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1. INTRODUCTION

The ever increasing use of the deepest and the most abstract parts of
mathematics has been a remarkable feature of modern physical theory.
Mathematics of the present day abounds with abstract notions ‘like abs-
tract sets, abstract spaces, abstract algebra, abstract analysis, and so forth,
and equally so in the highest departments of modern physics like relativity
and quantum theory, it appears that the abstract point of view is likely
to yield the most fruitful results. It is also true that the more varied and
more subtle contributions from mathematics are in proportion to the wider
range of physical fact acquired as a result of more and more accurate ex-
perimental research in fields involving a progressive increase in the complexity
of experimental facts. :

This increase in the application of abstract mathematical notions
can be traced to a large extent to the change brought about by quantum
mechanics in the meaning to be attached to physical quantities. This
basic importance of mathematics arises mainly on account of the funda-
mental notion of complementarity which, when pressed to its logical
conclusion, implies that natural science is not nature itself, but a part of -
the relation between nature and man, and is, therefore, dependent on man.
Thus the understanding of the symmetry laws of nature is nothing but
the attainment of the transparent clarity of a mathematics which governs
these possible laws. In the old classical physics, a physical quantity was
considered as the exact equivalent of the mathematical function assigned
to the observable. Mathematics now abounds with concepts which are
not mere functions, and yet allow the assignment of numbers under certain
conditions, e. g. matrices, differential operators, groups, integral operators,
and tensors. What quantum mechanics has done is to emphasise that the
definition of physical quantities as such operators should be taken, not in
a symbolic, but exact sense. With this interpretation, an operator may
yield not one but a large set of numbers which can, however, be consistently
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used with the aid of a statistical theory. In the language of mathematics,
we mlght saJV that the number concept has been replaced by the more general
concept of aggregates.

The widening of the concepts of theoretical physics is bound to be
of significance to the, mathematician also. The hlbeI‘V of mathematics
is a clear witness to the fact that stlmulatnm questlons arising in the appli-
cation of mathematics to other fields spur on the progress of mathematics
itself. In some concepts like analysis, one can even say that mathematics
owes more of its advance in these branches to the physicist than to any
other eﬁgentr We thus recall how the problem of heat conduction, and
wave motion led to the development of the function concept, and the intro-
duction of orthogonal series, which are basic elements of present day ana-
lysis. Dirichlet’s problem in pbtential theory had a profound influence on
the caleulus-of variations, and led to the theory of integral equations. In
the masterly hands of Hilbert, this became a theory of orthogonal trans-
formations, and reduction of quadratic forms, and created the atmosphere
which  stimulated basic discoveries on function spaces including the
abstract Hilbert space. It is a remarkable, but a common feature in physi-
cal theory, that while these developments excited by physics were taking
place in ‘mathematics, the physicist himself had little or no interest in them,
until the advent of quantum mechanics compelled him to look at them more
seriouly. It is common knowledge, nowadays, that the analytical problems
of quantum mechanics can be thought of in terms of linear transformations
i an abstract Hilbert space. -

2. ALGEBRA AND PHYSICS

On the other hand, the relationship between algebra and physics has
been a rather loose one in the earlier years. It is no doubt true that the
theory of groups has always played an important part in theoretical physics,
as for example, in the domains of molecular physics, crystal physics, and
chemical physics. Also the analysis of space and time has involved group-
theoretic - considerations, and classical dynamics has employed group
methods through transtormation theory, and many recent studies have freely
used topological notions. But it is only in the last two decades that the
more profound portions of the theory of groups, and some other parts of -
modern ‘algebra have played notably enhanced roles in relativity and
quantum. theory.

.o dn this case it is perhaps not true, as in the case of analysis, that these
braniches of ‘group theory and algebra were inspired by the physicist. The
reséarches of Noether, Weatherburn, Dickson, Artin and others on abs-
tract-algebras, of Frobenus, Schur, and Weyl on the theory of group re-
presentafions, -and: of Cartan on continuous groups were carried on inde-
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pendently as a result of the fusion of several fundamental ideas in mathe:
matics itself. These have now found applications in quantum mechamcs
and this relationship is attractive from many points of view.

It is, however, true that in recent years, these and many other branches
of mathematics have made advances in some directions as a consequence
of this relationship to physics. These advances have resulted sometimes
as a consequence of the methods of rigour employed in pure mathematics.
In the work of many theoretical physicists one notices sometimes that heavy
emphasis is laid on non-invariant (i.e. to say possessing no physical signi-
ficance) properties of the matrices under consideration, and at the same
time, their invariant properties are insufficiently explained. Very often,
the colourless pseudonym “matrix” hides a multitude of spin tensors -of
widely varying nature, the properties of which remain almost entirely in
the dark. Even more undesirable is the fact that relations among spinor
quantities are often written in non-invariant form, a circumstance which
naturally does not permit the disclosure of their physical meaning. As
examples arising out of such rigorous treatments, we might mention ‘the
special types of non-associative algebras including the quantum mechanical
algebra, theory of rings of operations, simply reducible groups and their
representations, the new methods of abstract lattice theory resulting from
the discussions relating to the logic of quantum mechanics, the general
theory of spinors, the theory of gauge groups, and above all, the theory of
semi-simple Lie groups of which Lorentz groups are particular types, and
the more general theory of topological groups, and their different represen-
tations.

