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Temperature Distribution along a Wire
Electrically Heated in vacuo

THE distribution of temperature along a thin rod
or wire electrically heated in vacuo has been studied
both theoretically and experimentally by several
authors. A knowledge of this distribution is of
practical importance in connexion with the designof sealed-in heating elements for thermionic or
illumination purposes, and also otherwise.
The distribution is determined uniquely by three

parameters, which for convenience may be taken to
be (1) the temperature T; at the centre of the rod,
(2) the temperature Tm to which Ty tends as the
length of the rod is increased indefinitely, the heat-
ing current being kept constant, and (3) a simple
constant a - P eo

> where x is the thermal con-2

ductivity, o is the Stefan constant of radiation,
¢ is the total (as distinguished from spectral) emis-
sivity from the surface, and p and w are, the peri-
meter and the area respectively of the ¢ross-section
of the rod. The effect of the radiations from the
surrounding walls is wholly accounted for by their
effect on Z1Me
The temperature distribution is given by an integral

which can be readily formulated. It is found, how-
ever, that the integration cannot be done directly,
and it has therefore been done numerically by previous
workers. The purpose of this communication is to
report that the integrand can be expanded as a
power series, and the integration can be done term

convergent, and may therefore be used conveniently
-for computation, the first few terms being quite
adequate for this purpose. It is found that the rod
divides itself naturally into two regions, region A
.in the middle corresponding to 0 <¢ ~<é,, and regionB corresponding to t > t, where ¢ is the drop in
temperature as compared with that at the centre
of the rod, and t - (Tm! - Ti')/(2T73). The power
series into which the distribution integral may be
expanded is different in the two regions, but the
transition from -one to the other is continuous, and
hence either series can be used close to the boundary
separating A and B.
¢The temperature variation in region A is found to
be parabolic, and it.is practically independent of the
temperature coeffigients of x, p and.¢, where p is the

term. The resulting series is found to be rapidly



specific resistance of the rod. When the rod is too
short to have any B-region.at all, the expressions
become particularly simple, including the expression
for T; as a function of the length of the rod.
The distribution of temperature in an infinitely

long rod is obtained readily. The distribution in the.
B-region of a finite rod is found to be practically the
same as in the corresponding end region of an in-
finitely long rod, the discrepancy between the two
increasing progressively as one approaches the upper
limit of B n the finite rod, but remaining quite small
at this limit, even for a short rod. The effect of the
finite temperature coefficients of x, p and « on the
temperature distribution in the B-region can also
be taken into account in a simple manner.
The well-known logarithmic formula for the tem-

perature variation near the centre; usually derived
on the basis t < Tm, is found to have a much wider
applicability, extending far into the B-region even
in short rods. The criterion for its validity is found.
to be #/(2 log?) <Tm, which is* a much less
stringent condition than t<Tm. The additive
constant in the logarithmic formula, which in the
usual derivation has to be left undetermined, is also
evaluated now.
Experiniental results are available for the tem-

perature distribution in tungsten filaments and in
thin rods of Acheson graphite, but the lengths used
are so great that Ti approximates closely to Tm in
these measurements. Hence these measurements
have been extended by us to shorter lengths, and
also to wires of platinum and a few other metals.
The observations verify in detail the results deduced.
theoretically.
An account of some of these investigations is in

course of publication in the Proceedings of the Royal
Society.

"K. S. KRISHNAN
8. C. Jam

National Physical Laboratory of India,
New Delhi.
Nov. 12.
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Temperature Distribution along a Wire
Electrically Heated in vacuo

THE distribution of temperature along a thin rod
or wire electrically heated in vacuo has been studied
both theoretically and experimentally by several
authors. A knowledge of this distribution is of
practical importance in connexion with the design
of sealed-in heating elements for thermionic or
illumination purposes, and also otherwise.
The distribution is determined uniquely by three

parameters, which for convenience may be taken to
be (1) the temperature at the centre of the rod,
(2) the temperature T'» to which as the
length of the rod is increased indefinitely, the heat-
ing current being kept constant, and (3) a simple

5 xw
ductivity, o is the Stefan constant of radiation,
¢ is the total (as distinguished from spectral) emis-
sivity from the surface, and p and w are the peri-
meter and the area respectively of the cross-section
of the rod. The effect of the radiations from the
surrounding walls is wholly accounted for by their
effect on Tm.
The temperature distribution is given by an integral

which can be readily formulated. It is found, how-
ever, that the integration cannot be done directly,
and it has therefore been done numerically by previous
workers. The purpose of this communication is to
report that the integrand can be expanded as a
power series, and the integration can be done term
by term. The resulting series is fond to be rapidly
convergent, and may therefore be used conveniently
for computation, the first few terms being quite
adequate for this purpose. It is found that the rod
divides itself naturally into two regions, region A
in the middle corresponding to 0 t < bes and region
B corresponding to ¢ >t, where ¢ is the drop in
temperature aS compared with that at the centre
of the rod, and ¢, - (Tm* Ty7*)/(277°). The power
series into which the distribution integral may be
expanded is different in the two regions, but the
transition from one to the other is continuous, and
hence either series can be used close to the boundary
separating A and B.
The temperature variation in region A is found to

be parabolic, and it is practically independent of the
temperature coefficients of x, and ¢, where p is the
specific resistance of the rod. When the rod is too
short to have any B-region at all, the expressions
become particularly simple, including the expression
for as a function of the length of the rod.
The distribution of temperature in an infinitely

long rod is obtained readily. The distribution in the
B-region of a finite rod is found to be practically the
same as in the corresponding end region of an in-
finitely long-rod,.the discrepancy between the two
increasing progressively as one approackes the upper
limit of B in the finite rod, but remaining quite small
at this limit, even for a short rod. The effect of the
finite temperature coefficients of x, e and ¢ on the
temperature distribution in the B-region can also
be taken into account in a simple manner.
The well-known logarithmic formula for the tem-

-perature variation near the centre, usually derived
on the basis t < Tm, is found to have a much wider
applicability, extending far into the B-region even
in short rods. The criggmep,for its validity is found
to be ¢/(2 log t) < Dm, which is a much less

stringent condition than t<Tm. The additive

constant a » where x is the thermal con-2 pes
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radio position ; the arches are composed of systemsof sharply defined filaments. The general distribution
of the nebulosity in relation to the probable errors
of the radio source is shown in Fig. 3.
The system is strikingly similar both in shape and

structure to the larger double-loop system of NGC
6960 and NGC 6992 in Cygnus, and although no
optical spectra of the Gemini loops are yet available
to confirm this similarity, both a search for radio
emission from the Cygnus loops and further optical
studies of galactic nebule of this type might yieldadditional information about the nature of the galactic
radio sources.
The radio observations were carried out as partof a programme of research supported in the Cavendish

Laboratory by the Department of Scientific and
Industrial Research, to which one of us (J. E. B.)
is indebted for a maintenance allowance. We are
also grateful to Mr. P. A. O'Brien for permission to
use his unpublished results.

J. E. Batpwin
Cavendish Laboratory,
Free School Lane,

Cambridge.
3 D. W. DEwHIRST

The Observatories,
Madingley Road,

Cambridge.
Dec. 16.

1 Ryle, M., and Hewish, A. (in preparation).
? Ryle, M., Smith, F. G., and Elsmore, B., Mon. Not. Roy. Astro. Soc.,

110, 508 (1950).
A211, 351 (1952)

4 O'Brien, P. A. (private communication).:

Recombination in the F-Layers
SomE years ago, Bates and Massey}, after showingthe influence of negative ion reactions to be unim-

portant, suggested that dissociative recombination
is the fundamental process responsible for removing.
electrons from the H-layer ; and later they? suggestedthat the mechanism might also be effective in the
D-layer. Recent experimental® and theoretical work
indicates that the recombination coefficient is prob-
ably of the required high magnitude. The F-layers
are at least partially, and perhaps mainly, due to
the photo-ionization of atomic oxygen, so it is not
immediately obvious that dissociative recombination
can be operative in them. However, Bates and
Massey' tentatively proposed that the necessarymolecular ions are formed through charge transfer
collisions :

Ot + XY ->O 4 XYt, (1)
XY being some unspecified atmospheric constituent.
In @ communication in Nature,Banerji® has soughtto identify XY as metastable nitrogen, which he

supposes reaets through :

OF (48) + Ny (A8Xy) -> Nyt (K#Z,) + O (48) +~0-0l eV. (2)
It may be noted that this process is rather more
complicated than ordinary charge transfer, since a
system in the 1S state cannot be obtained by merely
adding an electron to a system in the 48 state.
Arbitrarily assuming the rate coefficient to be as
great as 10-11 cm.?/sec., Banerji finds the required
concentration [N, is of order 107/cm.?,which he points out is some x 10-2 times the con-
centration of normal nitrogen molecules [N, ].
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constant in the logarithmic formula, which .in the
usual derivation has to be left undetermined, is also
evaluated now.
Experimental results ave available for the tem-

perature distribution in tungsten filaments and in
thin rods of Acheson graphite, but the lengths used
are so great that T approximates closely to in
(} os rh ister tri a
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have been extended by us to shorter lengths, and
also to wires of platinum and a few other metals.
The observations verify in detail the results deduced
theoretically.

Xn account of some of these investigations Is in
course of publication in the Proceedings of the Royal
Society,

S. C. JAIN
National Physical Laboratory of India,

New Delhi.
Nov. 12.
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ebonite metallic cap

lead wire
specimen.

?=3mm te 10MM!
Fig. 1, Specimen cell for the measurement of clectrical conductivity

conductance, (;), can be estimated by measuringthe current which occurs by the electromotive force
of the specimen cell itself compared with a standard
resistor, without any applied potential from outside.
Assuming the total resistivity (R), which is measured
in the usual way, to be made up of the resistivitydue to the electronic conductance (R,) and that due
to the ionic conductance (R;) in parallel, then

estimated. In most cases, the value of R 19 8~5
times as large as R, in freshly prepared specimenand thereafter increases to 10 ~ 20 times. Hence,

R, can beLif> 1/Re and the value
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The distribution of temperature along a thin rod
electrically heated in vacuo

I. Theoretical

By S. C. Jam anp Sim K. S. KRISHNAN, F.R.S
National Physical Laboratory of India, New Delhi

(Received 10 July 1953)

The paper describes a detailed investigation of the distribution of temperature along a thin
rod or wire electrically heated in vacuo. The distribution is determined uniquely by three

parameters, namely, (1) the temperature at the centre of the rod, (2) that at the centre of a
similar infinitely long rod heated by the same current, and (3) a simple constant that
involves directly the cross-section of the rod, its thermal conductivity and the emissivity
of its surface. Though the integral that determines the temperature distribution cannot
be evaluated directly, it is shown that it can be expanded as a convergent power series.
The rod may be divided for this purpose into two well-defined regions, region A comprising
a certain length in the middle of the rod, and region B consisting of the portions outside A,
the appropriate series for the evaluation of the integral being different in the two regions.
The temperature coefficients of the physical constants involved can also be taken into
account in the evaluation.
The temperature distribution in the A-region is found to be parabolic. Hence when the

rod is too short to have any B-region at all, the theoretical relations become particularly
simple, and are also practically independent of the finite temperature

-
coefficients of the

physical constants involved.
The distribution in the B-region is found to be practically the same as in tle corresponding

end--portions of an infinitely long rod, except near the upper limit of the B-region when this
region is very short.
An analytical expression is also obtained for the temperature at the centre of the rod as

;
a function of its length.
The criterion for the validity of the well-known logarithmic formula for temperature

distribution is shown to be much less stringent than is generally taken to be; the range of
its applicability is thus extended far into the B-region even when the rod is not long. The
additive constant in the formula, which previously had to be left undetermined, also gets
evaluated now.

1. INTRODUCTION

The distribution of temperature along a thin rod or a thin-walled tube heated
im vacuo by sending a heavy electric current through it is of interest experimentally.
When the rod or the tube is sufficiently long, there is a considerable portion in the
middle in which the temperature is sensibly constant. In this region practically
the whole of the heat generated by the passage of the electric current is dissipated
by radiation from the outer surface; the loss of heat by conduction from the centre

outwards, and, in the case of the tube, also by radiative transfer occurring in the

cavity, will then be negligible.
The occurrence of such a region of sensibly uniform temperature is utilized for

various purposes experimentally, and it is therefore of some importance to know
how long any actual thin rod or tube has to be in order,that a specified length about
the centre may be of sensibly uniform temperature, i.e. in order that the maximum
deviation in temperature im this range may not exceed a specified small tolerance.
More generally, it 1s desirable to know in detail the distribution over its whole

length irrespective ofwhether it is long or short, and also to know the rate at which

[ 167 ]
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heat is conducted away at the ends. Such detailed information, apart from its
intrinsic interest, will also be helpful in connexion with the design of sealed-in

heating elements such as are used for thermionic or illumination purposes.
In this part (I) of the paper is given a theoretical investigation of the distribution"

of temperature along a thin rod. Extensive experimental data are available for

tungsten, and some for Acheson graphite, which have been supplemented by some
fresh measurements made by the present authors. Part II of the paper will
be concerned with a discussion of these data in relation to the results deduced

theoretically in part I.
The case of a tube, even when it is thin-walled, is slightly more complicated

because of the radiative transfer of heat from the centre towards the ends that will
occur in the cavity of the tube, which is more difficult to take into account.

2. FORMULATION OF THE PROBLEM AND EARLIER WORK

Let « be the thermal conductivity of the material, p its specific resistance and ¢

the total emissivity of the surface, i.e. the emissivity over the whole of the significant
range of its emission spectrum. Neglecting to a first approximation the temperature
coefficients of these quantities, and neglecting also, since the rod is taken to be thin,
the radial gradient of temperature in the rod, the equation of conduction in the

steady state may be written in the form (Carslaw & Jaeger 1947)

dat eg (T478) + ya = % ")peo Ip

in which 06 is the distance of the point under consideration from the near end of the
rod, w is the cross-sectional area of the rod, p is the perimeter of the cross-section,

T, is the temperature of the walls of the chamber and also of the ends of the rod,
o is Stefan's constant of radiation, and J is the heating electric current. The current
is taken to be an alternating one, in which case the two halves of the rod will be
symmetrical about its centre. The loss of energy due to thermionic emission is in

general negligible and hence is not included here.

Following Carslaw & Jaeger and using the boundary conditions

T=T, when x=0,
aT (2)

and

where 27 is the length of the rod, one obtains

in which 7; is the temperature at the centre of the rod, i.e. at x = l,

KW KW r

aT
r, (a(T® - T?) - b(T -TF (3)

(4)
KW

(5)2peoT
2 +

0

60Evidently
aT

[a(7® - - b(T -
7
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Now for arod ofgivenmaterial and cross-section, and for a known heating current,
(6) may be regarded as defining the temperature at the centre of the rod when its
length is 21. Knowing 7%, (3) enables one to obtain the temperature T7 at every other

° point x on the rod.
It does not seem to be possible to do the integration in (6) directly. Bush &

Gould (1927) have done the integration with the help of a differential analyzer, and
the temperature distribution in a heated tungsten wire obtained in this manner has
been used by them for determining the distribution of thermionic emission along
the wire. In using the differential analyzer for calculating the temperature dis-
tribution they found it possible also to include the known temperature variations
of x, p and e. The integration of (3) has also been done numerically by Baerwald

of the rod, and thence the distribution integral is evaluated by him numerically.
Some of the steps in the integration have also been done graphically by Worthing
(see Worthing & Halliday 1948). The distribution function has also been discussed
by Langmuir & Taylor (1936) and by Cox (1943).
When the rod is very long there will be naturally a considerable region in the

middle where the temperature will be sensibly constant. The loss of heat from the
centre by conduction will in this case be negligible in comparison with the loss due
to radiation. Confining attention to such a rod, and to a region where ¢, defined by

(1936). Using the known values of x, p and e for molybdenum at different tem-
peratures, the temperature gradient aT/da is first evaluated at different points

t=7,-T, (7)
is small in comparison with T,,, the equation of conduction (1) may be shown to
reduce to the simple form

d?t/da2- At = 0, (8)

which can be directly solved. The solution is

a JA = D-Int, (9)
in which A is known, but not the integration constant D, since it cannot be deter-
mined directly from the boundary values.
The logarithmic formula-to be more precise the formula in its exponential form

t=exp(D-z.JA) has been discussed by Worthing (1914, 1922), Stead (1920),
Prescott & Hincke (1928), Bearwald (1936) and others. We may emphasize here an
important result that emerges from the observations of Prescott & Hincke. Their
plots of the experimental data for Acheson graphite show that the logarithmic
formula (9) is verified even for regions where the fundamental basis for its deriva-
tion, namely, that ¢ should be small in comparison with 77, cannot be justified at all.
Further, Baerwald has compared the values obtained by the numerical evaluation
of the integral with the corresponding values given by the logarithmic formula.
His curves show that the two sets of values practically coincide up to

t/T, = 300°/1300°,
°

which is by no means a sreall fraction.
In view of these it is desirable to be able to discuss the temperature distribution

analytically in order to follow more closely the implications of these and other
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findings. It is the main purpose of this paper to show that even in the general case
of a rod of any length it is possible to expand the integrand in (3) as a convergent
power series, and do the integration term by term. The convergence is found to be

rapid, and one can therefore evaluate the integral to any desired degree of approxi-°
mation in this manner. One also gets thus a proper estimate of the degree of

approximation involved in any particular step that may be taken.

3. EXPANSION OF THE INTEGRAND IN (3) AS A SERIES

At any point x the energy generated, and the energy radiated, per second per
unit length of the rod are given by I?p/w and peo(T*- 74) respectively. Neglecting
as before the temperature variations of x, p and e-they: will be taken into account
in a later section it is convenient to define a temperature T,, such that

peo(T,-T) = Polo. (10)

Obviously (10) corresponds to the condition that the heat generated is dissipated
away wholly by radiation, i.e. it corresponds to a region where the transfer of heat
by conduction is negligible, and hence where the temperature is sensibly constant.
This will evidently be the case near the centre of a very long rod. In other words

will be the value to which the temperature 7) at the centre tends when Joo.
For shorter lengths of the rod, however, 7 will be smaller than 7,,, and hence

-peo(Ti - T9) (11)

will be finite, and quite large for short rods.
Now, in view of (4), (5) and (10),

bla = 57%,. (12)

Hence (3) may be written in the form

Putting as before T = t, one obtains from (13)

(13)

7

(5(74, - 74) t+ 107342 - 107? + 5Tit4 -5] de. (14)x Ja

The temperature distribution is thus determined uniquely by the three parameters
Tq, T,, and a. Now the dependence on a (which includes the dependence on the
dimensions p and w of the cross-section of the rod) is particularly simple, and by
expressing the lengths along the rod in terms of 1/Ja (as has been done in plotting
the curves in figure 1), the temperature distribution may be made to depend on the
two parameters 1

and 7,, only.
Before proceeding to consider the inftegration of (14) it is desirable tomake a small

generalization of the problem. Till now the ends of the td had been taken to be at

the case. The effect of the temperature 7, of the walls is wholly confined to deter-
the same temperature T, as the walls of the chamber. This need not necessarily be
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mining the temperature T,, as defined in (10), and hence changing the temperature
of the walls is merely equivalent to changing suitably the value of 7, appearing
in equation (14).
In the discussion that follows, the temperature of the walls is taken to be 7),

and that of the two ends of the rod as zero. The results obtained therefrom can be

readily adapted to the case where the ends are kept at any other temperature ©,
since it is equivalent merely to ignoring the portions in the theoretical rod whose

temperatures are below @. It can also be adapted to the case when the two ends of
the rod are at different temperatures.

4, SEPARATION OF THE ROD INTO TWO REGIONS
1

For a given length 21 of the rod and given heating current, both 7, and7, appearing
in (14) may be regarded as constants independent of x. It is convenient to define
a certain critical value of ¢, namely, ¢,, such that

(15)

Depending onwhether ¢<1, or >1,, the first term inside the square brackets in (14),
will be greater than, or less than, the second. The manner in which the integrand
in (14) is to be expanded as a power series will therefore depend on whether t<t,
er >#,; there is, however, a continuity between the two regions which makes the
two series overlap in a small range in the close neighbourhood of é,.

One may accordingly divide the rod into two regions, one in the middle of the
rod in which 0<t<t,, which may be designated as region A, and the other outside
this range, corresponding to t>{,, which may be designated as region B. When J is
not sufficiently great, t, may exceed the total fall in temperature, namely, 7, over
the whole length of the rod, in which case obviously the whole of the rod will be
included in region A, and there will be no B-region at all.

t, = (LT, -

5. REGION A CONSIDERED IN DETAIL

Taking up first the A-region, (14) may be expressed in the form

(16)4
_ a(1+y) dé,

0

in which g = 7 a is the distance as measured from the centre of the rod, of the
point under consideration whose temperature is t, and

(17)
1

T oT?

