2T} a
3 e ), (8)
9. ='-00
whence substiti ztuv- for g(o) from 6, we obtain

S e =" fwe. (9)

"= --00

for a fixed 4, it can be
S (x)edx, (209

seen that

Further,
S 0 f(xnf——ﬁ}ew'zd’f S e~w() g

~= 00
the Fourier transform of
Hence it follows that

which shows that for v —=o,
S1x+4) is the same as that of f(x).
5 (x) = constant is trffal. example that satisfies (5)
T See Titchmarsh, Infroduction to the Theory of Fourter Integrals,
P. 060, where the Poisson Susssaation formula is proved with refez

rence to the Fourier cosine Udmfouu

& (v) = ( > g f(r) cosoxdx;

But, for the even functions that wc are cons 1dmmJ th‘ expoiiential
and the cosine transforms become: identical.
11

3% K. S. KRISHNAN
i€ f(x) be such that its Fourier transform g(v) has non-
7eY0 valmis if | 2| < a, and zero value otherwise, then

Z j(llq10)~m

S fine )={" fwds, o

n'= —0a0

_p,rov;d“d 'tl-:u‘ 0 < a L2r/a.

We have seen that sin? x/t‘ is such a function, the
range of « nver which (11) holds being o < a\\Q r.  More
generally, the ftunections f, (%) = sin"x/x", whe m and n
are pO::'hv&, integers, both odd or both even, aud n< 82
are examples of such functions; their Fourier tr amf(zf”‘m»-
&, ,(0) can be seen to have zero value if [l >n(|o]>n

when 2= 1), and “non-zeto values-otherwise, and hence

for these functions, relations (11) will be valid if,

0 <<a<C

The Fom‘ier transforms of (<in x/x)™
Botted in Fig. 1. a, 4, c.

< 2xfn (0 < o < 2n(n when n — = 1).
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3. Since the Fourier transforms are known for a
large number of functions, and many of them have been
- conveniently tabulated, * it is easy to select other examples
of functions that satisfy the criterion stated above, and
for which therefore relations (10))are valid. . We give in

the following tables a few. 1056 given in Table I are .

staken from a paper by R”ldeIUJall,T A class of Definite
Integrals, in which among others are given the values of”
goveral Fourier integrals, some of which are found to
-satisfy the above criterion. Those given in Table II are
taken from Campbell and Foster’s Tables referred to,

Tapre-T.
2 g(0), wl e
() { 27 ) &(2), when [o] < =
f f =) Olh( rwise. ]
e 7 I (0 compiali ei e
e +) T(B—x) | D(a- ‘;75 LRt o),

convergence condition R(a+B) > 1=
I QCOS”/))?‘V‘P) ("“ \
l

‘R»

Jetx(A) Jo—u(p)
Acts By ')(]rj:—?[v 2 Q cos v/2)],
where Q — ﬁiﬁ?‘f‘ il P""

converge comlmon R(a-+ /3) S
P o for ex (G A Campbell and R. M. Fos ster, Fourier Integrals
for Praciical Applications, Bell Telephone Pubhcat,z(ms_, Monograph
B—(1931) 584.

T Quarterly Jour. /Wa[/l 48 (1920), 294 : Collected Papers, Cam-
‘bridge (1.27), 216.
%—
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Taere II.
e Tl (2 2 g(v), when lo] < @
g0 | [_g(;z,):o otherwise. |
” e e ? o
){m a(w?+p) e | i
iy | = Fo[X(a2—02)
(2 p2) | JolA( 1]
» 1 1 :
fin ez a2 w Iy fr (2 —o2)d]
‘x?_",\-’—); 1 )
ﬂ(os a(x?+A2)7 —cos ax L m BN A (s - otk
(a?—y2)2
$m a(1—x) i_5,?‘);11 AT TR Lo s
Ll 1+x