3. CONCEPT OF ELEMENTARY PARTICLES

The subject of elementary particles of nature holds the centre of interest
in physics today, and is a striking example of knowledge gained by an
intimate fusion of experimental and theoretical methods, specially the relati-
vistic and quantum theories. While the very concept of elementary particles
is quantum mechanical in origin, it is certainly true that relativity has been
crucial for further developments in quantum theory. Thus, starting from
the notion of a photon, the relationship # = ¢p(including & — me?) between
the energy and momentum of a particle is relativistic. Another example
is the de Broglie relation p = h/A which followed from Planck’s relation
B = hv on the basis of Lorentz invariance.. A third example is the relati
wistic quantum mechanics inaugurated by Dirac, which led to the concept
of anti-particles and to the production and annihilation of pairs, by turning
the apparent paradox of negative energy states into the most remarkable
success of the theory. In addition to being crucial for the development
of quantum_theory, relativity has provided some general results-which
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give a deeper insight into the structure of quantum mechanics as illus
trated, for example, in the connection between Lorentz invariance and the
conservation laws of quantum field theory. A brilliant example of this
connection is Pauli’s analysis of the relation between spin and statistics,
which is one of the most important applications of the theory of repre-
sentations of the Lorentz group.

With the growth of experimental techniques in cosmic ray work, nu:
clear reactions, and specially with the completion in recent years of the
cosmotron and bevatron, a host of new elementary particles have been
discovered, and it is the fashion nowadays to classify them into the old,
and new or strange particles. Another classification is to group them
under the categories of well-established particles, well-established but not
well determined ones, and the less well-established ones.

The oldest known of the old particles are the electron and the proton
with charges —e and e, masses m, and m,~2000m, and the same spin
1/2, associated with the constant angular momentum A/2. The proton-
electron constitution of nucleii was rendered untenable as a consequence
of Dirac’s theory of the electron, and Pauli’s relationship between spin
and statistics viz., that particles with integral spin obey the Einstein-Bose
statistics, while those with half-integral spin obey the Fermi-Dirac statistics,
and this led to the discovery of the nmeutron having nearly the same mass
as the proton, no charge, and spin 1/2. Next, to explain the phenomenon
of [-decay consistently with the proton-neutron constitution of nucleii,
the nmeutrino with mass very small compared to m,, if not exactly zero,
spin 1/2, and zero charge, was postulated by Pauli, and the process of f-
decay was described by

neutron— proton--electron--neutrino,

in consonance with the conservation of spin and charge. The next old
elementary particle to be discovered was the positron with the same mass
and spin as the electron, but charge e, and this discovery and the demons:
tration of the processes of annihilation and pair-creation in cosmic ray
showers provided a remarkable confirmation of Dirac’s relativistic wave
equation. The neutron and position also led to a radical revision of the
concept of elementary particles viz., that they cannot be considered per-
manent and immutable, but take part in transformations among them-
selves. The next elementary particle was the meson postulated by Yukawa
to explain the exchange nature of nuclear forces changing a proton into a
neutron, and a neutron into a proton every time these particles interact,
the intermediaries in these interactions being the mesons with charges
e, integral spin, and mass about 200 to 300 m,. The discovery of particles
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in cosmic radiation with masses of this order must be regarded as a confir-
mation of the general idea of the Yukawa theory. The S-decay is fitted
into this theory by assuming that the original process takes place really in
two steps, as for e.g.,

neutron—proton-+ —ve meson, and —ve meson—electron
-Fneutrino,

the latter corresponding to a spontaneous decay of the meson, thus intro-
ducing a new feature into the concept of elementary particles. This meson
may be considered as a bridge between the old and new particles, and the
neutrino postulated in the f-decay, and the spontaneous decay of the meson
has always been a mysterious particle, and can well be considered as an
old as well as a new particle.

Coming now to the new particles it is best to group them on the basis
of their rest masses. On this classification, the old particles viz., the photon
7%, the neutrino 99, the electron ¢=, and the positron e+ could all fall in the
first group of particles with masses less than or equal to m, The second
group, termed the group of L-mensons, has for its most important member
the 77-meson which is responsible for the main features of nuclear forces,
with mass about 273m, and existing in the forms 7t,7~and 7°, all having spin
zero. This second group of L-mesons is characterised by particles having
masses between m, and m_, and contains another member, the x-meson
well known in cosmic radiation at sea level, of mass about 207m,, and exis-
ting as a well-established particle in the forms u* and - both of spin 1/2.
The third group consists of the K-mesons, the new particles discovered in
cosmic radiation with masses intermediate between m_ - and My.pm.
During the last few years, at least eight different K-mesons have been dis-
covered with different decay modes, but the well-established ones among
them are the 7+ and 7~ mesons with masses about 966m,, and both of spin
0, and the #°-meson of about the same mass as the 7-mesons, and a spin
which is integral but = 1. The fourth group would consist of the old and
well-established particles, the proton p+ with mass m, ~1836m,, and spin
1/2, and the neutron n° with mass ~ 1839 m,, and also spin 1/2, both these
particles being designated as nucleons. The fifth group consists of
the so-called hyperons (or Y-particles) mainly resulting from controlled
bevatron experiments, with masses lying between m, and mgmyeon, and
among the well-established hypersons can be listed four, viz., the A°