The upper limit of the integral in (16), namely, the temperature ¢ at the point under

consideration, may extenl, when the rod is long enough to have a B-region to
t = t,, and when the rod is too short to accommodate the whole of A, to t = T;<t,.
It can be readily seen that for any position of the point in this range, y remains less
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than unity, so that the integrand in (16) may be expanded as a power series and the
integration may be done term by term. Doing so, one obtains

44(1-S)?
5a(Th-TH)'

S is a number which can be seen to be small in comparison with unity, andmay be
readily evaluated from (19), since even when y is close to unity, which will be the
case when the rod is very long and the point under consideration is close to the upper
limit of the A-region, i.e. when t = t,< Tj, the convergence of the series (19) is rapid
enough for convenient numerical computation. This value of S, which naturally is
an extreme one, is found to be about 013. But, in general, S will be much smaller
than this, and when there is no B-region at all, actually less than 0-08. Hence, in
general, whether the rod is short or long, kKS may be neglected in comparison with
unity, and thus one obtains

In other words, as one moves out from the centre the observed temperature variation will
be parabolic, and will continue to be practically so over the whole of the A-region.
In order to have some idea of the magnitude of the factor 74, - T} appearing in

(20), it may be mentioned that when the rod is just long enough to accommodat®
the whole of the A-region, t, = 77, and hence in view of (15)

T/T, = (3)* = 0-76. (21)
As the length is increased, will obviously approach closer to T,,. (The case of
shorter rods will be considered in detail in the next section.)
Now the linear extent q, of the A-region will be given by

(,
2

22

and it varies from 2?/(5a7%,)? for an infinitely long rod, to 3*. 2*/(5a7%,)? for a rod
just long enough to include only the A-region; thus the length of the A-region
remains of the same order ofmagnitude in spite of the enormous range of J.
The total drop in temperature over the whole of the A-region, namely /¢,, will

naturally be the smaller the longer the rod.

6. SHort RODS, l<q,
When the length of the rod falls short of ¢,, equation (20), which gives the tem-

perature distribution, will be an even closer approximation than before. Now the
totai drop in temperature over the whole length becomes J. Substituting this

5a(Th, - TH) (23)

For such short rods, (23) determines the dependence of 7; on J, and on the heating
current, which naturally determines 7,.

(18)"

3t-ty? dt 5 t-t43 dt - .1

(19)where
2 Jt [ 16

00

<a

4t
4 74- Ti) (20)

value for ¢ in (20), one obtains
47,
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As the length of the rod is reduced, T} will at some stage become small enough to
be negligible in comparison with %7,. At any given distance q from the centre, the

temperature drop t, whichwill be seen from (20) to be proportional T}, - T?, will then
*become practically independent of 7; and therefore of /. In other words, the tem-

perature distribution curves ¢ against q for such short rods will be nearly parallel
to one another, their relative separations being along the ¢ axis and independent of q.

7. THE SERIES APPLICABLE TO THE B-REGION

Considering the B-region defined by ¢>t,, the second term inside the square
brackets in (14) now becomes larger than the first term, unlike in the A-region.
Equation (14) may now be written in the form

x(10aT?)? =
43

2t 7, 2T: 1075%
dt. (24)

t

All the terms inside the square brackets in (24) that involve ¢ are separately and

together less than unity, and hence the integrand can be expanded again as a power

[nm
3 2g°

dt,
series

(25)
31

where g? = 1+4,/t. (26)

The integration in (25) can be done term by term. Doing so one obtains z as the
sum of three convergent power series, namely

a(10aT?)t = [U+V+WI], (27)

where U = Int yp(14
t

a .), (28)

V =2In(g+1)+B(y-a a)
oi (5+o92* tego7 ynena) +."

19
(29)

W = to (+ en--~)- (30)

Thus in both the regions A and B, the integral on the right-hand side of (14)
can be evaluated to any desired approximation, though the series involved in the
evaluation are naturally different for the two regions.

8. INFINTTELY LONG ROD

Before considering (27), applicable to the B-region of a rod of any length 20,

it is desirable to consider thg special case when the rod is infinitely long, for which

T, = T,, and hence ¢, = 0 and g = 1. It will be seen from (29) and (30) that in this
case both [V]/" and W vanish, and (27) reduces to

t hod

(10aT?,)t = [U]fm = D
120712 (31)
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in which D is a constant given by

D=T,+y, (32)

where X=4t+qe-otot--- (33)
Equation (31) gives the distribution over the whole length of an infinitely long rod.
This expression could also have been obtained directly from (3) by putting
= T,,. The integrand could then have been expanded in the form of a series and

ntegrated term by term.
Consider now a region of the rod in which ¢/(2Int)<Z,,. The temperature

distribution in this region will be given by

2(10aT?,)? - D-Int. (34)

Thus one obtains the same logarithmic formula as was obtained in (9) from certain
direct considerations. The constant A appearing in (8) and (9) can be readily shown,
in view of (10) and (4), to be equal to 10a7®,, which is identicalwith the corresponding
value appearing in (34). e

Further, the integration constant D appearing in the logarithmic formula, which
previously had to be left undetermined, now gets determined uniquely, and is
given by expression (32). This expression, like all the other expressions in this paper,
refers to the case when the end-temperatures are zero. If the ends are kept at any
other temperature © the additive constant D appearing in (34) may be shown to be

T 32

21 167 % 240713 (35)3

where 7 = T,,- ©. It may be seen that (35) reduces to (32) when © = 0.
Further the criterion for the validity of the logarithmic formula now comes out

to be t/(2Int) <T,,, which is not quite so stringent as t<7,, on the basis of which
(9) was deduced. Taking, for example, 7, = 1500°K and a fraction 1 of it as
negligible in comparison with it, the present criterion will make the logarithmic
formula valid over the range 0<#<100°, whereas the corresponding range con-
templated in the derivation of (9) is only a tenth of it.
At first sight it may seem a little surprising that the range of t over which the

logarithmic formula (34) holds is much wider than that over which its equivalent
differential equation (8) holds. That this should be somay be seen from the following
argument. Retaining one more term on the right-hand side of (34), one obtains

150

* (36)

in which ¢<T,,. It can be readily seen by differentiating it twice that

(1
3t

(37)dx?
At 2T

Whereas in (36) the correction will become negligible when t<2T., Int, the corre-
sponding correction term in (37) will be negligible only when t<27,,..
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The increased range of validity of the logarithmic formula in a long rod is in
agreement with the results of the numerical calculations of Baerwald referred to
in §2, and also with the observations of Prescott & Hincke.

rods that will be normally regarded as not long enough, there is a considerable
range in which the formula holds.

This extension of the range of applicability of the logarithmic formula has an
important consequence, as we shall see in the next section, namel that even iny,

9. THE B-REGION FURTHER CONSIDERED

It will be seen from (27) which gives the temperature distribution over the B-
region, and from (30), that W is practically negligible over the whole of this region.It is also found after a little calculation that the temperature at any given distance x
from the end of the rod is practically the same as in a similar infinitely long rod. Indeed,
the difference between the two becomes detectable only near the upper limit of the
B-region of the finite rod, and even there only when the B-region is small. This is

* an important result, which may be readily verified from the expressions (27) and
(31). It can also be seen to be the case from the following argument. From (13)
one obtains for the gradient of the temperature along the rod

@ = aT[da = atTi, I TT?5T, 57
re) - (38)T?,

As will be seen from (38) the difference in slope between a rod of finite length and
one of infinite length, both at the same 7', is determined by the defect of 77 from Dine
Denoting the gradients for the infinitely long rod and the finite rod, both at tem-
perature 7', by Pwo and ¢, respectively, it can be seen that (Po - ¢,)/¢.o, i.e. the rela-
tive difference between the two slopes, will be a minimum at the end of the rod, and
will be the largest near the upper limit of the B-region.
We shall now consider the two extreme cases (1) when the B-region is just present,

and (2) when the B-region is extensive, in both cases at the upper limit of the
B-region. Taking up (1) first, this corresponds to T' being very small and 74/74, = d

t It can be readily seen that in this case

Po =

py = (144/38) atTh, (39)

the difference between the two being about 6 % of either.
When the B-region is very extensive, we may regard T,-T, equal to A, say, as

small in comparison with 7,,. At T' = T,-t, it can be seen from (38) that

ho = 90%atTE A,
(40)TE A

the difference between the ¢wo being now about 5%.
In other words, the slope at the upper limit of the B-region of a finite rod differs

from that of an infinitely long rod at the same temperature by about 5 to 6%,
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irrespectivelyofwhether the finite rodhas just a.B-regionpresent, or has an extensive

B-region. The difference between the two slopes drops down rapidly as one moves

inside the B-region.
Since the gradient of temperature ¢, at every temperature 7 inside the B-region®

is thus practically the same as ¢,, at the same temperature in an infinitely long rod,
the actual temperature 71 at any given distance x from the end will also be the same

for the two rods. Since again (po - has its largest value, namely, 5%, at the

upper limit of B, and as one moves into the B-region it drops down rapidly, the

difference in temperature between the two rods at any given distance x from the

endwillbe much less than 5 % even at the top of the B-region.
That the temperature distribution over practically the whole of the B-region of

a finite rod is the same as in an infinitely long rod, apart from its intrinsic interest

has also an important consequence. If the B-region is long enough, there will be
a considerable range in it in which ¢ is sufficiently small in comparison with 27, Int
to make the distribution correspond to the logarithmic formula (34) characteristic

of the infinitely long rod; ¢ appearing in the formula will continue to denote 7, -T
in the case of the finite rod also.

Since the distribution of temperature in the B-region is nearly that of an in-

finitely long rod, the length of the B-region, equal to x,, say, may be obtained from

(31) by putting ¢ = ¢,+ Z, - 7). To a first approximation, which will be a fairly close

one, one thus finds

(41)(10aT3,)* = In
IT?T

at
44

47? T,

Obviously Le+Ue = l, (42)

which is an important relation defining 7, as a function of J. This relation has many
useful applications.*

10. THE TEMPERATURE COEFFICIENTS OF K, AND € INCLUDED

Till now the quantities x, p and e were regarded, for convenience, as temperature-

independent. It is not, however, difficult to take into account their temperature
variations too. The differential equation corresponding to equation (1) will then be

d 4aT Pp pepo = 0. (43)
2

* [Note added in proof, 28 December 1953.] Equation (1) may also be written in the form

+3a(T5,- Tt) +$a(Ti-T*) = 0.

In the close neighbourhood of the centre of a finite rod the third term on the left-hand side

becomes negligible in comparison with the second. One then obtains the parabolic law (20).
On the other hand at any point of an infinite rod, or at a point sufficiently removed from

the centre of a finite rod, the second term may become negligible in coheparison with the

third, in which case one obtains (13). The transition from the A- to the B-region in a finite
rod corresponds to the third term growing to a magnitude comparable with the second.
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Let k,, p, and €, be the values of x, p and e at T7 = 7;. Further, let their temperature
variations be linear,* and let the temperature coefficients be a, and 8 respectively.
Equation (43) then reduces to

(Lat)53-a(G)
2
= $0 [T4,(1 -ft) -(1-6t) (Tt t)4 + (B-6)iT4], (44)

where the physical constants involved in defining a are to be assigned values appro-
priate to 7' =

T° Multiplying both sides by 2(1- at) and doing the first integration
with respect to x one obtains

(1- at)? (s:) _ bail
75, - Tt THae oe aeatt

= ©, say, (45)
where a= 4{44(2+6)T-(a+) T! /T3 4 (B-8) T4/T3,

4 2 + 0(b-6) 4
14/73,

as = (x+0)T,+ 40872,

ag = adT?.

a = 4{4+ 6(a+6) T+ 40673},
(46)

3

a4 = 1+4(a+0) 77+ 6067},

Krom (45) one obtains L= QF dt. (47)

It will be seen that in the special case when « = f = 8 = 0 each of the coefficients
defined by (46) reduces to unity, and (47) reduces to (14) as it should. Even

otherwise a, will remain practically at unity.
Now let us consider first the case of an infinitely long rod, for which 7, = T.,,.

Equation (47) can in this case be shown to reduce to

61

bgt $? (48)
(1 - at) dt

3
bt byt byt? byt*

T, Te, Th T52
t

where 6b, =-a,/a,, 6, =a,/(2a,), bs, = -a,/(10a,),
b, =a,/(12a,), bs = -a,/(14a,),

and the values of a are now those corresponding to 7; = T,.genes 61. 2

Expanding the integrand in (48) as a power series in ¢/T,, and integrating term
by term, one obtains

x(10aa, T?,)? = int +x Int GaGe 3 (49)

where A, =-(b,/2+2T,,), Ag = $(3b7/4+ ab, T,, - bs),

Ag = g5(12b,5,- 6b?aT, + 8b, 5b3), (50)
x = A,+A,+Agt....

* This assumption considerably simplifies the expressions and hence is adopted here. But
it is possible to take into account the actual temperature variations of these quantities even
if they are not linear. In general, « is negative and £ and 8 positive.
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Again it will be seen that when «, 3 and 8 vanish, A,, A, and A; tend to Jj and
si,240 respectively, x'> x, and (49) reduces to (31) as it should.
Now the effect of the finite temperature coefficients of x, p and e on the tem-

perature distribution is twofold:
(1) the effect on the additive constant, which is now y' instead of x; this effect is

naturally independent of t and is also independent of the length of the rod;

(2) the effect on the terms involving t, which will be the greater the larger the
value of t.
The investigation in the A-region of a finite rod, which will be given presently,

shows that even when the rod contains just the A-region, and ¢ is of the order of ¢,
or 7, the second effect is negligible. Hence the total effect of the finite temperature
coefficients on the distribution in these regions, t=¢,, of an infinitely long rod, is

to elongate x by Aw = (y-¥')(100T3,)%. (51)

The constantD appearing in the logarithmic formula will also be similarly increased

by x-X'
One can also investigate in the same manner the effect of the temperatyre

coefficients of x, p and ¢ in the case of a finite rod. It will suffice to quote here the

final results. Taking up the A-region first, it is found that instead of (18), which
holds when the temperature coefficients are zero, one now obtains

52 )Tt)'
t 1 3a2 Qs t, ar+... (53)

°

where 8

In the case of temperature-independent x, p and ¢ it was found in §5 thatf< 0-13,
and it was regarded as negligible in comparison with unity. The effect of the finite

temperature coefficients is equivalent to multiplying f by a factor of the order of

1+at,, which under normal working conditions will still be close to unity. Hence

(20) will continue to represent the temperature distribution in the A-region and to
the same degree of approximation, as with zero temperature coefficients. This
will be the case even for very short rods.

Considering next the B-region of a finite rod, the temperature distribution in it
will be given by an expression similar to (27) inwhich the right-hand sidewill now be

[U4 V+WF, (54)

and the temperature at a given distance x from the end will be the same as for an

infinitely long rod, and differ appreciably from it only when the B-region is short
and in addition ¢ is close to ¢,. Hence the temperature distribution in the B-region
will be the same as for an infinitely long rod just as in the temperature-independent
case. In particular, in regions close to t, the effect of the finite temperature coefti-

cients of x, p and ¢ will be merely toelongate x by Az defined by (51).
Since the temperature distribution in the A-region ?emains unaffected, this will

be equivalent to extending by the same amount the total half-length / of the rod

corresponding to a given and T,,,.
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Comparing now two rods having the same 77 and T,,, one in which x, p and € have
finite temperature coefficients and the other in which x, p and € are temperature-
independent and have the same values as the former at 7' = 7}, the two curves
Uiverge slightly near the origin, but soon settle to a constant displacement along
the x axis, of the former curve with respect to the latter, by an amount given by (51).
This will be the case also when the two rods are infinitely long.

11. SOME RELEVANT GRAPHS

As was mentioned in an earlier section, when the physical constants involved are

temperature-independent, the three parameters J, T,, and a determine uniquely
the temperature distribution along the rod. Taking for example JT, = 1500°K, and
expressing the lengths in terms of 1/Ja, the temperature distribution curves have
been plotted in figure 1 for different selected values of J. The values plotted were

1600/-
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Figure 1. Temperature distribution curves for 21, = 1500°K.
and various values of 7', marked in the figure.

calculated on the basis of the relations (18) and (27) respectively in the A- and the
B-regions, i.e. treating x, p and € as independent of temperature. The same curves

may also be utilized to give the temperature distribution in the case when the temperature
coefficients of x, p and ¢ are finite, in the following manntr. The abscissa should now
be taken to represent not ag(a but

(55)3
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We shall draw attention here to some of the important features of the curves

plotted in figure 1, and the corresponding results deduced in the previous sections

which they help to illustrate.
(1) The limit of the A-region is indicated by a small circle on the curve. Thé

horizontal distance from the circle to the end of the curve, corresponding to T' = T,

gives the linear extension q, of the A-region. The variation of q, with J or / obtained

in (22) may be readily verified.
(2) The value of 7; corresponding to / = q, is given by = T,,/3% = 1140°. Hence

curves for which 7
< 1140° correspond to short rods, /<q,, which have no B-region

at all. These curves are all parabolic. From the curves of 7 against x plotted here

the corresponding curves of ¢ against q can be easily obtained by suitably displacing
the former curves horizontally. These ¢ against ¢ curves for short rods may be seen

to be parallel to one another (see § 6).
(3) Having plotted the temperature-distribution curves for different selected

values of 7), one can readily obtain the Z;-1 curve by joining the end points of the

temperature distribution curves. Curve 1 in the figure is obtained in this manner,
and it should obviously correspond to (23) for values of /<q,, and for />q, to the

expression
7 =

(In m

4

(10a73,)-? +27? 37} -T: (56)
-3714+ 27371 4713T.

The curve can be seen to be parabolic for small values of 7), as is required by (23).

(4) Curve 2 in the figure gives the temperature distribution in an infinitely long
rod calculated from (31). It will be seen that the end portions of the curves for

finite lengths overlap with the corresponding portions of curve 2, the overlap being
the more extensive the longer the rod.

(5) The range over which the logarithmic formula holds is indicated by a cross

at the lower limit of the range, and the range may be seen to be extensive.

(6) Expression (38) for the slope of the curve at any given temperature 7' can

also be verified from the curves. In particular its value at the end-temperature ©
of the rod is an important physical quantity, since it determines the loss of heat at

the ends of the rod. A knowledge of this quantity for a rod of finite length is helpful
in the design of sealed-in heating elements.

We wish to thank Mr Gyan Mohan and Mr N. R. Subramanian for helpful dis-

cussions.
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(Reprinted from Nature, Vol. 173, p. 820, May 1, 1954)

Temperature Distribution in an Electrically
Heated Filament .

Tre distribution of temperature in a filament
electrically heated in vacuo has been studied by
several previous authors. The differential equation
defining the steady state is:

5 t

dz? a (Tmt - T*) - 0, (1)

in which 71 is the temperature at a distance x from
one of the ends, Tm is the value to which the tem- ;

perature 7; at the centre tends as the length 20 of
;

the filament is increased indefinitely, keeping the
heating current the same, and a is a constant de-

e termined by the cross-section of the filament, its
'thermal conductivity and the emissivity of its surface.
Using the boundary conditions Z1 = © when = 0, :

and dT/dx = 0 when x = 0, one obtains!

w=
fP [Sant (T1-T)

- a (TT) 11 AT, (2)

the value of Ti occurring in (1) being determined by
the condition that, when the upper limit of the integral
ismade equal to T), x should become I.
In a recent paper? it was shown that though the

integral cannot be evaluated directly, it can be ex-
panded as a convergent power series. The filament
can be divided. for this purpose into two distinct
regions, region A comprising a certain length near a
the middle, and region B outside it, the power series
referred to being different in the two regions.
Now, denoting Tm - T by A, it can be shown that :

A exp f(A) = exp + VA (3)
are solutions of (1), where

:

A = 10aTm! (4)
and

1A 1 A? 1A3
16 Tr?J(A) = 2. 240 ™

(5)

The effect of the finite temperature coefficient of
the thermal conductivity, and of the other constants, --

can also be taken into account by replacing the
d

factors 4, x, ato, - _ by Ay, Ag, Ag... which
can be calculated. For a tungsten filament with 7
Tm = 2,400° K., A, = 075, and the other A's are
much smaller.
In the region where exp f(A) is close to unity, a =~

general solution for the finite filament can be obtained



e

by suitably combining the two particular solutions
given by (3). The corresponding two terms in the
genenal solution are obviously such that one of them

+ increases rapidly and the other decreases rapidly
as we move away from the centre of the filament.
If Tm - is sufficiently small, the latter term may
become negligible in comparison with the former,
while A still remains small enough to permit our
combining the two particular solutions. When this
has happened, the need to keep exp f(A) close to unity
disappears. We thus obtain a practical general solu.
tion that is applicable over the whole length of the
filament, namely :

A exp f(A)
A,expf(A,)[exp +exp {-(2l - x) V/A}]

4 exp - qvA);
(6)

where A, - I'm - 9, and q - = is the distance
measured from the centre.
Now for a filament for which - TI is small in

'comparison with-7'm, which we shall refer to for
convenience as a 'long' filament, the limit of the
A-region is given by Ac ~ 3(T'm - Ti). At this point
it is found that the ratio of the second term
inside the brackets in (6) to the first term has
decreased to about exp (- 3-6), that is, below 3 per
cent. Taking for convenience this fraction, namely
0-03, as small in comparison with unity, we can
readily investigate how small Tm - J; should be in

the whole length of the filament to at least this
degree of accuracy.
It may appear at first sight that the criterion for

our being able to combine the two particular solu-
tions, namely, that exp f(A) should be close to unity,
will become increasingly difficult to satisfy as A
increases. But actually, owing to the disparity in the
magnitudes of the two terms to be combined, which

the working criterion becomes S(Pm - Ti) < 0-03,
or (Tm - T1) < 0047'm. When this is secured,
(6) will fit with observatién to a much closer accuracy
than 3 per cent, the accuracy increasing rapidly as
one moves away from the centre of the filament.
The results obtained earlier for such a filament,

on the basis of the series-expansion of the integral-
namely, the parabolic variation of temperature in the
A-region, the closeness of the- distribution outside
the A-region to that of a similar infinitely long fila-
ment heated by the same current and the logarithmic
distribution at the top of this range-all come out as
special cases of (6).

comparison with in order that (6) may hold over

increases rapidly as one moves away from the centre,



a

By putting xz = 7 in (6), one obtains a useful rela-
ong

tion for the temperature JT) at the centre of a long
filament, as a function of its length, namely: .