I o T f/in u
Vst v,,.w;;v._

4 03 ax iro.
a r }

In the above, a is a positive real finite number, and
A is a complex number, not infinite. Relations (11) will
be valid for all the funcUons n Tables I and I1. Taking
for examp'e the first function entered in Table II, (11)
will read as follows :

Ifo < a < 2""4'/61
/S/m a1 72a+0) —{—A
" Z | (rato) a2 13

% = —00 = —

ﬁm a(n® 2+,\ )
Z ”””é 2+A2)
:S Slnf;&;%:}f i) W]o(/\a) (12)'
When x =0 and ¢= 1, this reduces to the case f(x)
sin x/x.

The last two functio ,fgivcn in Table IT however

lz{g(v) besides being zero when
f2]>ais zeroatv — o also. Considering the last function,,
we obtain, if 0 <a <,

SIS
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%0- sin (na+46) cos (na+0)
o A [ (ﬂa-{-ﬁ)z o Aa+0 :l
n=—00 o . . L i
Sin No COS N
sy lea ]
1= — 00
el M ~
:3 (?1‘1"_39&’),1;6 (13)
— 0 X X
— gfo) —o.

‘That the value of the integral in (13) is zero is otherwise
obvious. We thus obtain when o0 < a< x and naetg is

mot equal to ¢ for any value of z,

(9.6 e¢] 53
Sin (na- Jr-e?) E cos (ne+0) (e}
- R I
z {nati)? nat-6 4
1= a0 = 4O
, 4 e sin x
The ' correspondingi-dntegrals .. S L2y e S
) =00 X7 L
Q0
Cos x
S dx are however mﬁm (o
—a0 X

The last but one function entered in Table 11, for
which also gif) =0 at L=0 as also when (2| > a, yields

{SIm]]’U]V, if o <« <nla,

o s el
< sin? a(natg) 2 SIn” a(ne+0+2) (o)
4 N -0 o Nad-0+2 2 15)

% A = --00

though

S"” Sk
L it e

4. The class of fuactions that we have been
considering here, which is characterized by the Fourier
transforms being zero when |o! is greater th«;n a certain
positive number a, has othcx interesting properties.
Analogous to P‘.)Ls»on s summation formula which we have
used, and which we may write in the more familiar form

Vel 3f(0)+f(a)+ f(2a) +...}
=/ B kg (0)+gc (B)+a. (28)+...}, (16)
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‘where o8 = 21, there are others of the same type due to
Ramanujan*. Two of the typical formula are given
below :
Vai fla) —fi3a) - f(50) +f(72) + f(9a)—... ]
= VBi&(8)-2 (38) -2 (58)+&. 7(8)+8. (98)—...},(x7)
where op = 7/4 ;
« { £(e) [H(50) ~F70) (1 10) H(130) -
= VB {2(8) - 8.(58)~£.(78)+ . (1) +£.( 133) -
(18)
where ag — /6, and 1,5, 7, 11, 13, ..., are the numbers
Pprime to 6.
Unlike in Poisson’s formula (16), in which the first
term on._the right side is 4g.(0), the first term in_(17),

(18) and similar formulae is g.(8).. Ifnow g>a, ie. if

‘e 18 chosen small enough to make 8> 4, then all the terms
on the right side of (17) and (18) vanish, and we get the
following interecting results.  From (17/, for example, we

“obtain, if 0 < « < =/4a,

(@) +/(72) +/(92) +/(150) +/(1 7a) ..
= f(32)+/(5a) /(1 1a)+ f(18a)+... (19}

Similarly, from/\f e =/6a,

_f(o:)%—_f(I Ic¥>+j(13¢x)-+f(23a) +f(23rx/+.... 4

= f(5a)+f( (70)+f(172)+f(192) + (26}

Taking sin x/x as an example of such a function, we

©btain from (19), if [« | < =/4,

sm 4\4 sin o sin Qa
ot 7 -+ 9+
705 Qo
_ Sin 34 Sin o . sin 1T
b Lo ) e S s =
30{ Ha Ila