with mass ~2181m,, the 3" both of mass ~2327m,, and the &~ of mass
~ 2586m,, all the four hypersons having half-integral spin.

Mention may also be made of the particles with properties not so well
determined, viz., the five types of K-mesons characterised by their decay
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prbcihcts,'and made up of the so-called 91, Tii, and & mesons. - In the
same class would fall the anti-proton. p~ (recently produced at Berkeley)
with mass same as myp to within +459%, spin 1/2, and providing another
brilliant confirmation of Dirac’s theory. If this theory be generally appli-
cable, every particle should have a corresponding anti-particle, and there
should also be phenomena of creation and anihilation of pairs. Even a
neutral particle as, for instance, the neutron which has a magnetic moment
tepresentable by a closed current must have its counterpart obtained by
inverting the current, thus giving rise to an anti-neutron. The same is true
of the neutrino also if it be associated with a magnetic moment, however,
small, and even if the magnetic moment were exactly zero, the anti-neutrino
could still be defined as a hole in the negative energy state of the neutrino
wave equation, and this is the more usual definition of an anti-particle.
The notion of anti-particles also raises the interesting question about the
distinctness or otherwise of the particle and antiparticle. Some recent
conjectures have been made that #° = 7%, while the 70 and v are different
particles (the bars denoting anti-particles.).

The discovery of the new particles has emphasised the fundamental
importance of the knowledge of interactions between them, and their decay
modes and this emphasis has to some extent changed the weight of the old
theoretical arguments, and the lines of experimental research. Also, the
abundance and complexity of these interactions have stimulated tremendous
activity among experimenters, and caused a great flow of interesting specu-
lations from theoretical physicists. While a correct theoretical understand-
ing is obviously a matter for the future, mention may be made of recernt
attempts of a phenomenological nature undertaken to elucidate the syin-
metry laws or invariance properties that hold in such interactions. Regard-
ing the nature of the interactions, it has been found that they can be classi-
fied into three categories, the strong, ‘the electromagnetic, and the weak
ones, the first type having intensities of around 1 to 10-%, the electromag-
netic interaction having 10-2, and the third type having intensities ranging
from 1012 to 10-'*. Designating the K-mesons and the hypersons as
strange particles, examples of such weak interactions are provided by the
decay of strange particles (for e.g. Thomttatbal; Oontta; Adopt
7 Z“—MLOWMT— a,nd' E-—A%L7-) the /)’decay the g-meson deLay

-

i v —I— 04 ,° the 77-meson decay Viz., m ——w +v°, and the y-meson-
nuclcon mtemctlon The wide gap %eparatmg the weak mtemctlons from
the other two, and the fact that while the productlon of the strange partl-
cles falls into the first class, their decay falls into the third, are so mnkmg
as.to suggest that there should be a fundamental reason for the%e dmcre-
pancies. :
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Coming now:to the phenomenological invariance properties, one notices
ﬁ»rst of all that the well-established law of the conservation of the number
of nucleons necessitates the assignment of a “heavy particle quantum
number’” N to all elementary particles. A consistent assignment is possible
by putting N = 0 for the first two groups of the mass classification, N —
== 1 for nucleons and anti-nucleons respectively , N = 1 for the hyperons,
and N = 0 for the K-meson class.. Also the charge is conserved for all
interactions. There has also been noticed another conservation law if one
limits oneself to the strong and electromagnetic interactions only viz., the
conservation of “‘strangeness” § which is satisfied by assigning S = 0 to the
nucleons and 7T-1;IleS()IlS, 8=1to K+ and K°, 8 = —1 to K-, Ké, ‘AO,‘ Dt
2% and X1, and S =—2 to 2. - The weak interactions violate this strange-
ness conservation. Finally taking the strong interactions only into consi-
deration, it is found that the third component 7, of the isotopic spin quantum
number (given by the Pauli 22 spin matrices) is invariantly connected
with N and S by the relation

N 8

e =

where @) is the total charge expressed in multiples of |e].

In the above, we have not mentioned invariance under spacetime

transformations, but of recent interest, specially in the case of weak inter--
actions is the concept of parity which is -, according as the wave function .
associated with the.particle does not or does change its sign under space -

reflections alone. From the experimental information so far awvailable,

+
the well-established L-mesons have all a negative parity, both the 7 are
of negative parity and 6° is perhaps of positive parity. The question of

invaridnce of parity in weak interactions has very recently been tested by -

suitable experiments suggested by Lee and Yang, and the important dis-
covery of parity-nonconservation in such interactions has been made. This
naturally raises questions of invariance under time reversal, and charge

conjugation, and combindtions of these operations. We will return to these

questions in the last section.

