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MAT-S/1974
13.8.1974

QUANTUM MECHANICS IN FINITE DIMENSIONS

T.38.Santhanam and A R. Tekumalla
MATSCTENCE, The Institute of Mathematical Sefences

Madras-690920, (INDIA) 9

Abstract

We exnlicttly compute, followtng the method of "ey1,
the comnutator fo?] of the vosition oxersator Q and the

momentum overator P of a yarticle when the Aimenston of the snace
on which they act is finite. We show that in the limtt of
continuous ssectrum this reduces to the usual relation of
detsenberg's.
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4

l. Introduction

Yeyl (1921) has shown thet the Schroedtnger renresentation
for the monentum onerator is a necessary consenuence

deisenberg's comnutation relatton. de 4roves this using the poy
reoresentations of the Abelfan groun of rotatians, In "roving
this he uses an ingenious limiting 4rocess to 0 from finite
rotations in ray snare to a 2=narameter continuous sroun. More

recently, Allad{ Ram='rishnan (1972) and his collahorators have
studied exhaustively the renresentation theory of Generali ed
Clifford Algebra which imme@tately furnishes the rav renresenta-
tions of the Abeltan groun of rotations.

In this vaver we derive, by limttinz to the case o°

Cimensions, the exrltctt exoresston for the commutator Jo,> 7

where Q and P are the and momentum onerators

We show that by going to the Limtt of co-tinuous varametrisation
(valid as the dimension goes to infinity) we recover the

standard Heisenberg commt ation relations.

We belteve that this work will oven un the nossibitity
of studying quantum mechanics in finite dimensions.

!

2. Weyl's form of the Heisenberg helattons.

Sunvose A and B are two elemerts of the Abeltan groun of

unitary rotations on a ray so that

(9.1)
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2

where fa) is a nth root of unity. By iteration Te

ret

(2

commutesfrom it follows that commutes with B and Bit follows that FY
with A and if the renresentation ts trreducihle, it from

sehur's lemme that

(2,2)

for A and BWe take the following revresentations and

(2,4)

rca)

f

The interesting »roverties of the algevre satisfied by onerstors

like A and B which ts a generalization of the usual. C17

algebra have been systematically studied by Alladt Ramekrishnan

(1972) and collaborators. If one

(9,5)

that eqn. (2.1) is the 1 form of the Heisenberg commutation
where are arbitvacy real varameters, then if follows

relation ow vower series exnanston of
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3

onerator exnonentials (which is justified if A is hounPfed not

otherwise) (>.Carter, 1906). Vevl takes the limit
Such that zato show that

(9.6)

3. Case of Finite Dimensions

We now solve eqn. (2.6) for P ane Q by taking Togarithme,

We solve the thet, given

4

(3.1)

where ky and iy) are arbitrary real varameters and

A B= (2,2)

t> comoute the commutator Q,4 ane show that

(3.3)

in the continuous limit.
We take

A
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4

Tne diagonal form of 4 48 given by B, for

AS= (3.5)

where S is the sylvester matrix

;
Lad a (3.6)A

§
o

we then have, taking logarithms

XP lof A s(GyR)¢ (3.7)

(3.8)Q

R= (Co (8.9)
3

Since A and B are diagonalizable and non-singular tt follows
(Gantmacher 1959) that log A and log B exist. Bla se,
labelling the rows and columns from 0 to n-1,

(2.19)

( ©

(Co
5 =(lag wy §

1?)
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We now compute the commutator

We have

(G98)s
Los. 12

by ey,rey
(25 8), (S

(Leg Ure,

Spt
(Lop w)

Therefore

(3.13)
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If x f then since we we have
9

(8.15)

and hence
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+ *) a v6~syst
(cy We

now tohie that the commutation ret n given oY

eqn. (2.13) does indeed yield the Heisenberg commutation relation

3

y ~ -7
3

now

in the limit as "FQ -> begin with ean, (3.18) relabe

the rows and columns from 4 to and rentace the sum

by an integral, tat. is, we tet the matrix index take continuous2

values. fhus the sum

LA.

reduces in the limit aS ca to the integral (Dirac, 19°7
LAT o

and Heisenberg 1931)

5 -S ) if
LA

Ve

where we have used aes as WA > ow This

Completes the vroof. It should be remembered that in the Limit

as n annroacnes infinity continnously, we are taking only the

orincival value of log t.3 a this gives the corresvondence

to the Heisenberg commutation relation.
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4, Conclusions

have catculated the commutator then the snace

on wht Jal + he onerators act is finite. We elevate the commutator

for finite n to what we.call Quantum Mechanics'. It turns

out that the onerator is strictly off-diagonal for finite n.

This imolies no uncertainty and no energy if these

eoncents have any meaning for finite n. Of course, in the

limiting case as n avoroaches infinity continuously, the

commutator becomes strictly diagonal and reduces to a muLtinle

of the Dirac delta functtons, thus restoring the Heisenherg

commutation relations.
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