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1. Introduction

I am indeed grateful to INSA for inviting me to deliver the first Professor Vishnu
Vasudev Narlikar Memorial Lecture. Professor Narlikar was my teacher. But our
student-teacher relationship was peculiar. I was not a student of Banaras University
where he worked. I was his “personal student”. He initiated me to mathematical
research. I used to meet him at his home twice a week and that established a link
between Professor VVN's family and my little family. (My wife and my little daughter
were with me at Banaras). For Narlikars, I am almost a senior family-member and
in my family Professor VVN was Narlikar Dada (Grand Pa Narlikar). Thus the feeling
of gratefulness towards INSA that I expressed in the beginning came from the bottom
of my heart.

The mathematics section of the 1953 Science Congress was presided over by
Professor VVN. At that session there was a symposium on teaching of Mathematics.
Speaking at that symposium, Professor S N Bose described two characteristics of
a good teacher. One characteristic, he described, in the following words, “After all,
what do a teacher do ? He presents himself as a model for his students to imitate”
and I was very lucky to have the model of my teacher-Professor VV N to imitate
and to mould my teaching and research career on his model. Again in this talk,
Ishall try to follow his way of exposition of mathematical aspects of physical situations.
If I succeed, you will have an idea of the expository techniques of Professor V'V N.
And if I do not appear convincing, the fault lies with the imitator and not with the
model.

2. Spaces of Constant Curvature

We begin with the familiar equation x*+y’ = R?. We know it represents a circle drawn
on the x- y plane. We say it is a one dimensional curve of constant curvature drawn
in a 2-dimensional flat plane. Well; we also know that ¥+y?+22 = R? represents a
sphere in space. We say, it is a 2-dimensional surface of constant curvature immersed
in 3-dimensional flat space.

®  Delivered on 23rd September, 1994.
v Present Address: 34, Sharda Nagar, Ahmedabad-380007, India.
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We proceed further in the same manner and say that +y*+2+u? = R represents
a 3-dimensional space of constant curvature immersed in a 4 dimensional flat space.
We are interested in these 3-spaces of constant curvature because of 2 simple
assumptions of Einstein : (1) A gravitating object produces a curvature in the space
surrounding that object and (2) if we are interested not in the gravitational field
of isolated objects but in the average field pervading the whole universe, we must
assume the matter in the universe to be smoothly and uniformly spread in the
universe, producing a uniform curvature in space. Thus the 3-space in our universe
taken as a whole must be of constant curvature.

Another feature of Einstein theory is that gravitation is not an “action at a
distance” phenomena as in Newton theory, but it is a field phenomena. Thus the
effect is transmitted from a given point to a neighbouring point. So the equations
specifying the law of gravitation are differential equations and the corresponding
geometry is differential geometry. Therefore, we shall try to translate the analytic
geometry of 3-space of constant curvature to the corresponding differential

geometry.

We again begin with the familiar case of a circle #*+y’>=R 2. Its parametric equations
are x = R cosg, y = R sing. The corresponding differential form is do® = d«® + dy?,
or in terms of the parameter ¢, do® = R® d¢’.

For a sphere ¥+y*+2* = R?, the parametric equations are
x = R sin6 cosg,

y = R sin0@ sing

z = R cosf.

and

The corresponding differential form is do® = da? + dy? + d2? or in terms of parameters
6 and ¢

do® = R d¢? + R sin%@ d¢?

We can generalize this procedure for 3-spaces of constant curvature (or in short,
for 3-spheres). The analytic equation for a 3-sphere is

P+y+2+uf = R
We now need 3 parameters X,6,¢ and write the parametric equations as
x = R sinX sin cos@,
y = R sinX sin@ sing,
z = RsinX cos@

and w= R cosX




GEOMETRY AND UNIVERSE -

One can now verify that the differential form

do® = di+dy'+d2+dw?, when expressed in terms of the parameters X,6,0 takes the
form

do® = RdX? + R sin?X (d& + R3sin%6 d¢?) =21
3. Einstein Universe

In an epoch making paper of 1917, Einstein suggested that the space-time
measurements in the gravitational field pervading the universe would follow the
4-dimensional space-time geometry given by ds’ = #d# - dd*, where do® is given
by (2.1). Thus

ds? = &df - R? [ dX? + sin’X (d€ + sin’@ d¢?)], ...(3.1)