It appears probable that these new points of view do not demand a

radical revision of quantum concepts, but a careful reconsideration of -the
algebraic nature of the transformations under the full Lorentz 'group, its
several sub-groups, and also under charge conjugation. It would, there-

fore, not be inappropriate if we considered in the next few sections the results

already known about the relativistic quantum theory of elementary parti-
cles. : : :
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4. RELATIVISTIC QUANTUM FIELD THEORY

This theory consists essentially of two stages in its application, the
c-number theory with the wave functions and field equations for the particles
satisfying the postulates of special relativity, and the g-number theory
making a transition to the particle picture obtained by using the quantum
conditions expressing the non-commutation of field functions at different
points of space-time. Such a passage from the c-number to the g-number
theory, a transition from a one-particle to a many-particle picture is called
double quantisation.

The.essential steps in the ¢-number theory are the setting up of a Lag-
rangian which is invariant for transformations of the proper Lorentz group
1.e. the continuous Lorentz group L, in which no reflections are included,
the derivation of the field equations from a variational principle, the set-
ting up of the energy-momentum, and angular momentum tensors, and leastly
the setting up of a current four-vector by assuming the invariance of the
Lagangian against gauge transformations, and dividing the field quantities
into U(z), their conjugates U*(xz), and the real quantities V(z). Since the
field equations are derived from a Lagrangian, the field quantities themselves
should transform according to irreducible representations of the group
L,. Such quantities are, as is well known, the spinors, and the field quan-
tity can be written as U(j, k) characterised by two indices j and k corres-
ponding to spinors with 2j undotted and 2k dotted indices, and symmetric
in them separately. Using the Clebsch-Gordan rule for the reduction of
product representations, and the situation in the case of the subgroup of
space rotations, one defines the spin of the particle as j4+-%. For the case
of 242k = even, the spinors reduce to the ordinary world tensors, but not
for the case 2j-+-2k = odd. Working with these field quantities, we find
the general results that for particles of half-integral spin, the total energy
is not necessarily positive and for integral spin the charge density is not
necessarily positive. Going to the g-number theory, and using the fact
that the expressions for the non-commutation of the field quantities at
different points should themselves satisfy invarience relations, these expres-
sions can be written in terms of the bracket forms

[U), U*@)]" = D(z, z') B

the 4 or — being taken according as the particles satisfy the Fermi-Dirac
(F.D) statistics, or the Einstein-Bose (E.B.) statistics, where, further, the
transformation properties of the U’s under L, also require that the D’s
should transform in a certain way. By merely considering the algebraic
nature of the transformations of the D’s under L,, with the further require-
ments that D is the function of the invariant distance between z and el
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that D = 0 if they be separated by a space-like distance, one is led to the
general results that for integral spin, quantisation according to F.D. statiss
tics is not possible, and that for half-integral spin there is no algebraic con-
tradiction in either statistics being satisfied, but the removal of the negative
energy difficulty is not possible if one uses the E.B. statistics. These results
are purely negative, but the actual carrying through of the quantisation
shows that for half-integral, and integral spin particles a stisfactory theory
can be obtained using respectively the F.D. and E. B. statistics.

5. THE PARTICLE ASPECT

The general theory sketched in the previous article enables the setting
up of a wave equation satisfied by the spinors, the equations being of the
second order, and in order that the theory may represent particles of a single
Spin, it is necessary to assume, besides the symmetry of the spinor in the

dotted and un-dotted indices, that the spinors pz» apg‘, and P;s a’

where p';" is the gradient spinor) should also be symmetrical. This makes

it possible to go from a second order wave equation to a system of two
first order equations of the type

B gt = B b k
_ o

e e
o Do = Ko ) (hy = rest mass of the particle)

where the spinor b satisfies the same conditions of symmetry as a. The
cases where a has 2k undotted, and 2k—1 dotted indices, or 2k dotted and
2k—1 undotted indices according as the spin is half-integral or integral
respectively, are specially simple, and denoting the spinors in this case by
a‘® and b9, they have the property of going over into each other by reflec-
tions of space-time. In the integral case a!” = b(®, and in the half-integral
casea'® 2b(? under reflections, so that together they form asystem invariant
under the Lorentz group consisting of L, , and the reflections. The first
order wave equations in them are then said to be of the Dirac particle type.
Using the general result of semi-simple groups that, if the matrix commut-
ing with all the matrices of an infinitesimal product respresentation is brought
to the diagonal form, the product representation is simultaneously split
up into its irreducible components, it can be shown that the above type of
equations can be reduced to a type involving only one spinor index viz.,

P Yy = xpr
4)
P, V=¥,

vp
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where A and B indicate that i involves magnitudes like A7 and Bl and the
equations are to be treated as matrix equations. Finally the two equations
can be combined into one single equation, the famous Dirac equation re-
presenting the particle aspect of elementary particles viz,