Tr = Tm 2A, exp f(A,) x e L/A, (7)

in view of which (6) may also be written in the
convenient form,
A exp f(A) = 1 (I'm - Ti) (exp qv/A + exp-wey

(8)
which is applicable over the whole length of a long
filament.
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The distribution of temperature along a thin rod
electrically heated in vacuo
II. Theoretical (continued)®
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For a thin rod electrically heated in vacuo the differential equation defining the distribution
of temperature in the steady state has been formulated previously. If the rod is not too
short, a solution can be obtained by suitably combining the two particular solutions for
a similar infinitely long rod heated by the same current, which is applicable over the whole
length of the rod. The solution is discussed in relation to some formulae that had been pro-
posed by Stead. The solution also leads to a very useful expression for the temperature at
the centre of a finite long rod as a function of its length.

1. INTRODUCTION

In part I (Jain & Krishnan 1954) of this paper was reported a theoretical investiga-
tion of the distribution of temperature along a thin rod electrically heated in vacuo.
The integral defining the distribution cannot be evaluated directly, but it can be

expanded as a convergent power series, the convergence being rapid in most parts
of the rod. The rod is divisible for this purpose into two well-defined regions, region
A comprising a certain length in the middle of the rod, and region B outside it, the
appropriate series for the evaluationof the integral beingdifferent for the two regions.
The main features of the distribution of temperature in the two regions are also
different, and they have been investigated in detail in part I.
In the context of these investigations, an additive formula proposed originally

by Stead (1920) connecting the temperature distribution in a finite rod, with that
obtaining in a similar infinitely long rod heated by the same current, becomes

significant. This formula of Stead's was derived by him as an approximation to
a certain multiplicative formula. Though the latter formula, as we shall see in the
present paper, is not justifiable, the additive formula is known to fit with observa-
tion. It suggests that it may be possible to formulate a solution of the differential
equation defining the temperature distribution in a finite rod in terms of the
appropriate particular solutions for an infinitely long rod. This method of approach
to the problem has proved helpful, and the present part is an extension of the
theoretical investigations given in part I, from this point of view.

2. STEAD'S FORMULAE

On the basis of some detailed measurements on the distribution of temperature
along a very long tungsten filament electrically heated in vacuo, Worthing (1914)
found that the temperature at any distance x from the cold end can be expressed
in the form T, = Tl -eHetae]n, (1)
in which 7,, is the temperature to which T, tends as x00. In formulating (1)
Worthingwas guided partly by theory and partly by the requirements of the experi-
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mental data. For temperatures 7, close to T,, the terms inside the brackets could be
justified theoretically, though even here the constant x, was not determinable
theoretically. The index n was introduced in order to make a single formula

But themost signifi@ant part of this expression, which has been utilized by Stead,
is the proportionality of 7), to T,. Had there been no conduction towards the cold
end of the rod, the tempgrature at every point would have been equal to T,,, the
value of 7, being determined by the balancing between the heat generated in the
rod by the electric current and the radiation of energy from the surface of the rod.
But owing to the loss of energy by conduction the actual temperature 7,, is smaller.
The proportionality of 7, to T,, observed by Worthing implies that in an infinitely
long rod the effect of the cold end is to reduce the temperature at any distance x
from the end by a factor F', where F is a function of the distance. Denoting by
primed letters the temperatures along an infinitely long rod, in order to distinguish
them from those relating to finite rods,

F(a) = (2)
Generalizing from this, Stead formulated that in a finite rod, since there are two cold
ends through which heat is conducted away, the temperature at any given distance

where 2/ is the length of the rod.
Though in deriving (3) in this manner no restriction is imposed on the length of

the rod, Stead finds that the formula is applicable to long rods only. Considering
such a rod, for which 7,,-7 is small in comparison with T,,, where T, is the
temperature at the centre, and confining attention to a region where 7, - T,, also
is small, it may be seen that F(l), F(x) and F(21-<) will alk be close to unity, and
that (3) then reduces to the additive formula

Tn~ T, = (Tin ~ T,)+ (Tin ~Ps) (4)
It is in this form that the formula has been applied by Stead, and verified experi-
mentally.
Any formula defining the temperature distribution has naturally to be a solution

of the differential equation determining the steady state. As we shall see presently,
an expression of the type (3) cannot be a solution, and hence the derivation of (4)
in the manner indicated before may not be justifiable. On the other hand, Stead's
additive relation (4) is known to fit with the experimental data for long rods. We
proceed to investigate whether it would be possible directly to obtain a solution
of the type (4) for the differential equation for such rods, irrespective of the validity
of (3) on which Stead's derivation is based.

applicable ver a wider range of 7.

z from one of the ends should be given by
Tm = F(x) F(2l- x), (3)

3. GENERAL SOLUTION OF THE DIFFERENTIAL EQUATION OF THE STEADY STATE
The differential equation determining the steady state may be written in the

form (see (1) and (10) of part I)
d27' /da? + $a(T4, - 74) = 0, (5)

where the subscript x of 7), has been omitted for convenience. The-equation applies
naturally to the infinitely long rod also. The letter a appearing in (5) and the other
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letters which we shall use later in this part, have the same significance as in part I.
Neglecting for the present the temperature coefficients of x, p and ¢, which have
been taken into account in part I, but which are not quite relevant to the present
discussion, and denoting 7,,--7' by A, (5) may be written in the form

~

= 5a(473, A672,A2+ 4T_ A3 AS). (6)

Multiplying both sides by 2dA/da and integrating with respect to x, and putting
10aT?, = A, one obtains

A 2

(7)
A

or AefA = etav4, (9)

whence +aJA dA

a( 1 m 277, 1073,)'
A2 A8 (8)A

A A2
where (10)F(A)

The physical solution applicable to the infinitely long rod is

Aefd) = ce*v4, (11)

in which c may be eliminated from the boundary condition that when x = 0,

A=A, = T,,-®, where © is the temperature of the cold ends, whichmay have any
value down to zero. One thus obtains

Aefd) = Ayefdd e-*v4, (12)

which can be seen to be identical with (31) of part I, remembering that the tem-

perature coefficients of x, p and ¢ are being neglected here. If desired, the tem-

perature coefficients may be included by suitably modifying the expression for

f(A) in the manner indicated in part I.
It can be readily seen from (12) that a multiplicative formula of the type (3)

cannot possibly be fitted with (12). On the other hand, as will be shown in the next
section, the additive formula (4) can be obtained by a suitable combination of the
two particular solutions obtained in (9). We now proceed to demonstrate this, and
to determine the conditions under which this can be done.

4, SOLUTION FOR THE FINITE ROD AS COMBINATION OF PARTICULAR
SOLUTIONS FOR THE INFINITELY LONG ROD

Now A<A,<Z,. Even when A = Z,,, which will be the case at the cold end of
a rod when the end is kept at zero temperature,

(18)= 0°56.
~

For other values of A, f(A) will be smaller, and when A is small in comparison with
Tin» e7A) will be practically unity.

7
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In any case, in a finite rod and in a region where A is small, a general solution of

the differential equation may be obtained by suitably combining the two particular
solutions in (9), which is now permissible since e%4) is now practically unity. The
condition phat A be small implies first that the rod is long enough to make 7, - 7,
small, and secondly tlfat the point concerned is not too far away from the centre
of the rod. The general solution is

A=c,e*V¥446,ev4, (14)
which could also have been obtained directly as solutions of

(15)
to which (6) reduces when A is small.

'The two constants c, and c, appearing in (14) may be evaluated from the following

AA,

conditions:

(16)
dA/de=0 when «=i,
A= A,, say, when x

where x, represents a distance which is considerably smaller than 7, but is still
within the range where A remains small in comparison with 7,,. Using these
conditions one obtains A,ev4

Cy 4 + (17)

A
1A e

(18)2

Now if itis possible to find a value ofx, such that A at this point, namely, A,, remains
small in comparison with T,,, i.e. eA) remains close to unity, and at the same time

has become negligibly small in comparison with unity, then (14) will reduce to

A= Ay [e-ev4 + (19)
If, further, A,, which represents the temperature of the finite rod at a distance 0,,

can also be shown to be the temperature of the infinite rod at the same distance 21,
then obviously

The general solution (19) for regions 7, T<A< A, will then reduce to

A= Ao ef(Ao) [e-tv4 + e-@l-a)vA), (2 1)
The two terms in (21) can then be seen to be separately the solutions for an infinitely
long rod.
Equation (21) can be seen to be the same as Stead's additive relation (4), except

that (21) gives also the actual values of the two particular solutions, which (4)
does not.
It now, remains to investigate whether the conditions imposed in the derivation

of (21) can be actually secured, and the range over which this can be done. Before
doing so we shall briefly indicate an alternative method of deriving (19), which is
helpful in understanding the significance of the conditions imposed above. It also
enables us incidentally to follow in detail the temperature variation in the A-region,
which also is needed for our present purpose.

A, e%V4 = Ay efAd, (20)
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5. 0AN ALTERNATIVE SOLUTION

Taking the case of a finite rod of any length, and confining attention to a region
close to the centre, where ¢ = T, T is small in comparisonwith 7, the differential
equation defining the steady state can be,written in the form

dt/dq2-Pt-Q - 0, (22)

where P = 10aT3, (23)

Q = a(T',- 79), (24)

and is the distance measured from the centre. Solving (22) with the
boundary conditions ¢ = 0, and dt/dg - 0, when ¢ = 0, one obtains

t=
® [eosh (qVP)- 1). (25)

Expression (25) is applicable to any rod, short or long, provided that ¢ is small,
the linear extent of this region depending on how long the rod is, since the variation
of ¢ is the slower the longer the rod. When q,/P is sufficiently small that is
negligible in comparison with unity, (25) reduces to

t= 409°, 8)
which is identical with the parabolic relation obtained in part I. As g increases, the
temperature variation naturally deviates increasingly from the parabolic law.
This deviation, which was investigated for the general case in part I with the help
of a complicated series, comes out more elegantly, for small values of t, as just the

©

deviation of cosh (y./P) from 1+4Pq®. For a given small ¢ the deviation will be the
- smaller the smaller the value of P, i.e. the shorter the rod, which is in agreement
with the result obtained in part I.
For a long rod for which 7,,- 7, is small, the deviation from the parabolic law is
maximum. In this case, and at the upper limit of the A region, where ¢, = 2Q/P >

the deviation of the actual value of from that calculated from the parabolic lawg
comes out as 10 ° This again is the same as the value calculated in part I
For such a rod, ¢, = 2Q/P = Th) Thus even at the limit of the A-region,

A is only thrice T,, - 7), and therefore remains small in comparison with T,,,.
Returning to (25) one can see that when 7, - 7; is small in comparison with T,,,

Q/P = T,,--T, and D = A, Remembering that ¢ = A-(T7,,-7), (25) can be readily
seen to reduce to (19).

6. A MoRE GENERAL EXPRESSION APPLICABLE OVER THE WHOLE ROD

Coming back to the general solution (19), it will be seen that the ratio of the two
terms is equal to e~22V4, and that it decreases rapidly with the increase of g. Even
at the limit of the A-region, where A still remains small in comparison with T,,,
and hence (19) remains valid, 2¢ ,/A has increased to 3-6. Hence this ratio has become
as small as e~*, which is less than 3 %. Hence as onemoves into the B-region, only
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one of the two particular solutions in (19)will be significant, the other having become

relatively negligible.
It will be remembered that the condition that A also be small was invoked in

order to erable us to combine the two particular solutions. Now that one of them
has vanished, the necessity for this condition also vanishes. In other words the
distribution of temperature over the rest of the rod will be practically the same as
for a similar infinitely long rod heated by the same current, the agreement between
the two becoming the closer the nearer one approaches the cold end. Incidentally
it also shows that for such rods for which 7,, - 7, is small in comparison with 71,
the expression for A will reduce to the simple exponential form at the top of the
B-region, which is in conformity with the result obtained in part I.
When we move further inside the B-region, since we have now to deal with only

one solution, and it is characteristic of an infinitely long rod, one may use the more

precise form (12).
Consider now the general expression

Aef® - Ay ef(Ao) [e-evA 4 g(a-2)V4}, (27)

Though as such it may not satisfy the differential equation, it will be a solution
in the following two special cases, as we have shown:

(a) if e
(6) even when e/A) differsmuch from unity, ifone of the terms inside the brackets

in (27) vanishes,
For a rod for which 7, -7, is small in comparison with T,,, we have shown that

these two conditions are so related that one or the other of them is satisfied at every
point of the rod. Indeed, there is a considerable range where (a) and (bd) are both

sensibly satisfied.* Hence (27) may be regarded practically as a solution of the
differential equation over the whole length of the rod.
Now equation (27) may be seen to be the same as Stead's additive formula (4),

and that it gives much more detailed information regarding the temperature
distribution than (4). The necessary condition for its validity is that T,,, - be small
in comparison with T,,, and when this condition is satisfied, the formula will be
valid over the whole length of the rod, not only in regions where 7 T is small
in comparisonwith T,,, forwhich region (4)was supposed to be a good approximation
to the correct formula, but also over regions where may have become as

large as 7, itself. On the other hand, the multiplicative formula, of which (4) was

regarded as an approximation, has no validity except in so far as itmay approximate
to (4).

* [Note added in proof, 16 June 1954.] It should be emphasized here that the condition
for our being able to combine the two solutions, namely, that e"4) be close to unity, is indeed
the most stringent near the centre, where the two terms to be combined are of the same

magnitude. This is so in spite of the fact that A itself has the minimum value here. As
we move away from the centre, because of the progressively growing disparity in the magni-
tudes of the two terms to be combined, the permitted tolerance, i.e. the permitted deviation
of e4) from unity increases progressively with the distance from the centre (Krishnan & Jain,
Nature, Lond., 1 May 1954). Putting (Tm =6<1, equation (27) will represent the

temperature distribution near the centre to an accuracy of 0 in 1, and the accuracy will
increase progressively as we move away from the centre.

3
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From (27), which is applicable to a long rod over its whole length, one can readily
obtain by putting x = /, an expression for 7; as a function of J. The expression is

= (28)
where B = 2A0 eho, (29)

Experimentally (28) is a very ugeful relafion.
For the temperature distribution in short rods one has +o fall back on the detailed

solutions (25) and (11) respectively in the regions A and B, or the corresponding
ones given in part I.
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The present part is concerned with a detailed experimental verification of the main results
obtained theoretically in the earlier parts. Thin rods of Acheson graphite were used for this
purpose, and were found very suitable. In addition to the experimental data for the tem-
perature distribution along rods of different lengths, and heated by alternating currents of
different densities, one also needs for such a verification, data for the thermal and the
electrical conductivities, and the spectral and the total emissivities of the surface, at different
temperatures. These measurements also have been made.
The observed temperature variation along the rod is itself used to determine the thermal

conductivity and its temperature variation. The thermal conductivity is found to decrease
and tend to a constant value at high temperatures, as it should. The other physical constants
are determined directly. At low temperatures the spectral emissivity is found to be much
larger than the total emissivity, and they tend to approach each other at high temperatures.
Further, the spectral emissivity is found to decrease rapidly with increase of wave-length,
as in the case of metals.
Coming back to the temperature distribution, the main results that are verified here

relate to the range of validity of the logarithmic formula in the B-region of a long rod, the
constants involved in the formula, the deviation from the formula as one moves further into
the B-region, the effect of the temperature coefficients, the parabolic law of variation near
the centre, and the nature of the deviation from the parabolic law in long and short rods
as one moves further away from the centre.

* 1. INTRODUCTION

In parts I and II (Jain & Krishnan 19544,b) were reported some theoretical in-
vestigations on the distribution of temperature along a thin rod or filament electric-
ally heated in vacuo. The present part is concernedwith the experimental verification
of the main results obtained there.
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Extensive experimental data are available for the temperature distribution in
electrically heated filaments of tungsten (Worthing 1914), and some for thin-walled
tube ofAchesongraphite (Prescott &Hincke 1928). The lengthsused in thesemeasure-
ments, however, are such as tomake the temperature over the whole of the A-regiou
sensibly constant. The data for rods ofmedium and short lengths afford naturally
amore stringent test of the theory. Such short rods do not seem to have been studied
previously.
The experimental verification requires also a knowledge of some of the physical

constants of the material, which are not available. Hence we have made detailed
studies of the temperature distribution in thin rods of Acheson graphite, using a
wide range of lengths and heating currents, and we have also made measurements
on the physical constants required for the experimental verification of the results
obtained in parts I and II. As we shall see later in this part, Acheson graphite is a

very suitable material for this purpose.

