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In the fof from a homogeneous

medium one comes across the infinite series
+034

prow (WX+
(AC + 8)*

where 9 is a constant, and n an integer. O is a positive

seattering generally studied can be made

small, and hence the sum is usually replaced by the

corresponding integral,'

85

which can be seen to be equal to

It is easy to show, however, (Krishnan and Bhatia,' 1947)

thet (1) holds not only in the limit when but for

any value of X in the range O & <€H. The proof is
as follows,

Consider the known series*

> de ~ 0

(2)

in which
(A

is a constant, n an integer, and OC ZL27,
The series can be integrated term by term with respect toZ

in any closed interval (%,0) where Y O< 27C,

Since it is uniformly convergent in this interval. We

then obtain

2.

infinite series, Macmillan, 1831, p. 371, ex.-5.
f



2

keeping > constent and makingY-o, it is readily
seen that (3) reduces to

+ 60 +B)S)~

Nn=-O
since the first series on the leftshand side of (3) is
uniformly convergent, and therefore represents a conti-
nuous function of Y Putting now > = 2X, Xp = 6,
and dividing. both sides by 2 CXF), we obtain for

ni+b+ 667 JU. wee (4)
Yu

This can be seen to be true for X= 7. also, and hence

(4) holds over the intervalo<& <7,
The above result aplies that the area subtended

between the curve Y AiNeQa36/ee and the x-axis may

be obtained just as well by adding up the ordinates at

equal intervals & , and multiplying by & Goeswy simple

rectangulation ), as by integration, provided ww,
'It may be noted here that the sum in (4) is independent

of 9 » which shows that we may start the divisiong of

the x-axis into equal steps of from any value of 2.
In particular x =0 need not be one of the points of

division.
tha

As we shall show presently, same property,

namely

+ - &

for a suitable.range of values of X, DEK < SLY,
holds for several other functions too. Before consider-

ing such functions, we shall refer here to an alternative

proof of (4), which was given us by Professor Norbert.

Wiener, and ' s quoted to (Krishnan and Bhatia, 1947).

The proof is very suggestive, and enables us. 'to/ser the

= constant is a trivial example whieh hat
conditions Lhe

A(x)
5),



LATEVY

its Fourler transform defined by

f(x) € (6)

ZENO

positive,number
Satisfies

J
where N is an integer, < 27 /a thers is only one
value of N, namely N = 0, for which g (2Kyx) differs from 0,
Hence

~ 06

Fe Ax.

Further, for a fixed 6 » it can be seen that

which shows that for v = O, the Fourier transform of FORD

(x) &

See E.C. Titchmarsh, Introduction to the theory of Fourler

¥ integrals, Oxford, 1937, p.60, where the Poisson summation

formula is ER reference to

the Fourier cosine transforms? g.(v) f(x) cos vx

the cosine transforms become identical.
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iswe have seen that sin

trivial ease f(x)

for this function being S /t
such a function, the range of & over which (19) holds

OC kX *

either both of=trem odd, or both MBB even, and

are examples of such functions; stmee their "ourier
transforms G+) Ca be seen to have zero value if

o<ugat/n (er oOx < am/fm / n=!)
The Fourier transforms of the first three powers

of sinx/x, that is of f(x)=(sinx/x)" , m

are plotted in Fis. 1, ab (m = 0 corresponds to the

constant noticed already.)

e ie o

More generaliy
where m and n er? positiwe integers,9

non-zero velue otherwise, and hence
( t )

for these functions relations will be valid if
mene

1, 2, 3,

f- (2) =

-2 O

3

3
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Since the Fourier transforms ere known for a large

tabu ated*, it is easy to select other examples of functions

satisfy the criterion stated above, and for which

therefore relations (10) «: -e valid, We give in the fol Lowing
tables a few. Those given in Table I are taken from a paper

by Ramanujant, entitled A class of definite inte-rals. in
which among others are given the values of several Fourier a
integrals 9 some of which are found to satisfy the above

number of functions, and many of them have b en conveniently

criterion, Those given in T.ble II are taken from Campbell

anc tost-r's Fables of Fourier integrals,

Table i+
V LIC» gr usher [OY < IL
0

acen [ary g

0Lt pS >)

(fs ¢)

2. i

Fourier integrals for practical* G.A.Campbell and R.M.Foster,
applications, Bell Telephone Publications, Monognapoh B-584-('{%1

+ Quarterly Journa 1 of Matherstics, 48 294 (1920); Collected

* x

papers of Srinivasa Ramanujan, Cambridge University P: ess,
1927, pe. 216.