0
a#ﬁﬂ/f‘i‘)ﬁ/f == 07 (ap, p = 1, G0
Xu
where for the case of spin 1/2, the Dirac matrices §, satisfy the commuta-
tion relations

%(ﬂ#ﬂv‘{_ﬁvﬂ#) = 8;1» A5 ()

In virtue of these relations, the system of the 16 members 1, B, Bufy,
PrBufy, and pB,Byf.0, form a hypercomplex system (the Dirac algebra).
As is well-known the theorems relating to the representations of a finite group
can be extended to group rings and hence also to a system of hypercomplex
numbers or an algebra, satisfying certain conditions. Applying the theorems
which hold in the case of a semi-simple algebra of which the Dirac algebra
is a particular case, it is very simple to prove that this algebra has only one
irreducible representation of order 4, showing that the Dirac equation is
unique but for equivalence.

The question arises whether a particle aspect of the theory can be set
up for particles of higher spins also. As-is well-known, this is possible for
the cases of spins 0 and 1. The second order wave equations in these cases
with the field quantities being a scalar and four-vector respectively, can
be put in the Dirac form with the f-matrices being 5-rowed and 10-rowed
respectively, the commutation relations for both cases being combined
in one single form : '

ﬂxﬂ#ﬂv%'ﬂvﬂﬂ/j)\ T 6Auﬂv“‘8#yﬂ)\- (6)
The p-algebra in this case can be shown to have rank 126, resulting in three
representations of orders 1, 5, and 10 satisfying 12452102 = 126.

I have considered some time back the question of extending this to the
cases of higher spin. As a preliminary to this, it is necessary to derive
commutation relations satisfied by the f,’s and I have shown that we can
derive such relations by making some general assumptions :

Let the infinitesimal transformation

&'y = 2u+2 €4,%,,(€y,, = —€,,, numerical) 6

correspond to the transformation " = Ay of the wave equation with

A =1-+12 X €y, Supy (s;,,,.z';;s’,,ﬂ, matrices) (8
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where the s,, dre the spin matrices. The general assumptions are that
(i) the wave equation is invariant against Lj- This leads to '

; PrSuv—S8uvPu = 8%u/’7vf8xvﬁn ook ()
(i) sy = K(BuBs—P,Bs), (K, a constant) (10)

(iii) each component of s,, satisfies the algebraic equation whose
roots are the (2f-1) eigen values of the spin operator (f = spin).

These assumptions enable us to construct generalised algebras related
to particles of arbitrary spin based on the commutation rules. These rules
have been obtained, in particular, for the cases f = 3/2 and 2, and the al-
gebra in the former case has been studied in detail, and it is shown that this
algebra is the direct product of the Dirac algebra, and an associated £-
‘algebra (a result true for general half-integral spin). The §-algebra is shown
to have just three representations of orders 1, 4, and 5 such that the rank
of the algebra is equal to 42.

Explicit matrix representations for the non-trivial cases of orders 4

and 5 have also been obtained.

6. PARTIOLES OF REST MASS ZERO, AND THE GAUGE GROUP

The statistical interpretation of the wave functions appearing in the
general field theory of section 4 requires that the Lagrangiam be invariant
under the gauge transformations of the first kind satisfied by the field quan-
tities wviz.,

U(x) > U(x)e? ; U*(x)—> U*(x)e‘?d 2 ()

with &, an arbitratry constant in the case where no external fields are present.
As already mentioned in section 4, the invariance of the Lagrangian under
gauge transformations also leads to the possibility of setting up a current
vector since such transformations express the non-measurability of the
phase of the complex wave function of a charged particle. In the case of
a particle of rest mass zero one has the physically significant result that the
particle has to have only two independent and really different plane waves
for a specified wave number and frequency. For this purpose, it is found
necessary to add to (11) another kind of gauge transformation said to be
of the second kind. Thus for example in the case of fields of arbitrary
integral spin describing particles of zero rest mass, the field quantity would
be a tensor A,,...,, and the gauge transformation of the second kind is
defined by

A;\u..u = A)\u..v+ N)\u..u e (12)
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SR }
'N H.Vp T _ax)\ + a_a:’u‘ I "‘+ ax;  J (12 )
,a
0Cy.

o0r,

DC’H..I/ =10 5 O/lﬂul' =0 > —

Similar gauge transformatiors of the second kind can be set up for particles
of half-integral spin also, with the aid of spinors. In hoth cases we have to
consider the transformations of the second kind in addition to (11) where
a is now to be taken as an arbitrary function of space-time, and we are
then led to only two independent components if we consider states which
go into each other under such gauge transformations as equivalent.