2. THE PARAMETERS INVOLVED

The distribution function is determined uniquely, as was found in part I, by three
parameters, which can be taken to be conveniently the following: (1) the tem-
perature 7; at the centre of the rod, or its semi-length /; (2) the temperature T,,, to
which 7; tends as / is increased indefinitely, keeping the heating current J constant;
T,,, is determined by the condition

peo(T', -fT4) = plo; (1)

(3) a constant defined by a = 2peo/(Kw); (2)

where w is the cross-sectional area of the rod, p is the perimeter of the cross-section,
p is the specific resistance and x is the thermal conductivity, o is Stefan's constant
ofradiation, and 7,,is the temperature of the glasswalls of the large vacuum chamber
inwhich themeasurementsweremade. The chamberwas double-walled and between
the two walls was circulated water at room temperature, and hence 7, could be
taken to be practically the room temperature. Just as € is the total emissivity at

temperature 7,,, fe is the absorptivity of the same surface at the same temperature
T,, for radiations from a black body at temperature T,,. As will be seen in the next
section, the spectral emissivity ¢, of graphite is a function of the wave-length, and
it decreases as the wave-length is increased. Since the effective wave-length of the
radiations from the walls at 7), is much longer than that of the radiations at T,,,
f will be less than, but of the order of, unity. In order to avoid the uncertainty in
our knowledge off, most of ourmeasurements were made at temperatures 7' greater
than 1100°K, for which 7't,~ 3004 becomes small in comparison with 714. There
is a further advantage in using these high temperatufes; the basis for the derivation
of relation (1) is that the loss of enexgy from the central region of the rod towards
the ends by conduction is negligible in comparison wigh the loss due to radiation.
Though this will be true in any case for long rods, the length can bé the shorter the

higher the temperature 7, near the centre.
e

y
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In investigating the temperature distribution, the known temperature depend-
ence of x, p and € can also be taken into account. It was shown in part I that the
temperature distribution in the A-region, expressed as a function of the distance
from the centre, and relatively to the temperature at the centre, remains unaltered
by the finite temperature coefficients of these quantities, while in the B-region the
effect may be regarded as a small correction Ax to the distance x from the end of
the rod, of any point having a temperature 7', and Avmay be readily obtained from
the known temperature coefficients. Thus the physical constants involved in the
theoretical expressions are x, p and ¢ at different temperatures in the range con-
cerned. Now the measurement of the temperature at any point on the surface of
the heated rod is most conveniently done with the help of an optical pyrometer,
and for this purpose a knowledge of the spectral emissivity ¢, of the surface, as
distinguished from the total emissivity ¢, is also needed.
We now proceed to describe briefly the experimental determination of these

physical constants for Acheson graphite at high temperatures.

bd 3. THE SPECTRAL AND THE TOTAL EMISSIVITIES

A thin-walled tube of Acheson graphite was heated in vacuo by sending a suitable
alternatiyg current through it. The tube used in the experiment was long enough to
make the temperature in themiddle of the tube sensibly constant over a considerable
length of the tube. Under these conditions, the loss of heat from this region is due
almost wholly to radiation from its surface, and very little of it is due either to the
thermal conduction from the centre of the tube towards the ends, or to the radiative
transfer occurring in the cavity of the tube. By puncturing a small hole in the wall
of the tube near the centre, the temperature inside the cavity as viewed through
this hole can be measured directly with the help of the optical pyrometer, since
the temperature concerned is that of a black body.
By making the walls of the tube sufficiently thin, the temperature of the outer

surface can be made to approximate to the temperature inside. The small difference
in temperature between the inner and the outer surfaces, due to the finite thermal
conductivity of the material of the wall, is readily obtained when « is known. Even
a very rough value of « will serve this purpose. Knowing thus the real temperature
T,, and the apparent temperature 7, of the surface as determined directly by the
pyrometer,* the spectral emissivity ¢, at this temperature, for the narrow spectral
region transmitted by the glass filter of the optical pyrometer, namely, about
0-655w, is obtained with the help of the relation

Ex = exp (3)

Measurements on the spe¢tral emissivity of Acheson graphite made in this
manner were reported in a recent paper (Jain «& Krishnan 1952) in the temperature
range 1200 to 1700" K. The measurements have now been extended to 2100°K,

* A small correction is made for the loss of intensity of the radiation in its passage through
correction

the glass walls of the chamber (Jain & Krishnan 1952).
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and the results are plotted in the upper curve in figure 1. Conversely, for any
temperature J, of the graphite surface obtained directly with the optical pyro-
meter, the corresponding true temperature 7' is obtained with the help of this
curve and (3). Our measurements of the surface temperature of the graphite rod
at different points along the rod were made in this manner.
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Figure 1. The spectral and the total emissivities of Acheson graphite.
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Figure 2. The electrical resistivity and the thermal conductivity of Acheson graphite.

It should be mentioned immediately that the emissivity of the surface naturally
depends on the nature of the polish of the surface. For example, any rubbing of the
graphite surface with the fingers reduces the emissivity appreciably. However,
after maintaining the tube at a temperature of 2000°K for about an hour, the
emissivity reaches a steadyvalue that is reproducible. The data plotted in figure -1

refer to such a conditioned surface, which is also the surface of the thin rod along
which the temperature distribution is to be studied.
Now the potential gradient V in the central region, where the' temperature is

sensibly constant, is obtained with the help of two electrical probes. Now, knowing

%
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the heating current J, the specific resistance p of Acheson graphite at temperature
T,, is readily obtained. By suitably varying J, the value of p at any other desired
high temperature can be obtained. The results are plotted in figure 2.
* Therestriction of the low-temperature limit in our othermeasurements to 1100°K,
referred to in an earlier section, was to avoid the uncertainty in the theoretical
expressions due to the radiation from the walls of the chamber, which will be
appreciable at lower temperatures. In the measurement of resistance, however,
one is not concerned with any such difficulty. The measurement of p has therefore
been extended down to the temperature of the room, the measurement of tem-
perature being now made with a calibrated thermocouple.
The temperature variation curve of p for Acheson graphite shows a minimum,

as had been observed by previous workers (Powell & Schofield 1939), and explained
(Bowen 1949) on the basis of the large anisotropy of the crystallites and their
finite size.
At the high temperatures with which we shall be concerned hereafter in the

paper, it will be seen from the curve that the variation of p with temperature is
practically linear.
Knowing the energy generated per second per unit length of the long tube near

the centre, which is also the energy radiated out from it per second, the total
emissivity € is obtained readily:

I = peo(Th, ~fT%). (4)

The values of the total emissivity ¢ at different temperatures, obtained in this
manner, are plotted in the lower curve of figure 1.

If the radiation from the surface followed the cosine law, i.e. if the radiation per
unit solid angle along a direction making an angle 0 with the normal to the surface
were strictly proportional to cos0, both e, and ¢ would be independent of the
direction of emission. Experimentally, however, the emission is known to deviate
appreciably from the cosine law, especially when 0 approaches 377. In view of this
it is desirable to emphasize here that the spectral emissivity plotted in figure 1

is for the radiations normal to the surface, whereas the total emissivity plotted in
the figure corresponds to an average value taken over all directions. The latter
may differ slightly from the total emissivity along the normal to the surface.

4, THE DATA FOR THE TWO EMISSIVITIES COMPARED

It will be seen immediately from figure 1 that at the lower temperatures, € is

considerably smaller than ¢,, and the two curves tend to approach each other at
high temperatures. An obvious conclusion to be drawn from this is the following.
There are two effects associated with the change in temperature. One is the direct
effect of the temperature as such on the spectral emissiyity in every spectral region.
For the red region, as will be seen from the upper curve, the spectral emissivity
falls offwith the increase o$ temperature, and it may be presumed that this will be
the case for the other spectral regions also. Hence the direct effect of increasing the
temperature will be to reduce the total emissivity. a
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The second effect is indirect. As a consequence of increasing the temperature, the

effective wave-length of the radiation, to which the total emissivity refers, will
decrease. If €, is a function of the wave-length also, as we should expect it to be,
there will be an indirect effect of the change of temperature on the total emissivitY
due to the change in the effective wave-length accompanying the change of
temperature.
We have seen that the direct effect of increasing the temperature is to decrease €.

But actually, as we can see from curve 2, ¢ is found to increase with rise of tem-
perature, which shows that the predominant effect of the temperature on ¢ is the
indirect one just mentioned, and that it more than compensates for the pure
temperature effect. The obvious conclusion therefore is that ¢, decreases rapidly
with the increase in the wave-length.
Now, at the lowest temperature to which our measurements refer, namely,

1100°K, the effectivewave-lengthwill be in the near infra-red. From themagnitude
of ¢ at this temperature, and from what was just stated regarding the dependence
of e, on the wave-length, it may be inferred that even in the near infra-red region
€, Should have dropped below 0-7. Further, the progress of the curve indicates
that it should be much lower in the farther infra-red.
This conclusion is of significance. Such a large drop in the value of €, as we move

to the far infra-red is known to be a characteristic of metals, and the observed
similar behaviour of Acheson graphite therefore points to its pronounced metallic
character. In this respectt it differs essentially from a thin surface coat of lampblack,
for which it is known that €, continues to be high even for very long wave-lengths.
We have discused at some length the marked difference that is experimentally

found between the total and the spectral emissivities of graphite, since frequently
the two are taken for convenience to be equal.

5. THE FINITE DIFFERENCE IN TEMPERATURE BETWEEN THE OUTER AND
THE INNER SURFACES IN RELATION TO THE THERMAL CONDUCTIVITY

The finite difference 7 between the temperatures of the inner and the outer
surfaces, near the centre of a long tube electrically heated in vacuo, as is well known
(Angell 1911; see also Glazebrook 1922) is given by

(5)r2 In 1

2
2

where r, and 7, are the outer and the inner radii respectively. It is assumed that the
radial variations of the thermal and the electrical conductivities due to the finite
radial gradient of the temperature are negligible. The error involved in this neglect
is equivalent to neglecting a7 in comparison with unity, where « is of the order of
the temperature coefficient of either of the conductivities; ar will be of the order
of 10-3, a

Relation (5) may be made the for a determination of « from the observed
temperature difference 7 between the inner and the outer surfaces afthe tube; 7may
bemade sufficiently large for this purpose bymaking the thickness of the walls large
(Angell 1911). In practice, however, though it is easy to measure the inner tem-
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perature accurately, that of the outer surface cannot be measured so readily. It
will therefore be more appropriate to make the tube thin-walled, and thus make
7 small, and utilize any rough value of x determined by other methods in order to
talculate 7. In this case (6) reduces to the simple form

(6)

As Prescott & Hincke (1928) first pointed out, the temperature variation along
the tube itself in the logarithmic region provides the value of « required for this
purpose. (Actually the observed temperature variation in this region has been
utilized by them to eliminate x from (6) and thence to calculate 7.) Knowing 7

the precise temperature 7), of the outer surface is obtained from the known tem-
perature of the inner surface. It is this value of J, that has been used by us in
obtaining the spectral emissivity, and later the total emissivity, of graphite.
Indeed, as will be shown in the next section, the temperature variation along the

rod, which can be measured accurately, may be made the basis for an accurate
determination of not only «, but also of its temperature coefficient.
Itwill be clear from the discussion given above that a thin-walled tube is themost

convenient form for the determination of the temperature of the outer surface near
the centre, and thence to determine ¢€, at this temperature. Graphite can be turned
into a twbe conveniently on the lathe. Without making the tube walls unduly thin,
one can secure enough electrical resistance for heating it to high temperatures.

40 EN

6. Tur B-REGION

We now proceed to describe the experimental studies on the distribution of
temperature in a thin rod electrically heated im vacuo, and to utilize the experi-
mental data thus obtained to verify the main results deduced theoretically in
parts I and II.
We shall take up first the case of a rod long enough to include a considerable

length of the B-region. For such a rod 7, - 7;will be small in comparison with T,,,.
In part II was deduced a general expression for the temperature distribution in
such a rod, which is applicable over its whole length. The expression is

Aef@A = Ao eF(Ao) [e-ev -4 + e-2l-2)vA], (7)
in which A=T,-T, (8)

Ay = (9)m -0,
@ is the temperature of the ends, and

When the temperature coefficients of x, p and € are also taken into account, f(A)
may be expressed in the form*

(10)
A A3
oT: 167?, 24073,F(A)

A2

(11)+...,A,A A,A?,,
T? T3

where A,, A, and A 3 have the same significance as in part I. They are now functions
of the temperature coefficients, and they naturally reduce to 4, 16 and -zi
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respectively when these coefficients become negligible. In order to give an idea
of themagnitudes of these quantities itmay bementioned that for Acheson graphite
and for 7, ~ 2000°K, A, is of the order of unity, A, is about 0-2 and

| A, is still
smaller. Since the highest value of A/T, involved in our measurements is less thai
1, the second term in (11) is about 10 % of the first or less. Now, f,(A) itself occurs
as an additive term to In Ay 7 (see (14) below). Even when A = A, the A, term in~7

J(Ao) can be seen to be less than 1 % of 1mn A,. Hence itwould be ample if theA, term
alone is retained in the expression for f(A).
Now A, =4-aT, +e. (12)

The second term on the right-hand side of (12) involves the temperature coefficient
of x alone, namely a, whereas c involves the coefficients of x, p and € (see equation
(50) of part I).
Returning now to (7) it was shown in part II that even at the upper limit of the

B-region the ratio of the second term inside the square brackets to the first is e-*6,
or less than 3 %. As we move inside the B-region the ratio will become still smaller.
In other words, the distribution becomes independent of /, and is the same as for
an infinitely long rod.
Equation (7) then reduces to

a JA = D-InA-f,(A), *
(18)

where D denotes the part that is independent of A, and is given by

D = InA)+f,(Ao). (14)

As was mentioned in part I, a simple logarithmic formula of the type
0 JA = D-InA (15)

had been derived previously on the basis that A is small in comparison with T,,,
and had been verified experimentally. The additive constant D, however, could:not
be determined from those simple considerations.

On the other hand, (13) and (14) not only enable us to determine the additive
constant D, but also give the actual law of deviation from (15) when A is not
sufficiently small. One therefore obtains further a criterion for the range of validity
of (15), namely, that A/In A should be small in comparison with T,,, which is a much
less stringent criterion than that A should be small in comparison with 7,,, on the
basis of which (14) had been previously derived.
All these conclusions are verified experimentally. The temperature distribution

was studied in thin long rods ofdifferent lengths andwith different heating currents.
In figure 3 are plotted the values of nA against x for a typical case, namely, for
Ti, = 2100° K. The data for other rods are not plotted in the figure since they overlap
much on one another. These data are, however, summarized in table 1.
Itwill be seen from figure 3 that there is a considerable portion in the lower ranges

of A, where the plot is a straight line, from the slope ef which ./4, and hence the
thermal conductivity x, can be readily obtained. The values of x obtained in this
manner are entered in table 1, and they are also plotted in figure 2.
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We should emphasize again that this method of determining the thermal con-
ductivity and its temperature variation at these high temperatures,* is more reli-
able than the method based on measuring the difference in temperature between
¢he inner and the outer surfaces in the middle of a long tube electrically heated
in vacuo.
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3

1

2 3

ax (em)

FIGuRE 3. The temperature distribution in the B-region when Tm = 2100°K.

Had the logarithmic formula been valid over the whole length of the rod, the
additive constant D, which is given by the intercept of the straight line on the nA
axis at ax = 0, would also have been the value of In A at this point, i.e. D would have
been equal to In (7,,- ©). But actually D-is considerably larger, since the curve can
be seen to curve downwards, the deviation from the straight line increasing pro-
gressively with the increase of A. The difference according to (13) should be equal
to f,(A)~ A,A/T,,. This is verified quantitatively.
In table 1 are given the experimental values for all the long rods studied by us,

and the corresponding theoretical values for comparison. The values of« at different
temperatures 7, needed for the calculation of A, were taken from the x-7' curve
given in figure 2. Considering that the quantities compared in the last two rows in

* A graphical method of detergnining the thermal conductivity from the observed tem-
perature distribution in a filament has been described by Warthing & Halliday (1948). The
method is based on finding by graphical integratien the total energy generated, and that
radiated out, in the whole of the region on the hotter side of the cross-section under con-
sideration, up to dhe centre of the filament. The difference between the two gives the heat
conducted across this section. Knowing the gradient in temperature at this section the
conductivity can be calculated.
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the table refer to the small deviations from the logarithmic formula, these deviations
also may be taken to be verified satisfactorily.
Incidentally it may be mentioned that at 7), = 2100°K, A, = 0-95, which is

very much in excess of 0-50, which it would be if the temperature coefficients were

neglected. This shows that the deviation from the straight line is due nearly as
much to the finite temperature coefficients as to the other factors, their relative
contributions to A, being 0-45 and 0-50 respectively.

on

TABLE 1. THE LOGARITHMIC LAW AND THE DEVIATION FROM IT

Tm (°K) 1300 1500 1700 1800 1900 2100

from the 0-92 127 1-66 1-84 2-03 2-45
K (J em~! sec~! deg?) 0-60 0-50 0-44 043 0-42 0-40curveD-In Ay 0-23 0-28 0-33 0-36 039 0-46

0-23 0-30 0-32 0-36 0-38 0-44A, Ao/2m

Thus all the important results deduced theoretically for the temperature dis-
tribution in this region are verified quantitatively, namely, (1) the slope of. the
straight-line part of the curve, (2) the additive constant D, (3) the precise deviation
from the straight line when A is not sufficiently small, and in particular the con-
tribution to the deviation from the finite temperature coefficients, and finally
(4) the wider range of validity of the simple logarithmic formula than is implied
by the criterion that A should be small in comparison with T,,, on which basis (#5)
had been derived previously. Since the deviation from the straight line is verified
in detail, it amounts to a verification of the temperature distribution over the whole
of the B-region of the rod.

7. Tre A-REGION

Moving now into the A-region, and still confining attention to the long rod, it
will be seen that etd) will now be practically unity, and the temperature variation
will be given by

A = Ayef4ode IV4 (efv4 + e-aV4), (16)

This expression will hold not only in the A-region but over a considerable portion
ofB too, as long as A/In A remains small in comparison with 7,,, i.e. over the whole
of the range in B where the simple logarithmic formula holds. When q = 0, Ashould
be equal to J, -7;. Hence (16) may also be written in the form

t = 4(T., -T) (et¥4+e-av4-2), (17)

which reduces, when q is small, to the parabolic law

t= 4(T,-T)Ag. (18)

Curve I, figure 4, in whigh ¢ is plotted against @, relates to such a long rod, for
which 7,, = 1500°K and T1 1450°K. The thick line represents the theoretical
curve (17), and the circles denote the experimental peints. As should be expected
for long rods (see next section), the straight-line portion of the curve corresponding
to the parabolic variation of temperature near the centre is relatively short.
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The slope of the straight-line portion, extended in the figure by the dotted line,
will obviously be Ti)A, and it can be utilized as before to give us A, and
thence x. The value of x at 1450°K plotted in figure 2 was obtained in this manner.
e It should bementioned here that the value ofA needed in plotting the theoretical
curve was taken from the straight-line portion of the experimental curve. It will
be seen that all the experimental points lie almost exactly on the theoretical curve,
which includes some part of the B-region too.

240
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180

1
1

120 1

1

31 1,7

60

0-3 0-9 15 21 27
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Figure 4. Temperature distribution in the A-region.

8. SHORT RODS

For short rods also the temperature variation near the centre is given by a para-
bolic law, namely, t = 4092, (19)
where Q = 3a(T7,- 77), (20)

and at larger distances from the centre by the more precise relation

t = 30¢?/(1-S)?, (21)

where S is a small fraction which can be expressed as a power series in t/t, (see (19)
of part I), and can be easily calculated.
Curves 2 and 3 in figure 4 rdfer to such short rods for which = 1500°K, and

T,= 1320 and 1200° K respectively. e

The slope of the straight-jne portion can again be utilized to give Q and thence
x. The values of k plotted in figure 2 for 1320 and 1200°K were obtained in this
manner.

e



3
18 S C Jain and 6ir K. S. Krishnan
Now for a given q, which is not small, the deviation of ¢ from the straight line will

be given according to (21) by 2t8. The full lines in curves 2 and 3 of figure 4 are the
theoretical curves plotted on the basis of (21). The values of Q required for the
theoretical plot were taken from the straight portions of the experimental curvess
and the calculated values of 2tS gave the deviations from the straight line.
Here again the experimental values may be seen to lie almost exactly on the

theoretical curves.
The result deduced in part IT, namely, that for a given ¢ the deviation from the

parabolic law should be the larger the longer the rod, is obviously verified from the
curves 1, 2 and 3 of figure 4.

Coming back to the curve for the temperature variation of x, plotted in figure 2,
it will be seen that all the experimental values plot smoothly on a single curve.
When we remember that the values plotted here have been obtained from widely
different considerations, some from the logarithmic variation in long rods, some
from the parabolic variation in short rods, and one of them from the variation in
the central region of a long rod, their smooth plot into a single curve becomes
significant. It is yet another experimental verification of the theoretical results
obtained in parts I and IT.

Wewish to thankMr§.8.8. Agarwala for help inmaking some of the caleulations.

REFERENCES

Angell, M. F. 1911 Phys. Rev. 33, 421.
Bowen, D. 1949 Phys. Rev. 76, 1878.
Glazebrook, Sir Richard 1922 Dictionary of applied physics, 1, 447. London: Macmillan

and Co.
Jain, 8. C. & Krishnan, Sir K. 8. 1952 Proc. Roy. Soc. A, 213, 143.
Jain, 8. C. & Krishnan, Sir K. 8. 1954a Proc. Roy. Soc. A, 222, 167 (part I).
Jain, 8. C. & Krishnan, Sir K. 8. 19546 Proc. Roy. Soc. A, 225, 1 (part II).
Powell, R. W. & Schofield, F. H. 1939 Proc. Phys. Soc. 51, 153.
Prescott, C. H. & Hincke, W. B. 1928 Phys. Rev. 31, 130.
Worthing, A. G. 1914 Phys. Rev. 4, 523.
Worthing, A. G. & Halliday, D. 1948 Heat, p. 171. New York: John Wiley and Sons.