Here c¢ is the velocity of light, ¢ is time and the 3-dimensional physical space
is not the usual Euclidean flat space, but a 3- sphere of radius R. In (3.1), tis, of
course, the time-like coordinate and the 3 space-like coordinates are given by the
three angles X,6,¢. We can replace one of these by a distance-coordinate r. In (3.1),
set R sin X =r, so that R cosX dX = dr, (3.1) then takes the form

ds2=c2de - dr22 - 12 (6% +5in20 d¢?).
) e
185

(3.2) is the standard form in which Einstein’s 1917 model of the universe is expressed.

24 5:2)

On looking at the metric (3.2) it will be seen that the constant R? can be taken
as positive or negative. But R? being negative needs a reconsideration of our strategy
leading to (2.1). If R? is negative R is to be replaced by iR. But r= R sinX implies
that if Ris replaced by iR, X needs to be replaced by iXso that r=-Rsin X continues
to be real. Thus in the parametric equations of the 3d-space, one has to replace
sin X by sinh X and cos X by cosh X. We do not go into details here but note that
the differential metric of Einstein’s Universe with 3-space of constant negative
curvature will be

ds? = Ad# - R [dX® + sinh? X (d& + sin’0 d¢?)]. 283
Again setting R Sinh X=r, we shall get

{2

R2

ds2=c2dl - 42 _ ;2 6% +sin20 d¢?).
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4. Expanding Universe

Einstein’s model given by (3.2) or (3.4) was the first mathematical model of the
universe. The physical properties of this model universe were worked out using
Einstein’s field- equations in the background of geometry given by (3.2) or (3.4).
It was found that this model admits presence of matter but does not admit any large
scale motion. By about the same time (in 1918) another mathematical model of
the universe was worked out by de Sitter. (We are going to give a simple mathematical
derivation of this model later). This de Sitter’s model does not admit presence of
matter density but admits motion in the sense that a test particle introduced in the
model will acquire motion. In 1924, Hubble observed large scale motion of extra-
gallactic nebulae, and thus it became clear that in the physical universe, on a large
scale, both matter and motion coexist. A mathematical model worked out by
Friedman, way back in 1921 was found to incorporate this physical requirement.
This model was later improved by several workers and is now known as the expanding
universe model or Robertson-Walker model. The geometry of this model is again
very easy to understand.

Let us turn back to the 3-space of constant positive curvature so that Einstein’s
Universe is given by

ds? = 8dé - R [ dX® + sin?’X (A6 + sin20 d¢?)], =:(3.1)

Here R is the radius of the spherical 3-space. Now R is a constant in relation
to the geometrical variable X,6,¢ of the 3- space. But in shifting from geometry
to physics, we introduced a new time parameter 4, and R need not be constant in
relation to ¢ If we take R as a function of ¢, nothing changes in section 2 above
and we get (3.1) with R = R(¢). But now the radius of the 3-sphere (which is our
physical space) becomes a function of time and if this function is an increasing
function, we have an “expanding universe”.

d? = 2dé - R () [ dX? + sin?X (d€ + sin?0 d¢?)].
In order to introduce a radial co-ordinate 7, we rewrite R()=R()R?/ F . A

R, being a constant, so that our metric takes the form

2
ds? =c2af- O [R24x 2y RZ sin? X (402 + sin20.d9?)
RO

Now put R, sin X = r and we get

2
ds? =c2qp- B0 A1 72 467 +5in?0 do)
Ro l_r_
R}
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Similarly, beginning with the metric (3.3) of Einstein universe with negative
constant curvature, we get the metric of the corresponding expanding universe as

2
ds2=c2dr2-R—(2‘) A4 12 d0” +sin9 dg?)
Rj |1 +'—2 (4.2)
Rj

In (4.1) and (4.2) one can replace r by a new coordinate 7= 7/ R and then the
two can be combined in the form

SR Z

ds2 =c2dr?- R(r)| 4L =47 2 (dO° +sin%0 d¢2) ..(4.3)
- k7

with

k = +1 for 3-space of uniform positive curvature

k = -1 for 3-space of uniform negative curvature

k = 0 for 3-space of uniform zero curvature.