TG T

—_ 2 NG = 2 [
8(1 .(u-)o X a ( )

More generally,

*Collectzd papers, POy
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Sinma Si_nm 7a Sinm 9&

g/ L (o) " g

L | g ge 0T e, ST
:aa'f‘ oG (r1a)"
I i’)o Sinmxd
oz ! SR X B 22 F
Balio x 4 ( )
wi fd g g : ; TN
where |a| %:ﬁl’ m and n are positive Integers both odd (3)
Gl \Eis
ﬂ ; or both even, and o < n < m.
Now the Fourier transform of f(x+¢) differs from
that of f(x) by a multiplying factor e7*!, or cosvf in
the case of cosine transforms, and hence the g’s on the ,
right side of (17) and (18) will contmue—to—he ZEro M AN
4 pven whey. f(#) ischanged. . to‘.,&g,;(x:i-ﬂ). G0 Go R G il i A
. | Gbtain from (22), even more generally, : @ o
. L PR 3 L A M b }
R}/ i gﬁ } sin”(a10) |, SID \a-_g),‘_ﬁm‘“{'ﬁw) s (7a—0)
[ S R fa0)" (ata)” (a-p)"
Y . f $in” (9o +6) (FST™(QaBY) |
1; ( ,,,7 5 e ﬁr,,.M"? o f it
D R e
: msm”\gg +8) 31q7'1{3n'~0) sin"(5a .%49\',_Si11’”<5a»~9) ¢
(30{ +6," (3fx —9)" (512 »1—6)” (B(YMU\)“«L vl e
(23)
under the same condicions as before.
Similar series can be constructed from (20) and the
other formulae analogous to Poisson’s and for all the
functions in Tables I and IL.
Indeed, equations (19)(21), (22) and (23) can be seen 2 (
0l ™~ o be special cases of A ‘
/waeCap 7, - ppbt vy G g o :
(e 3 earh=if e o
B
! SRl and therefore independent of #. when o < A < 2x/a, and \d
b ifl g(p)=o when [2]|}a. By putting A = 8a, it can be seen
f that - the left sides 'of (19), (21) and (22) correspond to
(@ /ﬂ — &, and the right sides to # — 3a; the left side of (23) (R
88 K. S. KRISHNAN
~1 y
) ~gorresponds to § = a+0 while the right side corresponds
o = to fBat0, if we' remember that fis an even function, so ;
dv: W that f{nd+{) = f(nd—1). b Y

Equationt (24) moreover enables us to evaluate the
_:geries in all these equations.

Similarly, (20) corresponds to 4 = 12a and § = «and !
5a TESpectively. [

5. Till now, we have confined ourselves to the
Fourier cosine or exponential transforms.  There are
formulae analogous to Poisson’s, applicable to Fourier

‘-sine transforms, also due to Ramanujan®, of which we

sshall quote here just one.

Ifgs(}‘v) - <%>Lgmf(,\‘) sin o dx, then / ) t iniasin
™ 0
ol fla)= £ (301 f(50) — . | = &B) _-g,(38)+8.(58) —
where of = =/2. (25)

If f(x) be such that its Fourier sine transform g,(v)
is zero for |v|>a, and if g>a,ie ifo<a< =(2a, all
Ahe terms on the right side of (25) vanish, and we obtain

i/’[(z}nﬁ)a]: i f[(4n—]—3)a]a (26}

As examples of such functions, we may mentionf

(fler—2 il 3] 20 A

: 'QK.]) g‘y(l}> ::JC(I——«XZ)D"% if0<y< 1 ,(27>
=o T
o) =2’ r(v-k3) x 7 Hix)

{2) 1g) = (1—+)7 ool (28)
L =0 BB

awhere H,(x) is Struve’s function of order ».

* (ollected Papers, p- 64.
-+ Titchmarsh : loc. cit. p- 179