®PRINTED IN GREAT BRITAIN AT THE UNIVERSITY PRESS, CAMBRIDGE
(BROOK® CRUTCHLEY, UNIVERSITY PRINTER)

e



Reprinted without change of pagination from the

Proceedings of the Royal Society, A, volume 225, pp. 19-32, 1954

The distribution of temperature along a thin rod
electrically heated in vacuo

IV. Many useful empirical formulae verified
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On the basis of extensive measurements made on the distribution of temperature, and on
the distribution of other physical characteristics which are known functions of the tem-
perature, along tungsten filaments heated in vacuo, several empirical formulae have been
proposed by Worthing, and they have found wide practical application. Many of these
formulae are shown in the present part to follow naturally from the theoretical expressions
deduced in parts I and II, as special cases. The conditions for their validity also get deter-
mined.
The other formulae ofWorthing are shown to be good approximations, and the degrees of

their closeness to the corresponding theoretical formulae are estimated,

1. INTRODUCTION

"Extensive experimental work has been done on the distribution of temperature,
and of several temperature-dependent physical characteristics like thermionic
emission, brightness, total radiation, electrical resistivity, etc., along tungsten
filaments electrically heated im vacuo (Worthing 1914a,6, 1922; Langmuir
19164,6,c, 1922, 1930; Stead 1920; Forsythe & Worthing 1925; Worthing &
Halliday 1948). The experimental data have been analyzed in detail, and many
useful empirical formulae have been deduced therefrom. These formulae have
been used extensively in designing, and in studying the performance of, sealed-in
heating elements, such as are used in thermionic tubes, filament lamps, optical
pyrometers and the cathodes of X-ray tubes; and, in particular, in calculating the
effect of the 'end-losses'.
In parts I and II (Jain & Krishnan 19544,6) of this paper it was shown that a

practical general solution of the differential equation defining the steady state of
the temperature distribution can be obtained when the filament is long, and for
shorter lengths the solution can be expanded as a power series which is found to be

rapidly convergent in most parts of the filament. In part III (Jain & Krishnan
1954¢) were described detailed measurements on thin rods of Acheson graphite,
which verify the various theoretical results obtained in parts I and IT. Knowing
the distribution of temperature along the filament, the distribution of any other
physical characteristic like thermionic emission, which is a known function of the
temperature, can also be readily formulated.

=

In the light of these igvestigations many of the empirical formulae referred to
acquire a néw significance. The present part is devoted to an appraisal of the
theoretical significance of some of the formulae that are widely used. One such

[ 19] 22
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formula of practical importance, namely, that due to Stead (1920), has been dis-
cussed in part IT in connexion with obtaining the general solution of the differential
equation of the steady state.

2. TEMPERATURE DISTRIBUTION IN REDUCED CO-ORDINATES

Consider a filament in which 7,,-Z, is small in comparison with 7,,,, where 7, is
the temperature at the centre of the filament, and 7), is the value to which 7; tends
as the length of the filament is increased indefinitely keeping the heating current
constant. For convenience we shall refer to such a filament as a long one, though the
actual length of the filament will depend on how low is the temperature J), of the
cold ends, i.e. of the junction of the leads and the filament, as compared with 7}.

(1) Denoting m T by A, where T is the temperature at a distance x measured
from one of the ends, it is well known that in regions where A is small in comparison
with 73, x varies linearly with In A.Worthing defines a certain natural unit of length
A which is the distance over which A in this region drops to a fraction 1/e. Using the
reduced lengthsX = x/A, the temperature distribution in this regionmay be written
in the form X = D-Ind. (1)

(2) Using tungsten filaments of different cross-sections, in which, however, the
heating currents are so adjusted as to give the same central temperature 7, in all
of them, he finds that the corresponding values of A, determined experimentally®

cross-section of the filament.
(3) The second set ofmeasurements ofWorthing weremade on one such filament,

using different heating currents, so that r remains constant in these measurements,
but 7, varies over awide range. Plotting the reduced temperature 7 = T'/T,, against
X, Worthing finds that the temperature distribution in the filament for all the
different heating currents can be represented by a single 7-X curve.

(4) Worthing gives also plausible reasons for expecting this result to hold in the
logarithmic range.

(5) Incidentally, he finds that the logarithmic region extends considerably beyond
the range over which A is small in comparison with 7,,, which is the basis on which
equation (1) is generally derived.
We now proceed to show that these experimental findings of Worthing follow

naturally from the theoretical expressions deduced in parts I and II, which further
enable us to formulate the conditions for the validity of these findings. Some of
these findings are found to be particular cases ofmore general theoretical results.

(1) The natural unit of length A chosen by Worthing can be readily identified
with the length 1/JA deduced theoretically in part I, which is equal to (10aa, 73,)-#,
where a = 2peo/(kw), x is the thermal conductivity, e*is the total emissivity, o is
Stefan's radiation constant, afd p is the perimeter and w the area of cross-section
of the filament. a, is a function of the temperature coeffigients of p and e, where p
is the specific resistance. a, was evaluated in part I, and is found to be dose to unity,

from the logarithmic region, vary as./7, as was expected, where r is the radius of the

and reduces to it when the temperature coefficients are negligible.
e
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Now, equation (1) can be derived from certain simple theoretical considerations,
which also enable us to calculate A (Prescott & Hincke 1928) in the special case
when the temperature coefficients referred to are negligible.

(2) Now, for a circular cross-section of radius 7, p/w is obviously equal to 2/r,
and hence the proportionality of A to is verified.

(3) The simple theoretical considerations referred to, on the basis of which (1)
may be derived, do not, however, enable us to determine the integration constant
D that appears in (1) (Jain & Krishnan 1954a). They do not also tell us in what
manner D is dependent on 7,,, or on the end temperature 7), since the validity of
(1) may not extend to the end of the filament.
Using now the reduced co-ordinates, (1) can be expressed in the form

In(1-7) = -(X+8), (2)

where E=InT,-D. (3)
Not knowing theoretically how D depends on 7,,, or Tp, it is not possible to infer the
dependence of € on these quantities, and much less to demonstrate that € does not
involve TL, (except probably through 7,), which demonstration is essential for
Verifying theoretically, in the logarithmic region, Worthing's finding regarding the
identity of the t-X curves for the different heating currents.

Weeemphasize this point here since the appearance of £ in (2) as an integration
constant has been taken by Worthing to imply that it should be independent of

"and his observation that the 7-X curve for a filament is independent of the heating
current, i.e. independent of 71, is taken to follow from it as a natural consequence
in this region. On the other hand, the appearance ofD or é as an integration constant
in (1) or (2) merely signifies that it is independent of 71 and x, but not necessarily
independent of T,,.

(4) It has been shown in part I that the integration constant D, and hence also €,
can be evaluated theoretically, though not from the simple considerations on which
(1) and (2) had been derived previously. As we shall see presently, € depends on 7,
only, and does not involve 7,, separately.

(5) It has also been shown in part I that the criterion for the validity of the
logarithmic formula is that A/In should be small in comparison with T,,, which
naturally holds over a much wider range than the condition that A be small in
comparison with T,,.

(6) As we shall show presently, the temperature distribution in all long filaments
over their whole lengths, irrespective of their actual lengths or cross-sections, or
the heating currents used, or even the materials of which the filaments are made,
can be represented by a single 7-X curve, provided that the pointX = 0 from which
measurements of lengths are made is chosen to have the same reduced temperature
T, in all of them.
This result is a precise one when the temperature coefficients of x, p and é are

neglected, but is otherwise a clos® approximation.
*

Worthing's observatiqn on the identity of the 7-X curves for a long filament
heated by different currents follows as a particular case of this general result since
To, though not kept constant, remains roughly so in his measurements,
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(7) For shorter filaments the A-region becomes experimentally significant, and

has to be differentiated from the B-region:
(a) In the B-region the temperature distribution can be represented by the same

7-X curve as for a similar long filament heated by the same current.
(b) The temperature distribution in the A-region also can be represented by a

single reduced curve, but the units of length and temperature to be used for the
reduction are different from those applicable to the B-region.
We shall take up the case of long filaments first, to which Worthing's measure-

ments refer; and obtain a general expression for the 7-X curve, applicable to all
long filaments.

3. A GENERAL EXPRESSION FOR THE 7-X CURVE

It was shown in part II that in the logarithmic region, and over the rest of the
filament on the colder side, the temperature distribution in a long filament is given by

= Ao ef(Ao) w/a (4)
1A 1 A? 1

where f(A) = 27, 167?, 24073 (5)

= $(7), say. (6)
In terms of the reduced co-ordinates that have been adopted, (4) can be expressed
in the form (1-7) e#) = (1 - Ty)ero), (7),
which will hold ovér the whole of the filament, down to 7 = 0 if the ends are cold
enough for it. Equation (7) is obviously independent of the material and the length
and the cross-section of the filament, and also independent of T,,, provided that 70,
which denotes the temperature of the point from which the lengths are measured, is
chosen the same for all the filaments.
This condition is roughly secured in Worthing's second set ofmeasurements, on

which is based his finding that the r-X curve is independent of T,,. The same long
filament is heated to different central temperatures 7,,,. Since no special arrangement
is made to control the end temperatures, these temperatures will be the higher the
higher the value of T,,. Though, as we shall see in a later section, this increase in 7',
was not quite in proportion to the increase in 7,,, which is needed to secure the
constancy of Tp, it was nearly so.
In the earlier parts the distances were measured for convenience from one of the

ends of the filament. Since now the origin of X has to be chosen to correspond to
the same temperature 7, in all the filaments, one has naturally to distinguish between
this temperature and the temperatures 7, = 7,/A of the ends. Negative values of
X also will now be significant, and will correspond to 7,<7<7p.
The effect of the temperature coefficients of x, p and € can also be taken into

account by expressing f(A) in the form (see (49) and (50) of part I)

+..., (8)
A,A A,A?F(A) +2

where A,, A», Ag, ... are functions of the temperature coefficients and of T,,, and are
readily calculated. They tend to 1

;,.240? ..., respectively, when the temperature
1

5 16°
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coefficients vanish. Actually only the first term in (8) is significant, and further A,
is found to be only slightly higher than 4, even this small deviation from } depending
more on the material of the filament than on 7,,. Hence (7) will hold to a close

approximation even when the temperature coefficients of x, p and ¢ are taken into
account.
The expression for A, given in part I was on the basis that the temperature

variations of x, p and ¢ may be taken to be linear, which is justified when the tem-

perature range involved is not large. In Worthing's measurements, however, this

range is quite large. Hence in calculating A, for tungsten applicable to Worthing's
measurements we have to take into account the known variation with temperature,
which is not quite linear for p and ¢, though it is for x. The value ofA, thus obtained
for tungsten is 0-75.
In the region where A is small, e#") ~ 1, and (7) can be seen to reduce to the log-

arithmic formula (2), in which, however, the integration constant €, and hence
also D, now stand evaluated:

= In(1-19)+$(70)
= In(1-79)+A,(1-75), (9)

which is known when the temperature 7, corresponding to X = 0 is known. § is
thus a function of 7, alone, and does not involve 7, separately. This will be so even
when the temperature coefficients of x, p and ¢ are finite, except that in this case the

magnitude of a trivial part ofA, depends on 7,,,.
It may appear at first sight odd that (7) ultimately involves only two parameters,

namely, 7', and A, and is independent of the length of the filament. This is because
we are dealing here with long filaments, and with regions not too close to the centre

-actually outside the A-region as defined in part I. The complete expression for
a finite long filament is (part IT, equation (27))

Ach) = AyeMd fe~* + e-OL-X)], (10)
where 2 = 21/A is the reduced length of the filament. Outside the A-region the
second term inside the brackets becomes negligible.
Inside the A-region also, whether the filament is short or long, the temperature

distribution can be represented, as we shall show in a later section, by a single curve,
involving again just two parameters, which are, however, different from those

applicable to the B-region of long filaments.
For long filaments of the type used by Worthing, the temperature variation in

the A-region is negligible, and hence the exclusion of the A-region from the range
of applicability of (7) is not significant in his experiments.

4, CORRESPONDING DISTANCES IN A FILAMENT HEATED
TO DIFFERENT CENTRAL TEMPERATURES

It would be relevant to fefer here to some curves plotted byWorthing to demon-
strate the identity of the r-X ctirves for a given filament heated to different T.,,'s.
These curves also servg to emphasize the necessary condition for this identity,
namely, that the origin of X should be so chosen that the corresponding tem-

peratures 7, are the same for all of them.
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As mentioned previously, a long filament is heated by different currents, so that

the corresponding temperatures 7, at the centre can be made to have different
values. He chooses the case when 7, = 2400°K as reference. Let 06 be the distance
from the cold end to the point whose reduced temperature is 7. Let x' be the corre-
sponding distance from the cold end to the point r when has a different value.
Worthing finds that x' plotted against x is a straight line, and its slope is given by
A'/A, where A' and A are the units of length determined by the two values of 7,
concerned.
In these measurements of Worthing no special precaution is taken to keep the

reduced end temperature 7, the same when the heating currents are varied. Natur-
ally Worthing could not have been aware of this requirement for securing the
identity of the curves.
Now from (7) and (9) it will be seen that

(1-7) eh) = e-@/Ats), (11)

Since 7 is the same for both x and a'

x = (A'/A)e+A(E-E'). ay
One may draw from (12) the following conclusions:

(1) The plots of a' against x are straight lines, whose slopes are A'/A, which is also
Worthing's experimental finding.

(2) They will not pass through the origin, since the necessary condition for it,
namely, = 0, which is equivalent to 7) = 70, is not secured in Worthing's
experiments.

(3) From the natural variation of 7) with 7, mentioned earlier, namely, that 7,
should be expected to decrease slightlywith the increase of 7.,,, itwill be seen that the
intercepts of these straight lines on the w'-axis at x = 0 should be negative for the
curves corresponding to <2400°K, and positive for the curves for which
T, > 2400°K. This conclusion is verified in Worthing's curves.

(4) Indeed by adjusting the origin of x in the different experiments to correspond
to the same 70, all the three straight lines can be made to pass through the origin.
If, further, the distances plotted are the reduced ones, namely, X' = 2'/A' and
X = x/A, then all the straight lineswill obviously become identical. In other words,
a single straight line, passing through the origin, and inclined at 45° to the axes,
will represent the corresponding distances for all the different heating currents.

5. DISTANCES CORRESPONDING TO ANY GIVEN DROP IN TEMPERATURE
WITH REFERENCE TO THAT AT THE CENTRE

Worthing (Forsythe & Worthing 1925) has also determined experimentally,
again for long filaments, the distance at which 7 has just approached unity to
within 10-*. Taking 7) = ¢ he finds that x4 can be represented by the empirical
formula = 70, ©

(13)
which is a very useful relation.

€
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Actually Worthing's determination of the numerical constant appearing in (13)
is equivalent to determining experimentally the integration constant € of the

logarithmic formula (2), since the point corresponding to x, lies in the logarithmic
region. Obviously X,= x4/A = - (£+In 10-3), (14)

Since the integration constant £ has already been evaluated theoretically (see (9)),
one obtains therefrom, for the case 7, = 1, which was the end temperature in

Worthing's measurements, = In?+0-7Bx 2, (15)

from which one obtains X,= 718, (16)

which is in close agreement withWorthing's experimental determination,* namely,
70.

When once the constant appearing in the logarithmic formula has been deter-

mined, one can evaluate X, readily for other values of 7 too. Worthing gives the
values X, = 7-0+% for 1 1-7 = 10-4 and 10-? respectively. Now 7-0 is the value of
X, for 1 1-7 = 10-3, as we have seen, and { is close to In 10. His filaments are long
enough for all the three points to lie in the logarithmic region.

Obviously similar calculations can also be made for end temperatures other than

o=t.
lav)

6. [ AS A FUNCTION OF 7,
~

Worthing has extrapolated these results to include the cage of shorter filaments
too, in which 7, - 7;may be considerable, though still small in comparison with 7,,.
Specifying, for example, that (7, -7)/T,, should be less than 10-%, his formula for
the corresponding semi-length of the filament is as follows. The value ofXz in a long
filament corresponding to 1-7 = 10-3 is 7-0, as we saw in the last section. In order
that (7, T/T, in the shorter filament might be less than 10-3, Worthing's
criterion is that its reduced semi-length should be at least 13 % larger than 7-0.

We have shown in part II that the drop in temperature 7, - 7; at the centre of
a long filament of semi-length J will be double the value ofA at the same distance / in
a similar infinitely long filament heated by the same current. Hence Z = //A should
be theoretically equal to 2. NowIn2 = 0-7, and it can be seen to be just 10 %
of the value of X, =7-0 appropriate to the particular tolerance specified, namely,
10-3, This is not very different from the value of 13 % estimated by Worthing.

7. TEMPERATURE VARIATION OUTSIDE THE LOGARITHMIC REGION

As was mentioned in a previous section, the criterion for the validity of the

logarithmic formula is that A/nA should remain small in comparison with T,,.
Outside this region the deviation from the logarithmic formula increases pro-
gressively with the increage of A. In order to cover this deviation an empirical
formula has been proposed byWorthing (19142), which is found to extend the region

a
* In reducing his observed 20 to Worthing uses an experimentally determined value

of A which is&lightly greater than the theoretical value. When the latter value of A is used,
as it should be, in reducing his x, to Xz, the small discrepancy between his 7-0 and our 718
disappears.

a



26 S. C. Jain and SiraK. S. Krishnan
of fitwith observation considerably beyond the logarithmic range, but not, however,
over the whole length of the filament, even though the end temperature 7, in these
measurements was kept as high as 0-62. The formula is

(17)

which can be expanded in the form

Substituting values for the constants n and e~° appropriate to tungsten and to the

X = 0. The convergence is naturally the more rapid the larger the distance X from
the end.
Ifnow all the terms on the right-hand side of (18) after the first can be neglected,

as they can be when X is large enough, the formula obviously reduces to the simple o «

logarithmic formula (2), Inn being then equal to - & of (2).
The corresponding theoretical expression is (see (4))

= A, efddeX, ° (19)
which may be put inthe form AeA) = TeX), (20)-

X40) - In(n - 1) 4 - 1) (n - 2) (18)
A

boundary conditions in Worthing's measurements-these values will be deter-
mined presently the series is found to be fairly rapidly convergent even at

*

Where A is small, e"4)~ 1, and (20) reduces, as we have seen, to the simple log-
arithmic formula. The deviation ofe/ from unity, which increases progressively
with the increase of A, accounts for the observed progressive deviation from the
logarithmic formula. Itmay bementioned immediately that (20) fitswithWorthing's
observational data over the whole range including the region near the leads, and
also with other data of his which extend to 7 = }.
We now proceed to compare Worthing's empirical relation (17), of which (18)

is an expansion, with (20). Obviously (17) cannot be identified with (20), but one
can investigate the degree of approximation to which (17) may be made to conform
to (20). We obtain from (20), for this purpose, an expression for A/T, as a power
series in e (X-+£) as before, which can be compared term by term with the series (18).
Putting SA ediAilm ~ 1+A,A/T,, (21)

¥

3

to a first approximation, equation (20) reduces to the quadratic form

A,A?
(22)

m m
the solution ofwhich is

ets = 0,
A

©
A 1.

(23)
12A

Now the quantity inside the square root in (23), and hence the eXpression for
A/T, also, can be expanded as a convergent power series in e (X+£) if 44, e(X+8),
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which is known to be positive, is less than unity. In view of (9) this corresponds to
the criterion

9) e4s4-70)-* <1, (24)

which can be secured at = 0, and hence for all positive values ofx X,
when 7) > 0-61.

This condition is just satisfied in Worthing's measurements to which he applies
his formula (17); the lowest temperature ofmeasurement corresponds to T = 0-62.
Hence (23) may now be expanded in the form

Aj e (25)(X+£) A,e
A

Like (18) this series also is fairly rapidly convergent even at X = 0. This being so,
one can adjust the first two terms in (18) to be the same as the corresponding terms
in (25) for all values of X, by putting

ne' =e, (26)

$n(n-1)e"* = Aye, (27)

from which the two constants n and e~ can be determined in terms of the known
"quantities A, and é:

1

a 2A,-1 (28)
= (2A,-l)e a

Using (28) the first three terms in Worthing's expansion (which is convergent
even when X = 0) may be written in the form

(5 9 Je
A

(29)

in which the coefficient of the second term, namely, > takes the place of A,
1 1

2 2n
in (25), Having adjusted the first two terms in (18) to be the same as the corre-

sponding terms in (25), naturally it will not be possible to secure equality of the
succeeding terms in the two series. However, comparing the third term in (29),
namely, 4(m-1)(n-2)/n?, with that in (25), namely, 2A?, it will be seen that they
are of the same sign, though not of the same magnitude. HenceWorthing's formula
(17) can be made to fit with the theoretical formula (25) to a slightly closer approxi-
mation than would correspond to the neglect of the third and the succeeding terms.

Obviously the approximation depends on X too, and hence for any specified
approximation one can estimate the lower limit of X for which the third and the
succeeding terms may become negligible. At all distances greater than this the
agreement of (17) with observation will naturally be closer than the tolerance
prescribed.

