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1. Introduction.

INFELD has shown! that, in the development of Born’s field theory, it is 1
possible to choose an infinity of action-functions other than the one originally
proposed by Born and Infeld? which, for simplicity, might be called Born’s
action-function. These action-functions of Infeld and the omne recently
introduced by Hoffmann and Infeld® have, in common with Born’s action-
function, the properties of self-conjugacy, of the existence of simple, algebraic
relations between the f;,- and p,-fields, and giving finite values for the energy
for the electrical particle. They, however, differ from the latter in that the
condition of the invariance of the action-integral itself is not insisted in
them. As I have shown elsewhere? Born’s function is unique if this condi-
tion as well as the condition of self-conjugacy are imposed on the action-
function.

Laying aside for the present this condition of invariance of the action-
integral, we might say that the action-functions of Infeld and Hoffmann and
Infeld give rise to several systems of Born’s mnon-linear electro-dynamics.
These action-functions, however, are all confined to the case where the

> > . : - >
invariant G = (B E) is neglected, as also the invariants Q = (D H), and

S = (]—3> B) -+ (E) ﬁ) I have considered in this paper the general case where
these invariants are not neglected and constructed a two-fold infinity of F
action-functions all having the same properties as Infeld’s action-functions ‘
and reducing to them when G = 0. This generalisation has also enabled
the deduction of close connections with the complex formalism developed
by Weiss.? In view of the fact however, that the condition of ¢ finite self-
energy ~’ has so far been discussed in the case of the point-singularity and

2t

1 Infeld, Proc. Camb. Phil. Soc., 1936, 32,127 ; 1937, 33, 70—hereinafter referred to
as I and II. :

2 Born and Infeld, Proc. Roy. Soc., (A), 1934, 144, 425,

3 Hoffmann and Infeld, Phys. Rev., 1937, 51, 765—hereinafter referred to as III.

4 B. S. Madhava Rao, Proc. Ind. Acad. Sci., (A), 1936, 3, 377.

5 P. Weiss, Proc. Camb. Phil. Soc., 1937,°33, 79—hereinafter referred to as IV.
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Generalised Action-Functions in Born's Electro-Dynamics 159

the case of ring-singularity in the zero-approximation® where, in both cases,
the invariant G does not appear, it seems difficult to set up a criterion limiting
the choice of these action-functions. Nor is the regularity condition of
Hoffmann and Infeld of any use since it is based on the character of a spheri-
cally symmetric electro-static solution.

1 An attempt has been made in this paper to construct an action-function
' which leads to a full coincidence of the second order terms when the
L Lagrangian of the field theory is compared with the Lagrangian that arises
in the investigations of Euler and Kockel” on the phenomenon of scattering
of light by light on the basis of Dirac’s theory of holes. It is well known
that such a coincidence does not exist® in the terms containing G* when
Born’s action-function is used. The result that I obtain is that even this
condition does not restrict the choice of the action-function there being more
than one such function wherefrom a coincidence with the Euler-Kockel
Lagrangian could be obtained as well as the good determination of the fine-
structure constant possible with the Hoffmann-Infeld action-function.

I have closely followed the method adopted by Infeld in I and II.

2. Condition of Self-conjugacy.

We introduce the fj; and p# (or in the dual form [ and pg") tensors
describing the electromagnetic field, the space-vector notation and also
the several invariants in the usual manner,® with the modification introduced
by Weiss,!® which leads to a good lot of simplification by avoiding unneces-
sary numerical factors. The Lorentz frame of reference is used.

(fzao f31: flz) = _ﬁ: (f14: f94,f34) = E l

(2, 1)
i =
(p?.:i: P3l; p;g) = H, (pl»lr pz:;,- p34) = Py ]
| Lo a ey WL e G
| Cp = —RputH =P, Rp M =1 pu b =Q 1 (39
L pd = 18 R L% = [Py =D
= e g q
? F=T}(B2~E2), G = (B E) ’
= =2 > >
P e W O - (B ¢ (2, 3) :
> > > > : > > > > l :
R=1{(BH-(DE)} S=4{BD) 4 (EH)} ] %

6 B. S. Madhava Rao, Proc. Ind. Acad. Sci., (A), 1936, 4, 355.
T Buler and Kockel, Naturwiss, 1935, 23, 246.

8 M. Born, Proc. Ind. Acad. Sci., (A), 1935, 2, 560.

9 B. S. Madhava Rao, Proc. Ind. Acad. Sci., (A), 1936, 4, 578, 23—hereaiter referred

toas V.
10 1V, foot-note p. 80.
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160 B. S. Madhava Rao

We impose on our action-function T, which we assume to be a function of
F, G, P and Q, that it should be self-conjugate. This means that the set of
equations

)
Rl e 9
? ot ur L L
e e (2, b)
Pr )

should be self-consistent, 7.e., that (2, 5) is a consequence of (2, 4), or wvice
versa. We can rewrite (2, 4) and (2, 5) in the form

P = Ty flez + T ¥ (2, 6)