Eq. (4.3) is the well-known Robertson-Walker metric of expanding universe.

5. de Sitter-Universe

Let us revert to spaces of constant curvature. We shall use the single word “sphere”
to denote these spaces of constant curvature, irrespective of the dimensions. Thus
we would say that

¥+y = R? gives a 1-sphere immersed in 2-flat;
P+y'+2* = R gives a 2-sphere immersed in 3-flat;
Z+y+2+u = R gives a 3-sphere immersed in 4lat.

Can we extend this and have a 4-sphere immersed in 5-flat ? Well, this is what
de-Sitter did and that is what we are going to do now!

To construct a geometrical model of the universe Einstein assumed that the
physical 3-space of the universe is a sphere and then constructed its differential line-
element do® (given as (2.1) above). He then introduced an orthogonal time ¢t and
wrote down the line-element of 4-dimensional space-time as ds* = #d# - d¢® In place
of Einstein’s assumption of only the 3-space being spherical, de Sitter assumed that
the entire 4-dimensional space-time is spherical, i.e. he assumed that the entire space-
time is a 4 sphere immersed in 5-flat. But for the 4-dimensional space-time which
we use in physics, the metric ds* is not positive definite but indefinite. Therefore,
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when we consider a 4-sphere, our interest will be in a 4-sphere with an indefinite
metric. This will be reflection in the 5-flat in which it is immersed. We take

C+y+2+utvi = R?

as the 4-sphere immersed in 5-flat. Following the previous procedure, we write the
parametric equations of this 4-sphere in terms of 4 angular parameters y, X, 6, ¢
as follows:

x =R cosh y sinXsin@ cos¢,

y = R, cosh y sinXsin@ sin

z= R, cosh y sinX cosé,

w= R, cosh ¥y cosX
and v =R sinh y.

Setting ds* = dv*-dx’-dy>-d2*-dw?, one gets
ds® = R?dy? - R? sinh’y [dX® + sin’X (A& + sin%@ d¢?)].

Putting R, dy' = c dtand R, sin X =r, we get the completely spherical 4-space-time
given by the metric

ds2 =c2dP- sinh?<t. | 42 4 12 492 4 sin26 dg?)| .

Gl ..(5.1)
R§

This is the metric of de Sitter model of the universe. Comparing with the metric
(4.1) of the expanding universe metric. We see that it is of the form (4.1) when
the undetermined function R(#)/R, becomes sinh ct/R, i.e., when R(¢) = R, sinh
¢t/ R, In that case it is easy to see that R(t) is an increasing function and so de Sitter’s
model becomes a particular case of the expanding universe model.

The metric form (5.1) is time-dependant. But time-dependant metric form for
describing the geometry of the universe was first developed by Friedman in 1921.
It is, therefore, clear that in 1918 de Sitter did not describe his universe by (5.1).
It is easy to derive de Sitter’s original time in dependent (static) form of the metric.
Of course, we begin with the 4-sphere x¥*+y*+22+u?-v? = R ?, but write the parametric
equations as follows:

x = R, sinX sin@ cos¢,

y = R, sinX sin@ sing,

z = R, sinX cosé,

w = R cosX cosh y

and v=R cos Xsinh y.
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Setting ds* = dv*-dx*-dy>-d>=du? one gets
ds* = R? cos’X dy# - R*dX? - R’in? (d@? + sin’0 d6?).

Put R sin X= 7 and R dy = ¢/, we find

ds2 = (1-72/R3) c2dr? - 9272 (d9” +sin? 6 d¢?) .
fi 5.2
- (52)
Ry

Eq. (5.2) is the standard form of de Sitter metric (5.1) or it gives, the differential
form for the same 4-sphere
X+y+22 4wt = R

So any one of them is a transform of the other.
6. Godel’s Rotating Universe

In 1949, K. Godel gave a model of the universe exhibiting large- scale rotation of
matter in the universe. It is possible to derive the geometry of this universe from
that of Einstein’s universe, by using a geometric trick. We first introduce a rotation
in the coordinate axes in our 3-space and then develop a criterion that will convert
this spurious geometrical rotation into a physical rotation of matter, and thus get
the model of the rotating universe. We carry out this plan in 3 stages.