1 d

Now the coefficients of the second ternts as we have seen, are _

-_

2 2n
and A 1

respectively* In the special case when the temperature coefficients of x, p and € are

®
negligible, A, = 1. Hence -1/(2n), which gives the difference between A, and 22
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is determined almost wholly by the finite temperature coefficients, and is therefore
small. As we have seen, the deviation of A, from 3 is determined more by the
material of the filament than by 7,,,. Hence 70 should also be practically independent
of T and the dimensions of the filament, which is also Worthing's observation.
For the same reason again, almost any value of n which does not: change the sign

1
or the order of magnitude of

2 2n
for example, any positive value greater than

unity, or any small negative value, will extend the fit with observation beyond
the logarithmic region. It is significant in this connexion that Worthing uses the
value 070 = 1-87, whereas the theoretical value is negative and about - 2-0.
Even with the latter value for n, the validity of formula (17) does not extend

much beyond 7 = 0-7. The discrepancy becomes quite large when applied to other
measurements ofWorthing which extend to 7 = }. This is not surprising, since for
such low values of 7 (20) cannot even be expanded in a form that would permit
-comparison with (18).

Hence one has to fall back on (20) for this region. Taking 7) = 0-25, e~§ comes out
as 1-17. Using this value, and A, = 0-75 and the known thermal conductivity of
tungsten at 7, = 2400°K, namely, 0-96W cm-! deg-1, the temperature distribution
calculated on the basis of (20) is found to agree very closely with the distribution
observed by Worthing over the whole length of the filament.

8. THE DISTRIBUTION OF OTHER PHYSICAL CHARACTERISTICS ALONG THE FILAMENT

Knowing the distribution of temperature along the filament, the distribution of
any other physical characteristic which is a known function of the temperature can
also be investigated theoretically. Some of these characteristics are listed in table 1.

In the case of tungsten, the temperature dependence ofall of them can be expressed,
according to Langmuir (1930), in the form

B(P) = A,evie-v7, (30)

where F,(7') denotes the particular physical characteristic studied, and y, and ©,
are constants whose values are known and are entered in table 1. For some of the
characteristics like thermionic emission and the rate of evaporation, (30) can be
deduced theoretically, and for others it is an empirical relation.

TABLE 1

electrical total thermionic rate of
property resistance radiation brightness emission evaporation

1-2 51 0 2 0
0 0 25 200 52600 94100

e

Worthing (1922) has made extensive measurements on the distribution of these
various characteristics along heated tungsten filaments, except the rate of evapora-
tion, and he has plotted F.(T)/F,(T,) = Ww; say, against the distance from the end.
Since all his measurements refer to the same filament, it is not material whether
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the plot is against the reduced distance or the actual distance. He finds that in the
logarithmic region y, can be represented by the formula

Vy = ]~e (X46), (31)

in which £,is a constant independent of X and 7. In other words, he finds that in
this region the curves for the different characteristics are laterally displaced along
the x-axis relatively to one another by constant amounts, that is by amounts that
are independent of X. He observes further in a general way that this constancy of
shift extends over a wider range than the logarithmic region. In an earlier paper
(19146) he has also found in the case of one of these properties, namely, the total
radiation, that its observed distribution along the filament can be fitted overmost
parts of the filament by a formula very similar to his formula (17) for the distribu-
tion of temperature. This formula is

ih; = [L-e (32)

This can be seen to reduce in the logarithmic range to (31) if n,e-% = ei.
We now proceed to demonstrate that these observations of Worthing can be

verified theoretically, and that the constants appearing in them can also beevaluated,
in the same manner in which the constants in (17) were evaluated earlier. Adopting
Langmuir's expression (30) for F,(7') as an explicit function of7, it can be shown that

Ws = 1-(¥¢+ m Alin +E99] + (Ye- 1) BYz + OilTn) «+ (38)

Since we are here concerned with regions not much beyond the logarithmic region,
one may substitute for A/T, from (25), and obtain

= +B,,eH - (34)

where £, = £-In(y;+0,/Z,), (35)

By = (Ary; + ©,/D,) + + (¥e- 1) (4754+ Oe[Trad (Ys V+ Oe/Tin}? (38)

By securing net = ek,
1 (37)

2na

1

2

the first three terms in series (34) can be made to be identical with the first three
terms in the expansion of (32), which shows that an expression of the type (32)
can be made to cover an appreciably wider range than the exponential formula
(31), in the same manner in which (17) extends (2). Like (17), formula (32) also has
serious limitations in the range of its applicability.

'The differences in the value of £, for the different curves represent naturally their
relative shifts along the z-axis, and it can be seen from the expressions that these
shifts are independent ofX over the range over which formula (31) holds.

Worthing has given some numerical values for the shift along the x-axis, in the
logarithmic region, of the distribution curves for the different characteristics with
reference to te curve fow the temperature distribution. These values are entered
in table 2 along with the corresponding values calculated from (35). The agreement
between the calculated and the observed values is quite satisfactory.
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On the basis of the observation that the temperature distribution in a long fila-

ment heated by different currents can be represented by a single 7-X curve, and
the further observation that in the logarithmic region the other distribution curves
for the filament, namely y, plotted against X, are displaced with reference to the
T-X curve along the z-axis by amounts independent of X, Worthing draws the
following conclusion. Just as the distribution of temperature along a given long
filament heated by different currents, can be represented by a single 7-X curve,
the distribution of any of these other characteristics along the filament should also
be representable by a single y,-X curve. This conclusion, however, is not justified.
What is implied by the observed relative shifts is that in the logarithmic region
£, is independent of X and 7', whereas Worthing's inference would require that
E, be independent of7, also. As will be seen from equation (35), this will be the case
for only such characteristics for which ©, = 0, like electrical resistance and total
radiation, but not for example for thermionic emission, or for brightness. For any
of the latter characteristics, for which ©+0, the distribution curves for filaments
heated by different currents, will obviously be shifted parallel to one another along
the x-axis by amounts determined by their respective 7,,'s.

TABLE 2

electrical total thermionic rate of
property resistance radiation brightness emission evaporation

bd >
obs. 0-04 0-39 0-60 0-82

(em) alc. 0-045 0-39 0-59 0-79 0-90

Having obtained an analytical expression for the distribution of these character-
istics along the heated filament, namely (33), it is easy to integrate it over the whole
length, or any part, of the filament, and in particular to calculate the correction
due to the end-losses, for the purpose for which the filament is intended. to be used.
The corrections due to the end-losses formany of these characteristics have been

calculated byWorthing by graphical integration of the observed distribution curves
for these characteristics. For such of the properties for which ©, is zero, and for
which the distribution curve with reduced co-ordinates is independent of 7,,, the
values given by Worthing are naturally generally applicable. On the other hand for
properties like thermionic emission for which ©+0, the values given by Worthing
hold only for filaments for which the temperature 7, at the centre has the particular
value for which his calculations have been made, namely 2400°K. Naturally, not
being aware of the significant difference between these two classes of physical
characteristics, in being reproducible uniquely or not by a single curve in reduced
co-ordinates, Worthing has not differentiated the data for these two classes.
Worthing has verified in detail in one case the correction calculated by him for

the end losses, namely for the radiation output, with the help of the data obtained
for different filaments and heated by-different currents. He concludes therefrom
that the end corrections given by him for the other chagacteristics also should be
similarly valid. It so happens that the radiation output is one of those character-
istics for which ©, = 0, and this is true also of two others his table, namely, heat



q

Distribution of temperatyre along a thin rod. IV 31

content and energy input. On the other hand, the other two characteristics for
which also he gives end losses, namely, thermionic emission and brightness, do not

belong to this category.
Since the end-loss corrections are important practically, and an adequate treat-

ment of it will be beyond the scope of the present part, we postpone the treatment
of end losses to a later part.

9. SHORT FILAMENTS

Till now we have confined attention to long filaments in which 73, - 7, is small

comparison with 7, in which case the A-region is practically unimportant, since
the temperature variation inside it is negligible. We shall now consider shorter

filaments, in which the A-region becomes important. It was shown in part I that
the A-region is defined by 0<t<i,, where t = 7-T, and

in

(38)

and the temperature distribution is given by (see (25) of part IT)

t = 3t,[cosh (g/A4)- 1], (39)

where q is the distance measured from the centre, and A, = (10a7'})~? is now the

appropriate unit of length. Expressing ¢ in terms of ¢, and q in terms of A,, (39)
takes the simple form

74 = }(coshg,-1), (40)

where 7, and g, are the reduced temperature and length respectively. The expres-
sion involves only these two quantities, and is even more general than (7) applicable
to the B-region, since the latter requires at least 7) to be adjusted the same in all
the filaments.

Outside the A-region (7) would be applicable, for a short filament also, with the

appropriate value of7, which now will not be the temperature at the centre.

10. SUMMARY

Many interesting empirical formulae relating to the distribution of temperature,
and of some of the temperature-dependent physical characteristics, along heated

filaments, which were originally proposed by Worthing, and have since found wide

practical application, are discussed in the present part in relation to the theoretical

expressions obtained in parts I and II. The following are some of the main results.

(1) Expressing temperatures in terms of the temperature at the centre, and

lengths in terms of a certain natural unit, Worthing finds that the observed

temperature distribution curves for a long tungsten filament heated by different
currents become identical. This is shown to follow as a special case of the following
general result. The temperature distribution in long filaments ofdifferentmaterials,
ofdifferent lengths and cros$-sections, and heated to different central temperatures,
can all be represented by a singte distribugion curve in reduced co-ordinates, in-

volving ultimately only,two parameters, provided that the origin from which
distances arémeasured is chosen to have the same reduced temperature in all the
cases considered.

»
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the physical constants involved are neglected, but is otherwise a close approxima-
tion.

(2) It is further shown that the same reduced curve may be made to represent
the distribution in the B-region of a short filament, provided that in reducing the
temperature the unit used is not the actual temperature at the centre, but the
temperature that would obtain at the centre of a similar long filament heated by
the same current.

(3) The temperature distribution in the A-region of a filament, long or short,
can also be similarly represented by a single curve, which however, is different from
that applicable to the B-region. This curve also involves only two parameters.

(4) These two parameters, though different from those involved in the B-region,
are not independent of them, the total number required for describing uniquely
both the regions being three (in which number are not included temperature
'coefficients of the physical quantities involved).

(5) The distribution of the temperature-dependent physical characteristics
cannot, in general, be so represented by single curves; this can be done only in
the special case when the property is proportional to a constant power of the
temperature. This is so for example for radiation output, but not for thermionic
emission.

(6) Worthing's expressions for the distance from the end to the point where the
temperature has just approximated to that at the centre to any given degree of
approximation are verified.

(7) Similar expressions formulated byWorthing for the total length of a filament
such that the temperature at its centre might approach to a given degree of
closeness that at the centre of a similar long filament heated by the same current
also verified.

(8) Asimple generalization of the logarithmic formula was proposed byWorthing
which extends its applicability considerably beyond the logarithmic region. The
range of validity of this extended formula, and its limitations are discussed.

(9) Similar formulae for the distribution of certain physical characteristics
which are known functions of the temperature, along the filament, are also considered
in detail.
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Thermionic constants of metals and semiconductors
IV. Monovalent metals (continued)
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(Received 7 April 1954)
In a monovalent metal, in which the valency electrons may be regarded as forming a
free-electron assemblage, the assumption of a temperature-independent energy barrier at
the surface of the metal is shown to be equivalent to taking the free electrons in the con-
densed phase, namely, the metal, and the electrons in the gaseous phase in thermal equi-
librium with it, as forming a homogeneous single component system. The temperature
variation of the work function is then determined by the temperature variation of the
thermodynamic potential of the electrons in the condensed phase, when the external
pressure is kept constant at the value of the saturation vapour pressure of the electrons,
which is equivalent to keeping the pressure of the electron assemblage in the condensed
phase also constant, since the energy barrier at the surface is independent of temperature.
It is further shown that for a degenerate, or nearly degenerate, electron assemblage the
specific heat at constant pressure is the same as that at constant volume, and it is easily
calculated. The temperature coefficient of the work function calculated therefrom corre-
sponds to an apparent lowering of about 8 to 10% in the value of the A coefficient in
thermionic emission. This agrees with observation.

On the other hand, the thermal expansion of the lattice is found to be about 25 to 50 times
that to be expected thermodynamically for the electron assemblage in the condensed phase.
This result, when viewed agai4nst the nearly normal observed value of the A coefficient,
shows that the energy barrierat the surface of the metal should decrease with increase of
temperature by the same amount by which the thermodynamic potential of the electrons
in the condensed phase decreases as a result of tif thermal expansion of the lattice.
A detailed calculation isemade of the effect of both the thermal expansion of the lattice,

and the increased thermal oscillations of the atoms in the lattice, associated with the rise
in temperature, on the energy of the barrier at the surface. The net effect is found to be a
lowering of this energy of the required magnitude. a
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1. INTRODUCTION

In the early measurements on the thermionic constants of the monovalent metals
the A coefficients in Richardson's equation for thermionic, emission were found to
be in general much less than the theoretical value of 120ampdeg.-2cm-?. Two
obvious explanations suggest themselves. One is the insufficient degassing of the
metal surface. The adsorption of gases at the surface is known to depress the
intensity of thermionic emission from the surface, and the low melting-points of
these metals do not permit their being raised to temperatures high enough for
efficient degassing. The other explanation is the thermal expansion of the metal
(Herzfeld 1930; Reimann 1934). The conduction electrons in a monovalent metal
form a degenerate assemblage whose thermodynamic potential is naturally a func-
tion efthe densityof theelectrons-actuallyproportional to n?,wheren is thenumber
of free electrons per unit volume. Hence the thermal expansion of the metal will
lead to a lowering of the thermodynamic potential. If the energy barrier at the surface
of themetalmay be regarded as remaining independent of the temperature, the negative
temperature coefficient of the thermodynamic potential will mean an equivalent
positive temperature coefficient for the work function. Any such small linear
increase of thework functionwith temperaturewillnot be distinguishable in practice
from a temperature-independent reduction in the value of the A coefficient.
In part ITT (Jain & Krishnan 1953) were described measurements on the ther-

mionic constants of the monovalent metals copper, silver and gold, made by the
effusion method, which is quite insensitive to the contamination of the surface of
the metal by adsorbed gases. The measurements yield for all the three metals A
values only slightly short of the theoretical value of 120ampdeg.-?cm-. The
observed values ofA were 110, 107 and 100 respectively for the three metals. Had
the energy barrier been independent of temperature, the thermal expansion alone,
as was shown in part III, would have reduced these values to an eleventh of the
theoretical value in copper, to a fourteenth in silver, and to less than a fifth in gold.
In the light of these results it becomes desirable to re-examine the question of

the temperature variation of the work function of a monovalent metal, which
because of the simplicity of its electronic structure is somewhat amenable to theo-
retical treatment. The various factors that might contribute to the variation of the
work function of a metal with temperature have been discussed by Herzfeld (1930),
Reimann (1934), Wigner (1936), Seely (1941), Seitz (1940) and others. The present
part is concerned with the detailed evaluation of the effects of these factors on the
energy barrier at the surface of the metal, and on the thermodynamic potential
of the electrons, and hence on the work function, which represents the difference
between these two energies.

2. STATEMENT OF THE PROBLEM

Any method of evaluating theoretically the rate of emission of electrons from the
surface of a heated metal reduces ultimately to one ofdetermining& the saturation
vapour pressure of the electron gas in thermal equilibrium with themetal. Since the
saturation pressure of the vapour at all working temperatures is very small, the
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vapour can be regarded as a perfect gas obeying the classical laws. The number of

electrons in this gas that cross a unit area from one side to the other per second,

equal to N say, is therefore readily known. The number of electrons that enter the

. "metal from the vapour phase per unit area per second will be the above number

multiplied by a factor 1-7, where r is the reflexion coefficient, and 1-r the trans-

mission coefficient, of the surface for electrons incident on it. Since 7 should be the

same whether the electrons are incident on the surface from the vapour phase or

from the condensed phase, the condition for equilibrium between the electrons in

the metal phase and in the vapour phase requires that the number of electrons
emitted per second per unit area of the metal surface should be the same as the

number N/(1-1) crossing the surface in the opposite direction.
Consider the electron gas in thermal equilibrium with the metal in a chamber

scooped out of it, and consider the electrons that effuse out of the chamber through
a small aperture in a thin wall of the chamber. The number of electrons that effuse
out per second per unit area of the aperture will be just N, the uncertain factor 1-r
that appears in the expression for direct emission from the surface being now

eliminated. We shall confine ourselves to this case, as it is also of interest experi-

mentally (Jain & Krishnan 19520, b, 1953), and the results obtained may be made

Indeed, the difference between effusion from the saturated vapour and emission

directly from the surface is analogous, as was shown in the earlier parts, to the

difference between the electromagnetic radiations from a cavity dnd from the surface

The simplest way in which the saturation vapour pressure of the electrons in

thermal equilibrium with the metal can be evaluated, as is well known, is to regard
the system ofelectrons in the two phases as forming a single component system having
a finite latent heat of evaporation, which represents the work done per electron in

transferring it from the condensed phase to the gaseous phase at the saturation

pressure of the latter. On this basis, and without any further approximations, the

saturation vapour pressure may be evaluated readily by applying the well-known

thermodynamic relation of Clapeyron and Clausius connecting the saturation

vapour pressure at any given temperature with the latent heat of evaporation at

We should mention immediately that the basic assumption that the electrons in
themetal and in the vapourphaseform a single component system implies the following.

Though initially the number of free electrons per unit volume in the condensed

phase, and the thermodynamic properties of this electron assemblage, are deter-

mined wholly by the density of the atoms in the lattice, any change in the volume

or the pressure of the electron assemblage due to a change in the temperature is

. taken to be completely determined by the initial conditions of the electrons in the

condensed phase, and not by the actual thermal expansion of the lattice, which,
as we shall see in a later section, ig 25 to 50 times larger.

On this model the workfunction of the metal at the absolute zero of temperature
will be the same

seme

as the latent heat of evaporation of the electrons at this tem-

perature, and it can be shown (see § 5) that the temperature variation of the work

applicable to direct emission also, by including the factor 1 -T.

directly of a hot body.

this temperature and under this pressure.
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functionwith its sign changed,will then be just that of the thermodynamic potential
of the electrons in the condensed phase at constant pressure, namely, the saturation
pressure of the electron gas in equilibrium with it.
Now the occurrence of a large latent heat of evaporation implies also a largé".

energy barrier between the electrons inside the metal and outside it, and hence one
can also determine thermionic emission by finding the number of electrons in the
metal that strike unit area of the surface per second whose components ofmomenta
along the normal to the surface are large enough to enable them to cross the barrier.
In a single-component system this energy barrier, which may be defined as the
difference in energy between an electron at rest in the vapour phase, and an electron
at rest in the condensed phase, i.e. at the bottom of the energy band of the free
electrons in the metal, can be shown to be independent of the temperature (see § 4).
Conversely, the usualmodel in which the energy barrier as defined just now is taken
to be independent of temperature can be shown to be equivalent to the model that
regards the electrons in the two phases as constituting a single-component system.
Hence on the postulate of a temperature-independent energy barrier also the
temperature variation of the work function, except for its sign, will be that of the
thermodynamic potential of the electrons in the condensed phase at constant

pressure, and not at constant volume as it is generally taken to be. This distinction,
as we shall see in a later section, is material.
Considering an actual monovalent metal, the thermal expansion of the ionic

lattice is much larger than the expansion at constant pressure that we should
expect for the electrons in the condensed phase from the initial conditions for
example, about 50 times in silver. That in spite of this large thermal expansion, the
temperature variation of thework function remains small, as evidenced by the small
deviation of the observed A coefficient from the theoretical value, shows that the
energy barrier is by no means temperature-independent. Before discussing the
effect of the thermal expansion of the lattice, and of the thermal agitations of the
atoms in the lattice, on the energy barrier and on the thermodynamic potential of
the electrons, it is desirable to investigate the full implications of treating the
electrons in the two phases as forming a single-component system.

3. THE SATURATION VAPOUR PRESSURE OF THE ELECTRON
GAS IN EQUILIBRIUM WITH A METAL

Consider the electrons in the condensed and in the vapour phases as forming a

homogeneous single-component system, and consider the thermodynamic potential,
or the Gibbs free energy of the system, per electron, defined by

€=u-Ts+0, (1)

where u, s and v are the internal energy, the entropy and the volume, per electron.
Using the subscripts C and G to indicate that the quantity concerned refers to the
condensed and the gaseous phases respectively, one can see that the thermo-

dynamic potential of the gacous phase is given by (see, for example,Planck 1926)

&r.q= kTInp-c,gTinT-kTnA+x, (2)

ov
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in which p is the saturation vapour pressure of the electron gas, and c, q is the

specific heat per electron in the gaseous phase. A is the well-known Sucker-Tetrode
constant for a monatomic gas, with an extra multiplying factor 2 to take into
"account the spin of the electrons (Fowler 1929), and is given by

A = 2(2nm)t (3)

x is the temperature-independent additive constant that appears in the expression
for the heat function for the gas

hp,g = Ut+pv = Cy G T7 +X. (4)

In other words, y is the value of the heat function of the gas at T' = 0.