7. NEUTRAL PARTICLES AND CHARGE INVARTANCE

The case of neutral particles corresponds to real fields with U = U*,
The original form with a complex U is equivalent to two real fields V = V*,
and W = W* with

1

z

VpiW) ; U*:\_}S(V~iW) L (13)

the numerical factors being introduced for the sake of convenience of quanti-
sation. A theory of neutrical particles can be obtained from (13) by striking
out W and such a theory is called an “abbreviated’’ one. To find out whether
this method of splitting into two real fields is possible in the case of aparticle
of spin 1/2, let us consider first the Dirac equation of the electron, and define
the «, § matrices by a; = iy, =1,2,3) and f = V4. We can now
introduce the Pauli C-matrix cefined by

f¥ = —CBC1; o = OuyC-t gD

and show that C exists, that C* ' commutes with all the y,, and is hence
a constant and that €' is symmetric, and hence can be so chosen that 0*C = 1.
The C-matrix can be used to set up a Lorentz-invariant ordering between
the solutions of Dirac’s equation with positive and negative frequency viz,

wE— O = — G e (15}

such solutions being called charge-conjugate solutions. This terminology
can be justified by considering the effects of an external electro-magnetic
field, and it can be shown that if u, satisfies the wave equation with charge
+-e, then u_ satisfies it with charge —e.

These considerations can be generalised to a spinor field w, and the
decomposition into the “real” fields v and w could be done according to

c

e (v—iw) .. (16)

1 ;
U= —— (viw) ; et —
V3
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where » and w fulfil the Lorentz-invariant reality conditions

¥ — Gy w* — Cw s 20T

The whole of the g-number theory can be worked out with the pair », w
in place of u, and the transition to the charge conjugate state is realised by
v—>v, and w—w, and for this substitution, the current vecfor changes its
sign properly in the g-number theory quantised according to the exclusion
principle. To make a transition to a neutral particle of spin 1/2, one makes
an “abbreviation” of the theory due to Majorana by striking out w and its
bracket relations or, what is the same thing, by identifying the charge
conjugate states. Making this abbreviation in the g-number theory, it can
be shown that the current vector , as also the magnetic moment, vanish
identically. It is interesting to notice that the question so far unsettled
as to whether the appropriate theory for the neutrino is the abbreviated
or unabbreviated one appears to have been decided in favour of the latter
alternative as a consequence of the recently established result about the
non-conservation of parity in weak interactions mentioned in section 3,
t.e. the neutrino state, and the anti-neutrino state (defined as a hole in the
negative energy state) cannot be the same, and the Majorana theory for such
& neutrino is, therefore, not possible. This also makes it possible to build
up a theory of the neutrino in terms of two-component spinors instead of
four-component spinors.

The notion of charge-conjugate states introduced above has an alge-
braic significance in that it can be extended to higher spins also. This
can be achieved by working with field quantities called undors which form
a generalisation of the Dirac spinor u,, which is characterised by being
a pair of spinors transforming one into the other by a space-time reflection,
and are quantities Vo ,p,...p, transformaing like products of Dirac spinors, the
Dirac spinor u itself being considered as an under of rank one, The Majorana
theory of neutral particles identifying charge-conjugate states would,
therefore, deal in this case with self charge-conjugated four-spinors, or
what are called neutrettors of rank one. Similarly, field functions for the,
case of a particle of spin 1 can be taken as the symmetric under yp,p, of rank
two, and this can be associated with a charge-conjugated undor according
to

Iﬁﬁlpz = £(1)£(2)(¢P1P2)* (18)

where £ is identical with the Pauli matrix C*, and /% is called the charge
adjoint of . A Majorana abbreviation would now give a meutrettor of rank
two, which would be appropriate as a field function for neutral particles of
spin 1.
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To go to higher spins, we first generalise the Pauli matrix operator by
putting

n

4 mow - (s

L=1

and operate with it on the conjugate complex underz/f;’; = and derive
172 Fn

the transformed under
Vg = Ly* o (IRLh)

with the property that in the field equations satisfied by the 1%, the cons-
tants of the dimensions of a charge, e, for instance, are changed into their
opposites according to el = —e. Further it can be shown that the trans-
formation

Y = YL together with e—el w0 (A)
where Yl is given by YL = o . (B)

not only ensures the invariance of the fieldequations, but also the invariance
of all physically significant quantities provided that one works with a g-number
theory i.e. only taking account of the commutation rules holding between the
undor components. The invariance of physical quantities under (A)—(B)
is called charge invariance. Pauli and Belinfante have deduced the striking
result that the connection between spin and statistics derived in Section
4 follows as a consequence of this postulate of charge invariance under
(A)—(B), showing indirectly the partly algebraic nature of this notion.

8. PARITY, CHARGE CONJUGATION, AND TIME REVERSAL

The discovery of the host of new and strange particles, and their inter-
actions described in Section 3 including, but still mysterious particle, the
neutrino, and the proper understanding of the several conservation laws
governing the interactions have necessitated a reconsideration of the algebra
of elementary particles presented in sections 4-7 since the emphasis in the
earlier years has been on free particles, while today the investigation of

‘interactions between the several kinds of particles is in the centre of interest.