(A) Spheroidal Polar Coordinates

In the usual Euclidean geometry cartesian coordinates (x,y,z) and the spherical polar
coordinates (7, 6, ¢) are connected by relations

x = 1sin Bcos@, y = rsin Gsing, z = rcos 6. ...(6.1)

In place of these spherical polar coordinates, we now introduce new coordinates
(r, 6, ¢) by the relations

x = rsin BcosP, - a sinf sing,
y = ssin 6ing, + a sin6 cos¢
and

z = rcos6,

24y2 ek
e + 22— | Thus the surface r= constant are ellipsoids of the
ri+a2  r?

so that we have
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revolution. So we call (7, 6, ¢) defined by (6.2) as spheroidal polar coordinates.
It can be verified that (6.2) can be obtained from (6.1) by imparting a rotation
to the x and yaxes through an angle tan' (a/7) round the zaxis.

We now take the Minkowski’s space-time of special relatively ds* = d&-dx-dy-dz2.
Here we have chosen the units in such a way that the velocity of light becomes 1.
Replacing x,y,z by spheroidal coordinates (r, 8, ¢) of (6.2) we get

ds® = de? - (dr - asin®@ d¢)? - (r+dcos?6) dO%+sin20 d¢?). +{6.3)

Using the null coordinate u = tr in place of the space like coordinates we rewrite
(6.3) as
ds’ = 2(du + a sin?6d¢) di¢ - (du + asin?6 d¢)?

- (*+a’cos?@) (d@+sin?6d¢?).

with r=tu.

(6.4) is the metric form for the usual Euclidean geometry of space-time in absence
of gravitation. To describe the uniform gravitational field pervading the universe
we take the corresponding Riemannian geometry of the space-time as given by
ds® = 2(du + g sin6d¢) d{ -L (du + gsin 6 d¢)?

-M? (d6%sin?6d¢?), ...(6.5)
g=g(0), L=L(w6 () , M= My, 6, ).

Here, in place of the usual t, we have used to denote the time coordinate.

(B) The Geometric Trick

The metric (6.5) is an indefinite metric with signature (—,—,—, +). The coordinates
used are u, 6, ¢, {. We take them as &', 2, », »* respectively. « is a null coordinate
6, ¢ are space-ike, but { is time-like or space-like according as the coefficient L

is positive or negative.

Consider now a time-like unit vector v, and an orthogonal space-like vector V

v = i, V¥V =, yv=0.

It is easy to find the components of these vectors in terms of the metric (6.5).
It will be found that
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v = [ (1/2 (1-1), 0, (1/2) (1-L) gsin6.1]
V. = [(1/2) (1+L), 0, (1/2) (1+L) gsin@. -1]

i

We now choose L = +1 or L =-1

When L= +1, v, becomes (0,0,0,1) and V, becomes (1,0, gsin6, -1). It can now
be verified that v - v,, =0 but V,, - V. # 0 if gsin@ is not constant. So vector v, has
no twist, while V, is a rotating vector-field. However, when L =-1, v, becomes (1,0.,
gin6,1) and V, becomes (0,0,0,-1) so that now v, has rotation while V, becomes
rotation-free. Thus by changing the parameter L from +1 to -1, we have shifted the
rotation from space-like V, to time- like v,

Now if v, and V, happen to be eigenvectors of the Einstein’s matter tensor G,
then the shifting of the twist from V, to v, will imply a shift of twist from a space-
like eigenvector to a time-like eigenvector. Buta twisting time-like eigenvector implies
arotating matter distribution. In this way, we are able to relate a non-rotating material
distribution to a rotating one. This is the geometrical trick of shifting the twist.

(C) Einstein-Godel Metric

In the metric (6.5) we have introduced 3 unknown functions L,M and g Our
geometrical method of shifting the twist implies that L is either +1 or -1. We have
to use physical properties of Einstein’s universe to find explicitly the other two
functions. We do not go in to details of their derivation but write down the final
solution in the form

L=+1 or -1,

gsin® = 1+L - [4/(1+3L)]e -1+3Lh/2R
and  M3in%0 = gsin@ ¢ ~(1+%Y/2R |
where y is defined by gd6 = dy.

