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QUANTUM MGCHANICS IN FINITE DIMENSIONS
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Abstract

We exnlicitly comnute, followinz the method of Yeyl,

the commutator E’Q,Pj of the nosition o9erator Q and the

momentum overator P of a narticle when the dimension of the snace
on which they act  is finite. 'We show that In the 1Timlt of

continuous snectrum this reduces to the usual relation of

Heisenberg's.
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1. Introduction

eyl (1921) has shown thst the Schroedinzer renresentation
for the momentum omerator is a necessary consenuence ~F
deisenherz's commutatinn relation. e “roves this nsirgz the ra=y
redresentations of the Abelian groun of rotatinrs, In nroving
this he uses an ingenious limitinz 9rocess to gn» from finite
rotations in ray snace to a 2-marameter continuous sroun. More
recently, Alladi Rams~krishnan (1972) and his csllahorators have
studied exhaustively the renresentation theory of Generali -ed
Cilifford Algebra which immediately furnishes the rav renresenta-

tlons of the Abelian groun of rotations.

In this naner we derive, by limitinz to the case o finite
3

dimensi ons, the exnlicit exoresslion for the commutator i:o,°‘l

where Q and P are the mositisn and momentum onerators resnentively

We show that by going to the 1imit of cortinuous narametrisation
(valid as the dimension goes to infinity) we recover the

standard Heisenberg commt ation relations.

We believe that this work will ovwen un the nossibility

of studylng quantum mechanics in finite dimensions.

]

2. Weyl's form of the Heisenberg Helations.

Sundose A and B are two ~lemerts of the Abelian groun of

unitary rotations on a ray smace SO that

AB: WBA (o t)
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a

where fa) 1s a orimitive nbh root of unity. By {teration we

zet

* . I .
B B o ‘Bg/_\‘\ (2.7)

: ™
from which it f»llows that /3\ commutes with B and g" commutes

with A and if the renresentation is irreducibhle, it follpws from

Schur's lemms that

-9

We take the following renresentations for A and B ("'ey1,1931):

(2:2)

22 0~-»07
/[x =~ 0 1 ek

.

O - 0y . C) __,v’,.. -
s of the algehrs satisfied by onerators

.
.
(=)

{

=
(&)
The interesting »ronoertie
1ike A and B which is a generalization of the usnal C1i fford

algebra have heen systematically studied by Al1adi Ramskrishnan

(1972) and collaborators. If one idertifies

(X = <19 .
A‘-‘-e 3' ) B:e (2. 5)

wrhere ?5 1} are arbitrs'y real narsmeters, then it follows
- :

that egn.(2.1) is the Yeyl form of the Heiskrberg commutation

relation -'13'..' , 1f ws allow nower series exnansion of
) o (.
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onerator exnonentials (which 1s justified 1f A 1s hounded hut not

stherwise) (P.Carter, 19:6). Wevl takes the limit 1y =

snuch that E‘ )7 h‘:iij show thet
4

D

o

3, Case of Finite Dimensions

Ye now Sol¥ve eqn. (2.5) for P and O by taking Jogaritima,
Wle solve the »roblem that, given

> P

s <7q

. .
e 2

where \%3 and /7 are arbitrary real ~arameters and

A D= wizh ot

: LA
)

o
P J ! L
t» comnute the commutator ? Dy \ and show that

L

in the continuous Timi b,

We take
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The diagoral form of 8 ig given by B, for

SM/—\ S

where S is the sylvester matrix

(

W
we then have, taking logarithms

(3 Polpa= S(lyr)g ) an
i 47 Q= (,03? B ' (3.8)

4

where éoj {3 is-given by
; [ s 1
o G RS

/'\ .
L/’ .
L b |

P

vince A and B are diagonalizable and non-singular it f517ows

KUantmﬂOher/1959) that loz A and - dos B exist. Blementuw ce

lahelling the rows and columns from O to n-1,

o
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, we have

N =

and hence

Thus we have,

J [

\/.\/}‘Qm WA e 545-
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finite we could choose -

¥
=" =1

and hence 18

c that since 0 1S
i 0:E % s¢ strictly off=diagonal

trace free.
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¥ ¢ *) e DOW “TEV“ that the commutation voﬂ%?tﬁr"vwvon hy

eqn. (3.13) does indeed yield the Heisenberg commutation relation

in the 1imit as 7Y —> ae -We begln with ean. (3.13) relahelling

the rouws snd columas from - B —% to il pEAlace the Jim

=g -
v an lntegral, that 1s, we 1et the matrix index take continuous

values. Thus the sum

e

= 2 EV) LA:-O
reduces in the limit as v —= o2 t5 the integral (Dirac, 1927

ond Heisenberg 1931)

@““’ ’ ‘”") > 5) ia L’;\:u e
e d

., 5
e

ghere we have used 2%) ﬁﬁ — 17 8 D o

Completes the proof. It should be remembered that in the Timit

as n a»oroaches infinity continuously, we are taking only the

nrincinal value o log (. 8 ¢ this gives the corresnondence

to the Heisenberg commutation relation.




4, Conclusions

have calculated the commutator

on which the onerators et 1s finite.
far Tintte n to wheat we call '"Finite Onantum Meehagnles It tarns
out. theh the opneerator Ls sbrlictly off=digeonal for finlte n.

imolies no uncertainty and no zero-voint energy 1T these
concents have any meaning for finite n. Of course, in the
1imiting case as n avoroaches infinity continuously, the
commut stor becomes strictly di agonal and reduces to a multinle

of the Dirac delta functions, thus restoring the Heisenherg

commutation relations.
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