LTE eos
}- * [+ 9€

7

[+ 76

* a, asbefore, is a positive real number not infinite.is a complex quantity, not infinite.
ij t

z) is the Bessel functionof the first kind...
) is the Bessel function of the first kind for

~ > >

N
W

imaginary argument.

(uy) caeeth lia



all
Simil: r results fees for, the other

entered in Tables I and II.
The last two functions given in Table II, however,

differ from the rest in that gv), besides being zero in

mmm is sie zero at v= Og Considering

the last function one obtains, tim FOLK < AS

(HL+ BSE
A

L-+ OF
rene

fs

=

EG
The zero value of the interra also otherwice ious.!

Hence we obtain if not equal to

for any value of n
t+ } a

fain (rx + B )
(nx +

The corresponding integrals
~ 66

are, however, infinite.
- A

laat And-
The 7 function in Table II for which also

g(v) = 0 atv = 0, and again for \u- » yields

similarly, sath O <

VAL +

though the integral is equal to
&
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aX,g,(v) zero for > 9

1.e. O<«4y
AS< all the terms on the right-hand

side of vanish, and we obtain
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ON THE EQUIVALENCE OF CERTAIN INFINITE

[Received 15 March, 1948 ]

1 In calculating the intensity of light scattered X
fama a homogeneous medium, one comes across the
infinite series

where 6 1s a constant, and nm an integer «isa positive

scattcring generally studied, can be made arbitrarily
small, andhence the sim is usually replaced by the
co1esponding integral*

It is easy to show}, howevei, that (1) holds not onlythe when a tends to zero, but for any value of ainthe The proof is as follows
Consider the seriest

»,
wheie @ 1s a constant, an integer,ando<z<2, The
Series can be integrated term by term with respect to Z1n
any closcd interval (y, 8), whereo<y<s< 2m, since tt 18

uniformly convergent in this interval We thus obtain
* Eynstein Ann derPhy 294

¢ Rromwich Infinite Series, (1931), 371, Ex 5

Bo. K § KRISHNAN

ae ne)
Keeping 8 constant and making y-»0, (3) reduces to

Lune>. (n+8)'
since the first series on the left side of (3) 1s uniformly

functicn of y. Putting now § = 2a, of = é,ard dividing
convergent at y

both sides py 2e (40), we obtain for Cac,

holds over the mterval

rectangulauion), as by provided
Tt may be noted here that the sum in (4) 1s independentof 9, which shows that we may .tart the division of the

culai, x= 0 need not be one of the points of division
2 As we shall show presently, the same property,Viz

«(ie by simple

X-AKIS into equal steps «

« X f(neto)=a So f(na) =°F(xde (5p

functions, we shall refer here to an alternative proofof

for a suitable range of values of O0<ad<l, say, holdsa,

(4), given by Prof Norbert Wiener * The proof is very-
* Quoted by us in the paper by Krishna and Bhatia, loc ct



c RTAIN INBINITE SFRIES AND INTEGRALS 8r

suggestive, and enables us to detcimme the conditions
ior the validity of the equations (5) *

Considcr an evcn function f(x) -f(-*), and its
Fourier transfoin defined by

(Qa)? "sf (eee dx (6)g(v)
Let (x) be such that g(v) has non zero values in

the range a<u<a, wheie ais a positive number
Obviously f(x) -Ain? x/a' satisfies this condition, since

g(v) 2 2 9- U ), Lode <2, and
=o f|v|>2

Cr

Acco) ding to Poisson's summation formula,f

f (na) -
(27)7) (7), @)a

on ad wd ee

where
value of N, vz N= 0, for which g(g7N/e) differs from o

Hence

ao

Whence substituting for g(o) fiom 6, we obtain

w

Furtha, for a fixed 6, it can be seen that

which shows thet for v=o, the Foutter transform of
Tato} 1s the same as that off(a) Hence 1t follows that

(8)f(ne) (0);

F(ne) f (na (9)

f (x)e*dx, (209
é

* f (x) - comiane Is al example that satisfies (5)
Sec Titchmarsh, Intro uction to the Theory of Fourer Integr us,

p 60, wheie the Poisso 1 Susawaation form ila is proved with refe-
rence to the Fo Atict cosine transform,