It will be easier to rewrite metric (6.5) using y as a coordinate in place of 6. We
also replace u by the coordinate r given by

r=u+ (1+0).¢-L{

(6.5) will then change to
d= Ld{*- Ld” + 2LYdd¢ - Y d¢® [1+L - (1-L) Y/4]
-(1/4) (1+3L) Ydy*/(1+L-Y)

- y=_4_qs317*
e 1+3L ¢
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If in (6.6) we put L =1, we find
ds? = d& - d7”? + 2¢¥R dnd¢ - 2¢2/Rd¢? - e?/Rdy?/[2-¢27F]. ...(6.7)
It can be verified that (6.7) is a transform of the standard metric of the Einstein
Universe. The coordinate { being the cosmic time ¢
On putting L = -1 in (6.6), one finds
ds?=d7 - d& + 4¢/* drd¢ + 22%d¢? - (1/2) dy~. .. (6.8)

This is Godel’s Universe metric the coordinate r being the time coordinate.

In (6.7), the space-like vector drhad a spurious (coordinate-generated) rotation.
In (6.8) the vector d" becomes time-like and so the rotation which was geometrical
in (6.7) has now become physical in (6.8). Thus (6.8) gives the geometry of arotating
universe. It is not customary to use r for a time-like coordinate. So we replace r by
T in (6.8) and write

ds’= d7® - d§? + 4¢/® dwd¢ + 227fd¢? - (1/2) dy’. .. (6.9)
This the standard form of the metric describing Goédel’s universe.
7. Concluding Remarks

In this talk, I have tried to discuss the geometry of certain well-known Mathematical
models of the universe. The physical contents of these models as suggested by
Einstein’s field equations form an equally (or perhaps more) important aspect of

the study of cosmology. But I thought, I should limit myself to the area with which
I was more familiar.

However, this discussion would be incomplete if I do not mention a very
unphysical consequence of Godel’s rotating universe. It is found that this model
allows closed time-like geodesics. In physical terms, this implies that in this universe,
observers exist whose world lines are closed curves. But this is highly unphysical.
The worldline of an observer is the 4-dimensional path of an observer in space and
time. Now physically time always increases and in natural motion one can not go
backwards in time and so the time-like tangent to the world-line can never reverse
its direction. Thus world-lines can never turn round in time to form a closed curve.
In popular language we can say that if world-lines are closed curves and if my life
follows one such world-line then at some age I shall reach the starting point of my
world-line, i.e., I shall be able to witness my own birth!

That Godel’s rotating model possesses this highly unphysical feature was proved
mathematically by Professor S Chandrashekhar in 1966. That reminds me of an
episode narrated by Professor VVN to me in 1942. I shall end my talk with that episode.




GEOMETRY AND UNIVERSE

Professor VVN and Professor Chandra were colleagues at Cambridge. Those were
the triumphant days of Edington’s Internal Constitution of stars. On return to India
VVN thought that the equations of stellar structure were all based on Newton’s law
of gravitation. But with the more satisfactory description of gravitation by Einstein,
one must recast the entire theory of stellar structure on the basis of Einstein’s theory.
In 1938, VVN carried out that exercise, wrote out his results in the form of a paper
and sent it to Professor Chandra for his opinion. Within three months Chandra
wrote back congratulating VVN for his excellent mathematical work but added at
the end “At present there are no observations in Steller Astronomy which can not
be explained by the simple Newtonian theory. So why go in for the complicated
Einstein’s theory?” So the matter ended there.

This was the episode narrated to me by Professor VVN in 1942. In 1966, I read
a news-item in which it was reported that one fine evening Mrs. Chandrashekhar
finds that the Professor returns from the university with a big pile of books. On
inquiry from his wife regarding this pile of books Professor Chandrashekhar replied
“Now there have been observations in Astronomy which cannot be understood on
simple Newtonian theory, but require the use of Einstein’s theory. So I must now
study General Relativity.”

One of the first works of Professor Chandra in General Relativity was about the
unphysical property of Gédel’s universe mentioned earlier. As is the practice with

him his studies on General Relativity ultimately led him to write the famous volume
on “Theory of Black-Holes.”

But this story has another moral. It is said that one should not be late in his
scientific work and should not be behind the times. But then there is a disadvantages
also if one is too early, earlier than the times Professor Vishnu Vasudev Narlikar
was too early, too much ahead of his times — more than 25 years ahead - in the
application of General Relativity to stellar astronomy.