Also questions recently raised of invariance separately under space reflec-
tions, time reversal, and space-time reflections which all constitute elements
of the full Lorentz group, just like the continuous L,, are bound to be of
great algebraic significance: Although the replaoement, of a function by
its complex conjugate is not a linear operator, we have seen in section 7
how the concept of ‘charge invariance wherein such replacement occurs,
can also be considered partly algebraic in nature. Pauli (Bohr Comme-
moration Volume, 1955) has recently reexamined some of these questions,
and his work, coming as it did, before the discovery of non-conservation
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of parity in weak interactions, discusses the invariance under space-time
reflections, without going into space reflections alone or time reversal
alone separately. Two of his general conclusions, taking interactions pro-
perly into consideration, are: (i) for the case of integral spin, the assumption
made in equation (2) that D = 0 if the points are separated by a space-like
distance, so as to exclude the possibility of quantisation with anti-commu-
tators, now appears superfluous, and (ii) for half integral spin, the validity
of the exclusion principle, and the consequent Dirac theory of holes still
holds.

He introduces the three operations viz., (a) particle-antiparticle conju-
gation (which includes charge conjugation), denoted by AC connecting
every spinor field with its own complex conjugate field, also in the case of
several fields, (b) simultaneous transformation of every particle into its anti-
particle coupled with the reflection of space-time co-ordinates, which is
called a strong reflection, n and denoted by SR, and (c) reflection of space-

time alone without the change of particle into anti-particle which is called
the weak reflection, and denoted by WR, and indicates the obvious result
that each one of the transformations SR, AC and WR is a product of the
other two. Further by considering the simplest cases of particles of spin
0, 1/2 and 1, their interactions, he has derived the following interesting
results about WR, and SR : :

(a) The WR transformation holds whether the normal connection
between spin and statistics holds or not.

(b) The transformation law of a quantity with respect to L, does not
determine uniquely its behaviour for WR; and the invariance with respect
to WER imposes further restrictions upon the Lagrangian density of the
interaction, besides the invariance for L,.

(c) The SR is uniquely determined as a consequence of L,, and the
spin-statistics connection. = The remarkable result (c).that the SE holds from
more general postulates than the WR or AC is referred to as the Pauli-
Luders theorem and throws light on some problems that have arisen in
connection with the interactions between elementary particles. As SR
is the product of WR and AC, it follows immediately from the above theorem
that the results (a) and (b) are also true for AC with the same additional res-
trictions imposed on the interaction Lagrangian density, and that the
transformation of a certain kind of spinor or tensor for WR uniquely deter-
mines its transformation for AC.
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Although in the above considerations of Pauli, the conservation pro-
perties of space reflection, and time reversal have not been separately taken
into account, it can be shown, as has been done by Lee, Oehme, and Yang
(Phys. Rev., 106, p. 340, 1957) that we can derive from (c) above, some
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general results regarding conservations under space reflections or parity

(P), pure time reversal (7'), and charge conjugation (C). Noting that SE

is a combination of P, C, and 7, these authors have considered the

transformation properties (in the Schroedinger representation) of wave

functions of the doubly quantised spin fields (both integral and

half-integral) under the operations P, C' and 7' with these transformations

involving phase factors 7,, 7. 7, of absolute values equal to unity.

Working with a local Hermitian operator H invariant under L,, " they
have shown that the Pauli-Luders theorem is equivalent to. the

statement that there always exists a choice of 7,, 7., 7, such that (a) H
commutes with the product of the operators P, C, and 7' taken in any order,

and (b) if this choice of phase does not make H commute with P, for example,

then no other choice does, and the theory is not invariant under P, and
the same holds for C and 7' also. Of course, (b) includes the possibility
also that the choice of phases made under (a) may make P commute with
H. The statement (a) and (b) constitute the CPT-theorem, which is thus
a simple consequence of the Pauli-Luders theorem. It follows from
the CPT theorem that if one of the three operators P, C, and 7' is not con-
served, at least one other must also not be conserved. Thus there are five
possibilities of conservation or non-conservation of P, C,7T as indicated.
in the table below:

\Non-conserved| conserved
No. | operators operators

BaC

O BT e

2 CPT: TP

o, B I OB EC

PCT and
permutations

The CPT theorem taken along with the recently established experi-
mental result of non-conservation of P in weak interactions, raises many
interesting questions about conservation laws relating to strong and weak
interactions in which the old, the new and the strange particles take part,
and whether on the basis of such laws one could explain the reason for the
existence of these two types of interactions separated by a wide gap. Ex-
planation is also needed for the fact that while the number of nucleons and




Section I : Mathematics : 17

total charge are conserved for all interactions, the strangeness is conserved
onlyin strong interactions. Since strangeness is not conserved in weak inter-
actions, the question arises as to whether there is any relation between. .
this non-conservation, and other types of non-conservation indicated in
table (19). This table also shows that the non-conservation of P in a weak
interaction does not definitely decide whether C or 7, or both are not con-
served in the same interaction, since there are three rows in the table including
non-conservation of P. Also while energy and momentum are conserved in
weak interactions, the question of angular momentum being conserved is
still an open one. The explanation of the invariance relation (1), and of
the relationship between several K-particles, in particular, whether some of
them are identical, is not yet clear. The characteristic feature of strange
particles in that their production falls into the class of strong interactions,
while their decay falls into the class of weak interactions, requires an
explanation. It is impossible to go here into the theoretical questions

involved in the numerous problems raised above, and so we will deal with
a few of them only.