NW

ge (0) (2) \"s (x) cos DX dx,COS
03375653

Ou th- eyen on that we are dering the expoduents
and th cosine transforms become identical

te K S$ KRISHNAN

if fOx) be such that its Fourter transform g(v) has non-
zero valucs

values

if v| <a, and zero value othe: wise, then

(nat) J (ne))= Meas (12)

prond-d tac O<a<2n/a
We have sezn that sin' x/x? 15 such a function, the

range of a aver which (11) holds baago<acn More

r= - WD

generilly, the functions f (x) =sin'x/x , whe mand rn

for these func 10ns, relations (11) will be valid af,

are pos tive uticeers both odd ol both even. andn<3

are ErAi)pies of such functions, then Fourter transfetms
Can be seen to have zero value if v| >a ({e[>2

wh ), and Hon, ZELO values othe:wise, and hence3

O<a<2n/n (0 <a when n= 1)
The Fourser transforms of (sin x/x)", m-1, 2, 3 are

Wotted in Fig 1 a, b, ¢

annye are

1

» {- 5 2 >

+

Fi

4

la, mal

4

fuf

1

3
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CERTAIN INFINITE SERIES AND INTEGRALS Bs

*Gu phy
a

tT,
a

i

foe

. Since the Fourier transforms are known for a

Integrals, in which among others are given the values of"
several Fourier integrals,"some of which are found to
-Satisfy the above criterion. Those given in Table II are
taken from Campbell and Foster's Tables referred to.

arg

+ at nite Pert eit a Rp anes eerikett

Taste fT,

otherwise.]
S (x) 2m)? g(v}, when o| <a

é

x

14

For Practical Applications, Bell Telephone Publications, MonographB-(1931) 584.
+ Quarterly Four. Math. 48 (1920), 294; Collected Papers, Cam-bridge (1,27), 216.

7

By K. S. KRISHNAN

Tase II.

x
{. C fin atx?

{. C a(x2-A2)>,
Io pr

L-¢ Ta

1

+

x2 x +

In the above, ais a positive real finite numbei, and
a is a complex number, not infinite. Relations (rr) will

for examp'e the first function entered in Table II, (11).read as follows:

Taking

Ifo < 27/a,

Bin a{ (na+0)?-+22 3

sin x/x.

we obtain, if o

x

oalso. Considering the last function,,



CEM1AIN INFINITE SERIES AND INTEGRALS 8%

(no+9)?
wo

Sh1% cos %

x?

-obvious. We thus obtain when 6 <a<z and nat¢ is
mot equal to ¢ for any value of 2,

n=
;

= g(0) =
That the value of the integral in (13) is zero is otherwise

dri aoe ee tesMi ie "all \Lisaemane OR or al coma

4 t
- aw

COS

The last but one function entered in Table II, for
o as also when [v> a, yields x

+

84

>

n= - n= -- OO

though
sin? axAX

4. The class of functions that we have been
considering here, which is characterized by the Fourier

Analogous to Poisson?ssumm ition formula which we have
"used, and which we may write in the more familiar form

x

CL

-B6 K. S. KRISHNAN

where = 2x, there are others of the same type due to

below:

val f(a) {f(52) +
§.(78)+g-(11B) },

(18)
4

~ Unlike in Poisson's formula (16), in which the first
getter tere

(18) and similar formulae is g,(g). If now B>aiew

v

-obtain, if0 <a< x/4a,

Fla)+ +490 (154)+0 Ja)+

obtain from (19), if <7/4,

a Jo Ou

(21)
More generally,

r : ; *Collected papers, p, 63.
é

cnet etaeemtmare emt mh
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CERTAIN INFINITE SERIES AND INTEGRALS 87 Kx *
t

7

where [a]

that of f0x) by a multiplying factor e~*', or cos in
1

wees

sin" (9a+6) BH)

re

ores

under the same conditions as before.

Similar series can be constructed from (20) and the

other formulae analogous to Poisson's and for all the

be special cases of

a = 0 when

%

K. §. KRISHNAN

to

Equation (24) moreover enables -us to evaluate the

5. Till now, we have confined ourselves to the

Similarly, (20) corresponds ta A - 120 and
j=eand

respectively.

+

shall quote here just one.
Vo ae oe

If

where af = 7/2. (25).

Gs zero for v>a, and if p>4, ie. ifo<a<x/2a, all
terms on the right side of (25) vanish, and we obtain

5 f (ant = ) f[(an+s)e (26)

As examples of such functions, we may mentionf

x7? Hx)
(28)

=O
vawhere H,{x) is Struve's function of order

* Collected Papers, p. 64.
Titchmarsh : loc. cit, p. 179+