Now the thermodynamic potential in the condensed phase will be given by

or.c = hr.o- Tsg= r aT. (5)

Equating the expressions (2) and (5) for the thermodynamic potentials in the

gaseous and in the condensed phases respectively, and treating the vapour as a

perfect gas, for which c,g = $k, one obtains

p = AT#e-FrlkD), (6)

in which bp CaT. (7)
0

Now the latent heat of evaporation DL, at T' = 0 will be given by

Ly = X-ho,c (8)

from which one obtains
bp = Lytep = Got én; (10)

Cy, cAT, (9)Further
0

DsodT. (11)where ep = T
00

It will be seen from (5) and (7) that

Cn = X- pr. (12)

Hence the temperature variation of the thermodynamic potential of either phase
will be given by an expression similar to (10), namely,

Cr = So-Er (13)

Thus for a single-component system the temperature variation of both ¢ and ¢
can be readilygobtained interms of the specific heat of the electrons in the condensed

phase at constant pressure, namely, the saturation vapour pressure of the electron

gas in thermal equilibrium with the condensed phase.
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4, THE ENERGY BARRIER IN A SINGLE-COMPONENT SYSTEM

INDEPENDENT OF TEMPERATURE

It is desirable here to interpret the constants appearing in these thermodynamic.
equations in terms of the energy levels. We shall take, as before, the energy of an
electron at rest inside the metal, i.e. the bottom of the energy band of the free
electrons, as the zero level. From the expressions given in the previous section it
will then be seen (1) that the constant y appearing in the expression for the heat
function in the vapour phase will represent the energy of an electron at rest
outside the metal; i.e. ¥ will be the energy barrier at the surface as we have defined
it in the previous sections; (2) that € = ho g will be the energy of the Fermi level
at T - 0, i.e. the Fermi level of the completely degenerate electron assemblage in
the condensed phase; and (3) that at all ordinary temperatures T<&,/k, the dif-
ference between x and the thermodynamicpotential ¢,,,which obviously is a function
of the temperature, represents the work function ¢7.

FIGURE 1. Energy levels of a single-component system.

Incidentally it may be mentioned that in equation (2) the first term tends to
a finite value, namely, Po as T' tends to 0, and ¢ then tends to y-¢y.
Obviously the identification of the energy barrier with the temperature-indepen-

dent constant y that appears in expression (4) for the heat function of the gas, leads
to the following significant result, which needs emphasis here, namely, that in a
single-component system, the energy barrier at the surface is independent of the
temperature, and conversely that the usual model on which thermionic emission is
calculated, in which the energy barrier at the surface is taken to be independent of
temperature, is ultimately equivalent to taking the electrons in the metal phase
and in the vapour phase as forming a homogeneous single-component system.

5. THE THERMIONIC CONSTANTS OF THE METAL

Consider a chamber scooped out of the metal, and 'consider the effusion of elec-
trons from the saturated electron gas in the chamber through a small hole in a thin
wall of the chamber. The number of electrons that effuge out per second per unit.
area of the hole in all directions, i.e. over the whole of the semi-solld angle 277, is

€

o by

N = p/J(27mkT). (14)
given by
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When these electrons are collected in a positively charged Faraday cylinder in the

usual manner (see Jain & Krishnan 1952a) the corresponding saturation current,

extrapolated to zero space charge, is given by

i = Ne = AT? e (15)

where A = 4rremk?/h'. (16)

In other words, the expression for the rate of effusion of electrons from a chamber

through a small hole has the same form as the expression for emission from a corre-

sponding area of the surface of the heated metal, but with this difference; whereas

the expression for emission from the surface involves the transmission coefficient

1-r as a multiplying factor, the expression for effusion from the chamber does not

include it.
One can immediately. draw the following conclusions for the single-component

system that we have been considering:
(i) Equation (15) shows that¢ defined by (7) is the thermionic work function

of the metal as usually defined, at temperature 7'.
*

Gi) The temperature variation of the work function ¢, and of the thermo-

dynamical potential ¢, will be given by

br-Po = 0 Sr = Ep; (17)

and can be calculated thermodynamically from (11) when the*specific heat of the

electrons in the condensed phase, at constant pressure, namely, the pressure of

(iii) The latent heat ofevaporation of the electrons from themetal at the absolute

zero of temperature, namely, Lo, is the same as the work function ¢, at this tem-

heat per electron required to change to the vapour under the constant pressure of

its saturated vapour,

the saturated vapour, is known.

perature, but at any other temperature 21, Lr+r. Since by definition Lp is the

CycAT', (18)
0

whereas
0 0

op = L,+T dT. (19)

6. THERMIONIC EMISSION ON THE BASIS OF A TEMPERATURE-
INDEPENDENT ENERGY BARRIER AT THE SURFACE

Before proceeding to discuss the temperature variation of ¢, which except for

its sign is the same as that of ¢, in terms of the specific heat c, ¢ of the electrons in
- the condensed phase, it is desirable to refer to an apparent discrepancy regarding the

order of approximation, between the Richardson expression for thermionic emis-

sion obtained here and that obtained in the usual manner on the basis of a tem-

perature-indgpendent energy barrier at the surface of the metal, which, as we have

seen, is equivalent to the present model. The number of electrons in the metal

striking unit area of the surface per second whose components of momenta along
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the normal to the surface exceed /(2my) can be shown to be equal to (Sommerfeld
& Bethe 1933; Fowler & Guggenheim 1939)

+00 * +00 dp,dp,d#2

E, (20y

where E = (p2+p2+p2)(2m), (21)
Ey = X+ (py +p2)/(2m). (22)

Neglecting unity in comparison with exp {(H -)/(kT')}, which will be justified at
all ordinary temperatures 7'<{/k < x/k, one obtains immediately from (20)

0 = Ne = AT?
which is the same expression as (15).
It may appear at first sight surprising that expression (15), which was obtained

as a precise result thermodynamically, should now turn out as a first approximation
only. The answer is that neglecting unity in comparison with exp {(H-6)/(kT)} for
the electrons whose energies are large enough to enable them to cross the barrier
is equivalent to treating these electrons as conforming to the classical statistics of
Boltzmann, which is precisely what we are doing already with the electron gas in
thermal equilibrium with the metals, whose density is comparable with the density
in the metal of electrons whose energies are greater than y. Thus the discrepancy
referred to is only an apparent one. «

7. THE INTERNAL AND THE EXTERNAL PRESSURES OF THE
ASSEMBLAGE OF ELECTRONS IN THE METAL

We now proceed to calculate the specific heat of the electrons in the condensed
phase, which is required for the evaluation of the various expressions occurring in
§§ 3 and 5, and in particular the expression for the temperature variation of gp. It
should be emphasized here that the constant pressure to which the specific heat
Cyc refers is the saturation pressure of the electron gas in thermal equilibrium with
the condensed phase.

Since the assemblage of electrons in the condensed phase may also be treated as
an electron gas, but highly degenerate, it will have its own pressure, which for
convenience we designate as the internal pressure, in order to distinguish it from
the pressure of the vapour with which we have been concerned till now, and which
we shall refer to hereafter as the external pressure.
Now for amonovalentmetal a simple calculation shows that the internal pressure

should be of the order ofamillion atmospheres, whereas the pressure of the saturated
vapour is a very small fraction of an atmosphere, of the order of 10-12 even at the
highest working temperatures. This large difference inpressure is really maintained
by the presence of the energy barrier. Now the difference between the internal and
the external pressures is a function of,x, and for a single component system since
X remains independent of the temperature, the specific heat Cp,q Of the electrons in
the condensed phase at constant external pressure, which we need to know in order
to calculate the temperature variation of ¢, will be the same as the specific heat of
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the electron assemblage in the condensed phase when its own pressure, i.e. the
internal pressure, is kept constant.
It will be seen from equations (5) and (11) that the first integral in expression (7)

"for €p originates from the expression for the entropy, and the second from the
expression for the heat function, of the electrons in the condensed phase, and that
in both these integrals may therefore be replaced by the specific heat Cy of these
electrons at constant internal pressure. Wi is the latter quantity that is calculated
in the next section.

8. THE SPECIFIC HEAT OF A DEGENERATE ELECTRON GAS AT CONSTANT
PRESSURE SHOWN TO BE THE SAME AS THAT AT CONSTANT VOLUME

For simplicity we shall confine attention to the case when the assemblage of
electrons in the condensed phase is nearly degenerate. Ifn is the number ofelectrons
per unit volume at temperature 7', the internal energy u per electron is given by the
well-known expression (Sommerfeld & Bethe 1933)

u=3Cot+4yT?+..., (23)

where h2

2m (24)

is a function of n, and therefore also of the temperature.
m

(25 )

The specific heat at constant volume will obviously be given by

Denoting the heat function of the assemblage per electron by

he +pv, (27)
where v = 1/n is the volume per electron, and remembering that

pu = 3u, (28)
one obtains for the specific heat of the assemblage at constant pressure the expression

Cy = (0h /eT'), = 3(0u/o7'),, = (06/07)p +3yl. (29) .

Since € is proportional to n#, one obtains

(06,/07'), = 5° (2n/22")y (80)

Now (00/07), - (¢p/0T), (Op/0x) (31)

ou
26)

which in view of relation (28) is readily evaluated, since

(p07), -2,70, + (32)
and (Cp/ov)p = -2E,/v7. (33)
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Thus one obtains p (34)

and hence from (32) the significant relation*

Cy = Cy = YT. (35) °

That for a degenerate, or nearly degenerate, electron assemblage the specific
heat at constant pressure comes out to be the same as that at constant volume need.
not occasion any surprise, since any increase in volume consequent on an increase
in temperature at constant pressure brings down the degeneracy temperature and
hence the zero point energy of the gas, and to the approximation aimed here, namely
kT<€,, the energy gained thereby is just sufficient to do the work involved in the
expansion of the gas against the constant pressure underwhich the gas is expanding.
At higher temperatures, when the assemblage of electrons in the condensed phase

becomes less and less degenerate, c, will naturally become greater than c,, and they
will tend to approach the classical values $k and 3k respectively.
Incidentally we obtain from (31), (32) and (33) an expression for the coefficient

of thermal expansion of the electron assemblage in the condensed phase at constant
pressure, namely,

(36)

e e
9. THE TEMPERATURE VARIATION OF 4 IN A SINGLE-COMPONENT SYSTEM

Considering again the single-component system, and the case when the electron
assemblage in the condensed phase is highly degenerate, and using the result that

19 equal to c, derived in an earlier section, one obtains from (11) and (35)

Ep = T7 yTdT = 4yT", (37)
00

where y has the value given by (25). In view of (17), equation (37) gives the tem-
perature variation of both ¢ and ¢ for a single-component system

dg/d? = -d¢/dT = yT. (38)

The temperature variation of ¢ can also be calculated alternatively from the
following consideration. Consider the Fermi distribution function of the electrons
in the metal,

1.f(#)= (39)

in which ¢ is the thermodynamic potential defined by (1). Obviously the number of
electrons in the condensed phase per unit volume is given by

n= 2 f(E)N(£) d#, (40)
0

* For a preliminary report of the results embodied in equations (34) and (35) see Krishnan
& Klemens (1952). Py
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in which N(#)d# gives the number of energy states between H and E+d. In
other wordsN(E is the density of the energy states at H. Taking as usual the energy
distribution to be parabolic, i.e. taking the density of the energy states to be given by

N(E) = KE, (41)

where K is a constant, and taking the electron assemblage to be highly degenerate,
the thermodynamic potential will be given by (Sommerfeld & Bethe 1933)

C= 0 gy". (42)

In (42) ¢ is not the actual value of € at 7' = 0, but the value which it would have at,
T7 = 0 had the density remained constant.
In the usual discussions on the temperature variation of ¢ on the model in which

the energy barrier is taken to be independent of temperature, the whole of the
variation is attributed to the variation of ¢, and the latter variation is taken to be

given by (42), in which n and hence ¢, are regarded as remaining constant. One then
obtains

dg/aT = -atjaT = 4y7, (48)

which is only a third of the value obtained in (38) for the single-component system,
which as we have seen, is equivalent to the model based on a temperature-indepen-
dent enorgy barrier.
But actually, as we have shown, d¢/d7 should be equal to -d¢/d7' at constant

pressure, so that the variation of ¢, in (42) with temperature has also to be taken
into account. Doing so one obtains

dp/dt = -(d6/a2)p = syP-(dbo/42)p. (44)

The second term - (d€,/d7'), on the right-hand side of (44) can be seen, in view of
(34) and (35), to reduce to 2y7', and hence the expression for the total variation of
€ with temperature will become identical with (38), as it should.
The first term on the right-hand side of (44) gives the variation of € with tem-

perature as such, and the second the variation due to the change in the density
of the electron assemblage accompanying the temperature change. The former
accounts for one-third of the total change of ¢ with temperature and the latter for
the remaining two-thirds.

4

10. THE MONOVALENT METALS TREATED AS A SINGLE-COMPONENT SYSTEM

Having calculated the temperature variation of , which, except for the sign, is
also that of ¢ for a single-component system, we shall now extend the calculation
to actual metals. We shall confine attention again to the monovalent metals copper,
silver and gold. The number of electrons per unit volume in the condensed phase,
which determines ¢, is practically the number of atoms per unit volume in these
metals, and hence is known, as also the coefficient of thermal expansion B of this
electron assemblage at constant pressure, namely the saturation vapour pressure.
In table 1 are entered the values of the expected coefficient of thermal expansion
# for the electron assemblage treated as a single-component system, as also the
values of the actual coefficient of expansion 8 of the lattiae. It will be seen that d is
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enormously greater than 3. The obvious conclusion to be drawn from this is that
the system cannot be regarded as a single-component one.
Treating it, however, provisionally as a single-component one, one can see from

(17) and (37) that for these metals

Pr = Pot (45)

The temperature variation of ¢ is thus not linear, and hence the saturation current
0 cannot be represented by an equation of the Richardson type (see (15)) in which
both A and ¢ are temperature-independent constants. However, since the second
term on the right-hand side of (45) is much smaller than the first, and the actual
thermionic measurements extend over a small temperature range only, we may still
regard A as roughly constant over this range. One thus obtains

(46)Ik.

The values of yTk at 1300°K, which is roughly the middle of the temperature
region in which the thermionic constants of these metals were measured, are given
in table 1. As will be seen from the entries in the last column of the table, one shoyld
expect the observed A coefficients of these metals to be short of the theoretical
value by about 10%.

TABLE 1

-AA/A,
=-yTfm

metal 10-4 f,/k 10° y/k 105 3 1056 at 1300°K
Cu 8-1 6 0-10 50 0-08
Ag 6-4 8 0-16 58 0-10
Au 6-4 8 0-16 4-2 0-10

The actual values ofA, as were reported in part III of this paper, are practically
of this magnitude. One may therefore conclude that the temperature variation of
the work function of amonovalentmetal, to which is due the deviation ofA from its
theoretical value, is as though it were a single-component system. This result is par-
ticularly significant since we know from the observed large coefficient of thermal
expansion of the lattice d>£, that there should be amarkeddeviation from the single-
component behaviour; which means that the different thermal effects on the work
function roughly balance one another.

1l. THERMAL EFFECTS ON THE WORK FUNCTION

The various factors associated with a change in the temperature that might
influence the work function of an actual metal, as distinguished from a single-com-
ponent system, have been discussed by several authors, and in particular by Herz-
feld, Wigner, Bardeen, Seitz and Seely, and the pregent position of the subject is

*

reviewed critically by Herring & Nichols (1949). The two major factors are (1) the
thermal expansion of the lattice, and'(2) the thermal agitation of the atoms in the
lattice. Since we have chosen the energy of an electron®at rest in the metal as the
zero energy level, the invéstigation of the temperature variation of ¢ would reduce
to one of finding the effegts of these two factors, namely, thermal expansion and
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thermal agitation, on €and on y. Taking up first ¢, the effect ofthe thermal expansion
is readily calculated on the basis of the free electron gas model, to which the electron

assemblage in a monovalent metal closely approximates. On this basis, the extra
a coefficient of £ is given by

dg/d7 = - 2
_8) ~ -360. (47)3

The effect of the thermal agitation on ¢ will be much smaller and will be to reduce

only slightly the depression given by (47).
The observed value of A for the monovalent metal, which is known to be only

slightly short of the theoretical value of 120 amp deg.-* cm-*, would therefore imply
that the energy barrier y also is lowered by nearly the same amount as ¢, so that the
difference between y and ¢, which determines ¢, remains practically unaltered.

12. THE INFLUENCE OF THE TEMPERATURE ON THE ENERGY BARRIER

We shall now proceed to show that the depression of the energy barrier vy accom-

-panying a rise of temperature is of the required magnitude, i.e. just sufficient to
compensate for the lowering in ¢.
*The decrease of y with temperature can be estimated roughly in the following

manner. To a first approximation we may take y to be inversely proportional to
the intgratomic distance (Seely 1941), i.e. proportional to in which case the
effect of the thermal expansion of the lattice on x will be given by

(dx/dT)oxpn = - 3x0. * (48)

The effect of the thermal oscillations of the atoms, as distinguished from the

simple expansion of the lattice with the atoms in their mean positions to which (48)
refers, can be expressed roughly in the form

da 49d 277
dT \3 V 3

where V is the atomic volume, e is the electronic charge, and £2 is the mean square
of the displacement of the atom, given by

where UM is the mass of the atom, and @ is the Einstein characteristic temperature,
which at the high temperatures that are being considered here, may be taken to
be roughly three quarters of the Debye characteristic temperature (Mott & Gurney
1940), for which data are available from the standard tables. We thus obtain

(50)
Mk)?

>

aT (51)dy rn eh
1x0_ a var Ten?

TABLE 2

Cu @ 2-2 0-3 25 2-8
Ag 2-2 0-3 25 2-5

metal
ogen

1 dy1 dx 1 dé
k dT AT kat kaT

Au 16 0-3 19 18
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In columns (2) and (8) of table 2 are entered the temperature coefficients of x

due to the thermal expansion and to the oscillations respectively, calculated from

(48) and (49), and in the penultimate column the resultant temperature coefficient
of y. In the last column are entered the temperature coefficients of € calculated*" .
from (47). It will be seen from the values entered in the last two columns of the
table that dy/dT and dé/d7' are of practically the same magnitude and their effects
on the work function ¢ = y-¢ practically cancel each other, and the whole of the
observed temperature variation may be regarded as due to the electronic specific
heat alone.
This resultmay have a wider significance. In the monovalent metals the thermal

oscillations of the atoms in the lattice, and the accompanying thermal expansion
(which as we have seen is much larger than that to be expected for the electron
assemblage in the metal) are apparently so conditioned that maintaining the
external pressure constant while varying the temperature becomes equivalent to
maintaining the internal pressure of the electron assemblage also constant. Hence
the observed temperature variation of ¢ is as though the electrons in the metal and
in the vapour formed the two phases of a single-component thermodynamic system.
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Determination of thermal conductivities at high temperatures
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The usual electrical methods of determining thermal conductivities either cannot be used at
high temperatures or their use is restricted to substances like carbon or graphite which satisfy
certain"special requirements. It is shown that the observed temperature distribution along a
metal filament electrically heated in a vacuum can be used for the determination of the thermal
conductivity at high temperatures. The temperature distribution near the centre of a short
filament, which is known to be parabolic, or the distribution in regions slightly removed from
the centre of a long filament, which is known to be logarithmic, are particularly suitable for this
purpose. Measurements are reported on the thermal conductivity of platinum in the temperature

region 1300 to 1800° K made in this manner.

THE DIFFERENTIAL EQUATION DEFINING
THE STEADY STATE

Consider a filament electrically heated in a vacuum, so that
the transfer of heat by convection in the surrounding
atmosphere is avoided. The heat generated per unit length
of the filament per second is [*p/w, where J is the heating
current, p is the specific resistance, and w is the area of cross-
section of the filament. The rate of loss of energy per unit
length by radiatioa is peo(T* 14), where p is the periphery
of the cross-section, € is the total emissivity from the surface,
as distinguished from the spectral emissivity «, and o is
Stefan's constant of radiation. Owing to the conduction of
heat towards the ends, the energy abstracted per second per

kwd?T/dx?, where x is the thermal conductivity.
Hence the steady state is determined by the well-known
differential equation® ..