Considering first, the neutrino involved in the weak interaction of
f-decay, the experiments of Dr. Wu and collaborators at Columbia Uni-
versity on f- decay of Cobalt 60 have shown that parity is not conserved
in the interaction. As already mentioned in Section 7, this makes it possible
to develop a two component theory of the neutrino, and it is easy to see that
in such a theory, the spin of a neutrino v° (defined as a particle in the
positive energy state) is always parallel to its momentum, while the spin
of an anti-neutrino »0 (defined as a hole in the —ve energy state) is
always anti-parallel to its momentum (that of v°). Thus the spin and
velocity of v represent the spiral motion of a right-handed screw, while
the spin and velocity of 7° represent the spiral motion of a left-handed
screw. The theory also shown that there is no invariance under C, and hence,
as indicated in table (19) there may be invariance under CP, and also under
T, or T also may be violated with invariance under CPT. By making. a
deeper analysis of the theory, Lee and Yang (Phys. Rev., 105, p.1674, 1957)
have shown that the correct decay process for the u—-meson is given by

p—re V070, e (20)

The next quéstion is about the status.of the CPT theorem for strong
interac- tions. Experimental evidence indicates that P is conserved in sdqh
actions, and it is usual to assume that C and 7' are also conserved, so that
the first row of table (19) represents strong interactions. Making this
assumptiontion, and considering a Hamiltonian H = Hgyppy + Hopour
with the former invariant under C, P, and 7', and both terms invariant
under L,, one can derive some interesting results throwing light on the
inter-relationships between non-conservation under C, P,and T,
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The third question we will consider is the relationship between the
strange K-mesons, 7+ and 6+, or the so-called 7—0 puzzle. These have
the decay processes

Tromtlatba- 1)
: (21)
and g —>mttaf J

and experimental data indicate that the two particles have closely identical
masses and life times. On the other hand there is evidence of the non-
identity “of spin-parity properties of the two particles. Both the above
interactions are weak since strangeness is not conserved in them, and non-
conservation of P therefore makes it possible to think of 7+ and 6+ as one
one particle which has a definite parity on production, but which can decay
into various partities. A more interesting approach to the mass degenaracy
of 7+ and 0+ would be to assume, in analogy with the mass degeneracies of
electron-positron, and neutron-proton, that an invariance law is responsible
for this mass degeneracy. Assuming 7+ and 6+ to have the same spin but
opposite parity, we can denote this invariance law as “parity conjugation’,
and denote it by C). Thus, C), would commute with the part of the Hamil-
tonian including strong interactions (H ) e

C,H,—H,C, =0 - 22

The other part H,,,; does not commute with C,, producing the small
mass difference between 7+ and 6+. Consider now the strong interaction

T+l — A6+ 03

Equation (1) implies that there exists a parity-conjugated reaction of equal
strength corresponding to (23) viz ;

mt-nd— A0 L1t .. (249)

where A’C is the parity-conjugated hyperon of A°. Extending the abov®
reasoning to X, one concludes that there are two types of X with opposite
parity. In general, it can be shown that all particles of odd strangeness
8 given by (1) must be parity doublets”. For systems of even strangeness,
the operation therefore leaves the parity invariant, and we have

G811 TR0, = ...(25)
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Mention may also be made finally of a result due to Luders and Zumino
(Phys. Rev. 106,, No. 2, p.385, 1957) that the masses, and (for unstable
particles) also lifetimes of particles and anti-particles are equal as a conse-
quence of CPT.

9. ALGEBRAIC SIGNIFICANCE OF THF C,P,T

P, T and PT, and L, all constitute elements of the full Lorentz group,
and the operation C' is also algebraic in nature in that it connects every
spinor field with its own complex conjugate. Further from the Pauli-
Luders theorem that PCT is uniquely determined by L, and the spin-
statistics connection, and the fact that the latter too has a partly algebraic
significance, we derive the algebraic nature of PCT.

For a complete understanding of the several invariance laws, we shall
have to first of all derive the irreducible representations of the full Lorentz
group consisting of all the leements (L,, PL,, TL,, PTL,) and having the
sub-groups (L,), (L,, PTL,), (L,, PL,) and (L,, TL,). These representations
are known in the literature, and a convenient and systematic list, also showing
the behaviour of the base vectors of the several representations under
complex conjugation has been recently given (Heine, Phys. Rev. 107, No.2,
1957).

I have recently attempted to derive the algebraic significance of some of
the symmetry laws relating to elementary particles on the basis of these
representations, and found that it is useful to borrow notions from the theory
of semi-simple Lie algebras, complex Lie groups, and the theory of topo-
logical groups.
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