Kwd?T/dx? peo(T4 72 0 (1)
Now the existence of a temperature gradient along the

filament is a consequence of the finite thermal conductivity
of the filament. Hence if we had an analytical solution of
equation (1), we might utilize the observed distribution of
temperature along the filament to determine experimentally
the thermal conductivity. But an analytical solution of the
differential equation in the general case was not available till
recently. Hence some of the earlier experimental methods
for the determination of x, as for example those of Kohl-
rausch,) and of Callendar,@) were so designed as to reduce
equation (1) to a readily integrable form, namely to

d?T/dx? - f (2)
wheref is an explicit function of x. Obviously the solution is

4fx? + Be +C (3)
in which the constants B and C may be determined from the
boundary conditions. The actual techniques used in these
methods for securing equation (3), however, restrict the
applicability of these methods to temperatures in the neigh-
bourhood of the room temperature.
On the other hand Worthing and Halliday®) have adopted

a graphical method for the determination of the thermal
conductivity from the observed distribution of temperature
in heated filaments, which in essence is equivalent to solving
the differential equation (1) graphically. Knowing all the
physical constants involved in equation (1) except «,a« then
becomes known. Actually they integrate graphically the
total heat generated in a selected finite length of the filament,
and similarly also the total heat radiated out from this length.
The difference between the two gives kw(G,; G,), where

ductor with a suitable wadding of insulating material.

G, and G, are the temperature gradients at the colder and
the hotter ends respectively of the length selected. By making
one end of the selected length coincide with the centre of the
filament, G, can be made zero.
This method of determining « is obviously applicable to

high temperatures also.
In some recent 6) we have investigated in detail

the analytical solution of equation (1). In the case of a long
filament it is possible to obtain a general solution of
equation (1), and in the case of shorter filaments too a
solution can be obtained in terms of a power series which
is rapidly convergent over most parts of the filament. It is
the main purpose of this paper to show that the observed
temperature distribution along such filaments, which can be
readily measured with an optical pyrometer, can be made the
basis of a convenient and direct method for determinit?
thermal conductivities at high temperatures. This is of
interest experimentally. The ofly other method that is
available now, namely, that of Angell," is based on the
measurement of the difference in temperature between the
inner and the outer surfaces in the middle portion of a long
tube electrically heated in a vacuum. This method has been
used by Powell and Schofield®) to determine the thermal
conductivity of carbon and of Acheson graphite; in which
the walls of the tube can be made thick enough to secure a
considerable difference in temperature between the inner and
the outer surfaces, and at the same time the electrical resis-
tance of the tube remains sufficiently large to permit our.
heating it to high temperatures without using inconveniently
large currents. This cannot, however, be done with good

Té) + I'p/w

- metals.
It is significant that the only high temperature data for

thermal conductivities available at present are those for
tungsten, tantalum and carbon obtained by Worthing's
graphical method, and those for carbon and graphite obtained
by Angell's method.

T -

THE METHODS OF KOHLRAUSCH AND CALLENDAR
AS DEVICES FOR SIMPLIFYING THE

TEMPERATURE DISTRIBUTION
In Kohliausch's method, which has been developed

experimentally by Jaeger and Diesselhorst,@) the loss by
radiation is practically eliminated by surrounding the con-

The
differential equation (1) now reduces to

d?T/dx? + I2p/(xw?) -0 (4)
which is readily solved.
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In Kohlrausch's method the distances x are not measured

directly, but in terms of the corresponding potential drops

(5)e

Since there is no loss by radiation, and therefore no gradient
of temperature across the length, one may use, as these

authors do, a rod or a bar of large cross-section, instead of a
filament.

On the other hand, in Callendar's method a low heating
current is used so as to make T - To sufficiently small over
the whole length of the filament that the radiation loss may
be regarded as proportional to T Tpinstead of to T+ T¢,
that is, the radiation cooling follows Newton's law. The

temperature range being now small, the variation of the

specific resistance with temperature may be taken to be linear.
Hence the resistance at every point may be split inta a

constant term characteristic of the temperature 7p, and an
Consider now the heating

due to the latter part of the resistance, which will be pro-
portional to J? and to T- To. By suitably adjusting the

heating current J, this part of the heat generated can be made

to balance the loss due to radiation, at every point of the

filament, since both are proportional to J' - To. When this

condition is secured, the energy that is abstracted per unit

length in the process of conduction becomes constant, i.e. the

same at all points along the filament. This is essentially the

condition for the temperature distribution to be parabolic.

v = (p/w)x

In the actual measurements the increase in resistance due to

the heating, which can be readily calculated in terms of the

parabolic distribution, is measured, rather than the distri-

bution of temperature as such.
Both these methods, by the limitations imposed by the

¥ Special techniques involved in securing the parabolic distri-

bution, are applicable only to temperatures in the neighbour-
hood of the room temperatire.
We now proceed to show that independently of any such

special devices the temperature distribution near the centre

of any finite filament is naturally parabolic, and can be

utilized in the same manner as in Kohlrausch's and Callendar's

special arrangements, to determine x. Unlike these special

arrangements, this method is applicable to high temperatures
too.

ACTUAL DISTRIBUTION NEAR THE CENTRE
SHOWN TO BE PARABOLIC AND UTILIZED TO

DETERMINE K

Let T; be the temperature at the centre of the filament, and

T,,, the value to which 7; tends as 2/, the length of the filament,

Obviously
= > (6)

Returning to equation (1), and eliminating Ty with the help

of equation (6), one obtains

which in the case of a finite rod for which 7 + T,, can be

written in the form

If T,, is considerable, as will be the case when the

filament is not long, one may confine attention to a region

close to the centre, where the temperature-dependent term in

es

equation (8), namely, the third term on the left-hand side,
becomes negligible in comparison with the second term.

Equation (8) then reduces to

+ f(x) - 0 (9)

where fx) = (TA TH) (10)

and q = / - x is now the distance measured from the centre.

peo

Using the boundary conditions that when q=0, T=T, and
dT/dg = 0, one obtains

1=T, T-hhgr (11)

Thus from the observed temperature distribution in this

region it is possible to determine 1
and then « in the same

manner as before. Since the largest deviation of the

temperature in the parabolic region from 7), that is, the

highest value of ¢ involved in this region, is small, the quantity

pe/(kw) appearing in equation (10) for f, may be assigned
the value appropriate to the. temperature 7).

K FROM THE LOGARITHMIC REGION

Consider a long filament in which T, ~ T,,. In this

case, if one is not too close to the centre, that is, if T is not

too close to 7;, the second term on the left-hand side of

equation (8) may be neglected in comparis@n with the third

Consider a region sufficiently removed from the centre, but

where J, - T A is still small in comparison with T,,.
Equation (8) then takes the simple form

d?A/dx? = AA

A _ 4peoT 3,
KO

(12)

(13)where

Neglecting for the present the temperature variation of the

physical quantities involved, one then obtains the well-known

solution =D-InA (14)

in which 1/4/A is obviously the distance over which A
changes by a factor e. Hence A can be determined experi-

mentally, and « can be evaluated therefrom.

We should mention here that the temperature distribution

along a thin-walled tube electrically heated in a vacuum is

somewhat similar to that along a filament. When the tube

is long, the temperature distribution in regions slightly
removed from the centre is given by equation (14), in which

A has the same significance as in a filament, except that the

cross-sectionaf area w occurring in the expression for A is

now the area of the annular ring. A part of A, namely

eo/K, occurs also in the expression for the difference in

temperature between the inner and the outer surfaces of the
tube. In determining this difference in temperature Prescott

and Hincke®) have used the observed temperature distribution

in the logarithmic region, in order to eliminate eo/« from the

expression for this difference. Obviously the experimental

data for the temperature distribution in the logarithmic region
could have been used to determine « also.

Coming back to the filament, we should mentton also the

following results which were derived in our earlier papers,
(8) and wich are relevant to our present purpose.

(1) Though the condition under which equation (14) has

been derived, namely that A be small in comparison with T,,,
is a sufficient one, it is not necessary, the necessary condition

being that A/In A be small in comparison with T,,, which

is increased indefinitely, keeping the heating current constant.

(TA T4) = 0 (7)d*T peo
dx? K@

peo
TN + UF = 0peo

dx2
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obviously holds over a much wider range than the former
condition.
(2) The region near the centre that is excluded corresponds

to a total range of temperature equal to a few times 7, - 7),
and hence experimentally trivial.
(3) Now in formulating equation (12) we have neglected

for convenience the temperature variations of the different

physical quantities involved, namely cw, p/w and pe. The
effect of the temperature coefficients of these quantities on

equation (12) is essentially different from that in the parabolic
region. As we shal? see presently, even when attention is
confined to a narrow region in the logarithmic range, the
effect of the "temperature coefficients will be appreciable,
unlike in the parabolic range. This is due to the following
circumstance. In the differential equation (9), which defines
the temperature distribution in the parabolic range, the effect
of the temperature coefficients is in the form of a contribution
to the term proportional to ft, which in any case may be

neglected since ¢ is chosen small, In other words equation (9)
will hold even when the temperature coefficients are con-
siderable, provided that the value of pe/(kw) occurring in the

expression for f, is made to refer to the temperature 7).
On the other hand in the logarithmic region the effect of

the temperature variation of p/w -and pe is to introduce an
extra small term which varies linearly with temperature,
which now cannot be neglected. Taking the values of kw,
p/w and pe to refer to the temperature T,,, the effect of the
finite temperatufe coefficients of these quantities the

temperature coefficient of xw has very little effect in this
region-is to introduce in equation (12) a small extra term

proportional to A. In other words the expression for A in
equations (12) and (13) will include a multiplying factor a,
of the order of unity, whose deviation from unity is determined
by the temperature coefficients of p/w and pe, and by T,,.
The calculation of a, was given in a recent paper, in

which, however, the coefficient of thermal expansion, which
normally is much smaller than the coefficients of x, p and ¢,
was neglected. The expression for a, obtained in the paper
can, however, be made to include thermal expansion also by
replacing the temperature coefficients of x, p and € given in
that paper by the coefficients of xw, p/w and pe respectively.
We shall merely mention here the final result, namely, that

for platinum, with which we shall be concerned in the present
paper, a, varies from 0-97 for T,, 1800°K to 1-00 for

T,, 1300° K.

TEMPERATURE DISTRIBUTION IN OTHER
REGIONS ALSO UTILIZED TO GIVE K

In the case of a long filament one can also obtain a general
solution of equation (1) applicable over the whole length of
the filament. Neglecting provisionally the temperature
coefficients, the solution is

-A exp [f(A)] = Ap exp [f(Ao)fexp (- x1/A)

+exp[ (21 Al} (5)
Ao - T,, To (16)

Ty being the temperature of the point from which x is

measured, and

f(A) =4A/T, + eAITZ-... 0% A

where

Now in a long filament the region near the centre where
exp [-(2/ - x)\/A] is significant, is not of experimental
interest since the total variation of temperature in this region

is a few times 7, - 7), which is negligible. Outside this

region, where exp [ (22 - x)4/A] is negligible in comparison
with exp (-x/A), equation (15) reduces to the simple form

Aexp [f(A)] = Ag exp [f(Ao)] exp (-x/4) (18)

Now expressing all distances in terms of and all
temperatures in terms of T7,,, that is, using the reduced
co-ordinates X = x4/A andz = 7/T,,, equation (18) may be

seen to reduce to

(1 v)exp [A] - C1 To) exp [A(r>)] exp (-X) (19)

where f(r) = f(A). Obviously equation (19) is a very general

represent the temperature distribution in all long filaments,
independently of the nature of the filament, its length, its
cross-section, or even the heating current used, provided that
the reduced temperature 7) of the point from which the
distances are measured is chosen the same in all the plots.
Hence, knowing T,, in any actual experiment, one can

easily plot + against x. This curve may be compared with

is measured, as the origin of distance in the T - X curve too.
The only difference between the two curves should be in the
scales representing the abscissae. In other words it should
be possible to transform the experimental 7 +x curve into

the former by a constant factor F, that is, by a factor which
is independent of x, and which can be experimentally deter-

which « can be determined.
Here again we have neglected the temperature coefficients

of the different quantities. Taking them into account would
introduce a factor a, in the expression for A,
logarithmic region, and a factor a, in the expression for

d(r). For. platinum a, varies from 1-4 for T,, == 1800° K,

Confining now attention to the top of the region that we
ate considering, in which A is small enough to keep exp $(7)
close to unity, equation (19) will obviously reduce to the

logarithmic formula, as it should.
In reduced co-ordinates the temperature distribution in

the logarithmic region is given by

In (1 ~7) -In(1 ~ To) + $(7) - ¥ (20)

Hence, if the reduced temperature 7) from which distance
measurements are made is taken to be the same in all the
measurements, the plot of In(1 -_7) against the distance will
be a series of straight lines, all of them passing through the

point 70, and having different slopes. The slopes give directly
4/A, and hence «, taking into account the temperature
coefficients of p/w and pe.
When one moves out of the logarithmic region P(r) grows

fairly rapidly and the effect of the temperature coefficients on

P(r) also becomes significant. Now ¢(7) involves in addition
to the temperature coefficients ofp/w and pe which are known,
the temperature coefficient of kw too. Hence in the same
manner in which temperature distribution in a long filament
in the logarithmic range can be used to give x, the distribution
outside the logarithmic range can be made to yield both «
and its temperature coefficient «.

In practice, however, it is found more convenient to
determine « at different temperatures from the logarithmic
range, by suitably varying the heating currents and varying
the temperatures T,,, to which « refers. This has been done +

in the measurements described below,

x

expression, which implies that single X curve will

the theoretical plot of 7 against X, taking tT) from which x

the theoretical X curve by increasing the abscissae of

mined This factor should obviously be equal to VA, from

to 1-8 for J, = 1300° K.



EXPERIMENTAL
It has been shown that the thermal conductivity can be

determined from the temperature distribution either in the
parabolic region near the centre of any finite filamertt, pre-
ferably a short one, or in the logarithmic or any other region
of a long filament. We have made measurements with a

platinum wire, of spectroscopic purity (obtained from
Johnson and Matthey and Co. Ltd.). The main part of the
experiment is the determination of the temperature at different
points along the heated wire. This was done with an optical
pyrometer and for this purpose one needs to know the spectral
emissivity es for the spectral region utilized in the pyro-
meter, namely the neighbourhood of 0-655 yu, at different
temperatures.
This was determined in the following manner. In a recent

paper .we described some measurements on the spectral
emissivity of Acheson graphite. Using a thin-walled, long
tube of graphite, electrically heated in a vacuum, the tempera-
ture of the inner surface of the tube near its centre is readily
obtained by boring a small hole in the wall, and by measuring
directly with the pyrometer the temperature of the cavity as
viewed through the hole. The small difference in temperature
between the inner and the outer surfaces is estimated easily
from any rough value of the thermal conductivity. Thus the

temperature of the outer surface near the centre is known.
Knowing also the brightness temperature of the surface as

measured with the optical pyrometer, the spectral emissivity
€, is obtained directly. By suitably adjusting the heating
current, the spectral emissivity can be obtainéd at different
known temperatures. Conversely, knowing «,, the actual

temperature of the surface corresponding to any observed

brightness temperature can also be readily obtained.
For our present purpose, namely, the determination of the

spectral emissivity of platinum at different temperatures, we
used one of these thin-walled long graphite tubes, and wound
round it in a thin groove cut round the middle of the tube, a

single ring of platinum wire. The presence of either the

groove or the platinum wire in the middle does not affect
the temperature distribution. Knowing the actual tempera-
ture of the wire, which is that of the graphite surface adjoining
it, and the brightness temperature of the wire as obtained
with the optical pyrometer, its spectral emissivity is known.

By suitably varying the heating current, values of e, can be

obtained at different temperatures. They are plotted in

Fig. 1.

K

2 O20F 4050 %

O10r jO40E
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Fig. 1. The temperature variation of the thermal con-
ductivity of platinum and of the spectral and the total

emissivities

The first series of measurements that we made on the
* spectral emissivity of platinum was with a foil rolled into a

cylinder, which just surrounded the graphite tube without
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touching it. It was fixed to the supporting block at one end.
The external diameter of the graphite tube was 8 mm, and
the clearance space between the graphite tube and the tube
of platinum foil was about 4mm. The tube of platinum
foil extended over nearly the whole Jength of the graphite
tube, but not completely. This was to avoid passage of
electric current through the platinum foil. .Hence the

temperature of the foil, particularly near the centre, where
it is sensibly constant, will be just that of the graphite tube
underneath, and that of the annular.space between the two
tubes. A small hole of about 1 mm Giameter punctured in
the platinum foil, and also in the wall of the graphite tube

just underneath it, enabled the temperature in the cavity
near the middle of the graphite tube to be measured directly.
Knowing this temperature, and the small difference between

the inner and the outer surfaces of the graphite tube, the

temperature of the platinum surface adjoining the hole is
known. From this temperature and the brightness tempera-
ture of the platinum surface as measured with the pyrometer,
the spectral emissivity of platinum is readily determined.
The spectral emissivity data for platinum obtained in this

manner were found to agree closely with the measurements
reported, which were made with a ring of platinum wire
wound round the central portion of the graphite tube.
The available data for the spectral emissivity of platinum

obtained by different authors vaty widely, and the differences
have sometimes been attributed to the probable differences of
the surfaces of the specimens used, Thé close agreement
between our measurements with the surface of the platinum
foil and of the wire does not, however, support this view.
Even so, since the specimen with which the thermal con-
ductivity measurements were made, was in the form of a

wire, we considered the measurements on «, made with the
same specimen to be more appropriate for our present
purpose than the measurements made with the foil. The
results of the latter measurements, which are not incorporated
in the graph, are given in the following table.

T°K 1120 1250 1400 1525 1600 1690 1750

028 030 029 0-28 029 029 0-30

The single coil of the platinum wire wound in a small
groove round the middle of the graphite tube involves
negligible change in the heat capacity, and is therefore not
likely to disturb the temperature distribution sensibly. The
agreement between the values of «, obtained by the two
methods, supports this conclusion. Observations made with
the optical pyrometer also confirmed that the temperature of
the graphite surface in the close neighbourhood of the ring
of platinum wire did not show any detectable variation.
The experimental error in the measurement of e, is

estimated to be less than +0-02.
Referring again to the temperature measurements, two sets

of temperature measurements were made on platinum wires
of 0-5mm diameter (s.w.g. 25) heated in a vacuum by an.
alternating current. In the first set the wire was a medium-
long one, and the temperature measurements were made in
the parabolic region near the centre. In Fig. 2 are plotted
the values of ¢ against g*. In one series of measurements T,,,
and were 1600 and 1400° K respectively, while4n the other
series 1500 and 1200° K respectively. The plot can be seen
to be # straight line for small values of q*, and its slope
according to equation (11) gives 3 f, from which x can be
calculated. It can also be seen that ¢ increases slightly more
rapidly than in proportion to gq', since the last one or two

points are slightly above the straight line, This is to be

&.
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expected theoretically. But the straight line portion is long
enough to enable the slope to be determined accurately. The
values of « for 1200 and 1400°K plotted in Fig. I were
obtained in this manner.

1OOr

q? (cm2)

Fig. 2. The parabolic variation of temperature near the
centre of the filament

In the second set measurements were made with a long
platinum wire in the logarithmic region, using different
heating currents. In Fig. 3 are plotted the values of In (A/T,,,)
against the distance. The plot is a straight line over the whole
of the temperature region included in the curves. The slope
gives VA, from which again « can be calculated.

t

30

Fig. 3. Temperature variation in the logarithmic region

In order to obtain « from
1
or from A one needs to know

also the total emissivity «, as distinguished from the spectral
All that one needs for this purpose is the potential

gradient g in the centre of a long wire heated by different
currents, since

peo(T4
€ in equatien (21) is the value of the total emissivity at
temperature T,,.
The potential gradient g is easily measured with the help

of two probes. The values of € thus obtained are also plotted
in Fig. 1.

emissivity is almost independent of temperature, the total
emissivity drops with the decrease of temperature,

Ta)
- Ig (21)

It is very significant that, whereas the spectral

DATA FOR THERMAL CONDUCTIVITY
The values of « obtained from the parabolic and the

logarithmic regions are also plotted in Fig. 1. The values
for 1200 and 1400° K were obtained from the former region,
and the remaining values from the latter. It will be seen that
both the sets plot smoothly on a single curve.
It will also be seen that « tends to a constant value at high

temperatures, as should be expected at temperatures much
above the Debye temperature.

THE LORENZ RATIO FOR PLATINUM

In the course of the determination of the total emissivity
described in a previous section, one obtains incidentally from
the potential gradient and the current, the electrical resistivity
at different temperatures. Since we now have data for the
thermal conductivities also, we can obtain directly the values
of the Lorenz ratio xp/T at different temperatures. Since it

O25 O5 Ov ne)

js an important physical quality, for which at present data
are not available for platinum at high temperatures, we

haveplotted in Fig. 4 this ratio.
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Fig. 4. Lorenz ratio for platinum

It will be seen from Fig. 4 that the Lorenz ratio for
platinum decreases slightly with the increase of temperature,
and remains close to the theoretical value of 2-23 x
10-8 WQ°K 2.
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