FHH =Ty p*H A T p¥ (2. 1)
where Ty, Tp, T, Tq denote the derivatives with respect to F, P, G, Q respect-
ively. We shall now find the restriction to be imposed on T to ensure the
consistency of (2, 6) and: (2, 7). We multiply (2, 6) respectively by % fu;, 1fu/",
1pw, tpp and sum up; similarly (2, 7) respectively by }pz", 1w, 1fu'
1fz and sum up. We get!! after suitably grouping the terms

\

R = FTy + GTG} (2, 8)

— R =PTp + QT (2, 9)

S = 0T = I*TG} . (2, 10)

S — OTP = T (2, 11)

P — RT. 3 ST (2, 12)

F = RTp — STy (2, 13)

Q= STy — RTG} (2, 14)

G — ST 1 RT, (2, 15)

The equations (2, 9), (2, 11), (2, 13) and (2, 15) miust follow as conse-

quences from (2, 8), (2, 10), (2, 12) and (2, 14) respectively.

Before proceeding to reduce the above number of eight equations we
will directly obtain two conditions which follow from the self-consistency
of (2,6) and (2, 7). Taking the dual of (2, 6) we get

P = TofH 4 To [ = Ty fH o fH
Substituting this value of p*# and the value of $# from (2, 6) in (2, 7) we
should get an identical equation, 7.e.,
1 =Ty (T f*4 — T JH) + To(Ty 4 + To f9)
identically. This leads to the consistency conditions
Tylp = Toly 1 (2, 16)
TyTq — TpTg = 0 (2, 17)

11 Asin 'V, p. 579, where we replace both L and H by T and introduce the necessary
numerical factors to correspond to Weiss’s notation.
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Generalised Action-Functions in Born's Electro-Dynamics 161

It is now easy to see with the aid of (2, 16) and (2, 17) that the equations

(2, 12)—(2, 15) are consequences of (2, 8)—(2, 11). Hence the eight

1 equations (2, 8) —(2, 15) can be reduced to the six equations (2, 8)—(2, 11)
4 and (2, 16)—(2, 17).

\ In essence we have replaced the four equations (2, 12)—(2, 15) by the
two equations (2, 16) and (2, 17). We can now find two other equations
equivalent to the ‘latter. From (2, 12)—(2, 15) and using (2, 16)—(2, 17)
it is very easy to deduce the following two relations between the invariants,
‘ V2.,
| §2 — R* = FP + GQ (2, 18)
RS — FO PG} (2, 19)
Further using (2, 8)—(2, 15) and (2, 18)—(2, 19) it is easy to deduce (2, 16)
and (2, 17). Thus the original system of eight equations can be reduced to
the six equations (2, 8)—(2, 11) and (2, 18)—(2, 19). These last two
equations are relations between the invariants, ¥, G, Q, R and S which
hold as a consequence of the condition of self-conjugacy. But they are
exactly the same as those obtained by Weiss?® by expressing the symmetry
of the energy-impulse tensor. Thus the relation between the invariants
imposed by self-conjugacy s the same as that obtained by making the energy-
impulse tensor symmetrical.

Coming now to the conditions (2, 8)—(2, 11) we can rewrite them
in the forms

BT, CTe Pl 0T — 0} (2, 20)
G5 = PT. =0T =PIy — 0 2, 21)
and
| Fly +GTg —PTpy — QT = 2R} (2, 22)
r o T 0T = Pl = 05 (2, 23)

(2, 20)—(2, 21) form a system of simultaneous partial differential equations
for T in the homogeneous form —in particular (2, 20) shows that T must
be a homogeneous function of degree zero in B,6, P, O. If we, therefore,
choose T so as to satisfy these relations (2, 20)—(2, 21) we will have
reduced our original eight equations to four only in consonance with the
consistency condition. The equations (2, 20)—(2, 21) would then be
identically satisfied, (2, 18)—(2, 19) or (2, 16)—(2, 17) would give the
relations between the invariants, and (2, 22)—(2, 23) would give P, Q, R, S
as functions of F and G.

‘ 12 See IV, p. 85, equation (4, 5).
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162 B. S. Madhava Rao

3. Solution of the System of Partial Differential Equations.
In the usual notation of the theory of partial differential equations we
can write (2, 20) —(2, 21) as
Fy =x1p1 +%ps + %305 +%aDa =0} (3, 1)
We = %P1 %iPs— %Py F %spe—0 (3, 2)
and proceed to find out the most general functional form of the solution
common to (3, 1)—(3, 2). .

It is easy to verify that the Poisson bracket (F;, F,) =0, so that the
equations form a complete Jacobian system as they are. The most general
solution of (3, 1) is any arbitrary function of (¥,/%;, %3/%4, %4/%;). Adopting
the usual method we introduce new variables given by

K=K W =% %5, U =3[0y, W — %,/%;
With these substitutions, equation (3, 1), “.e.,

bf—‘—x af+x g xbfzo

xlyl " %2 5y, 3 3%, 1 3%,
) : :
reduces to be = 0; and the second equation (3, 2), 7.e.,
A
df of df o .
Yo S Y S %y So, + %3 " 0 reduces to
g he D )~ (L )_ (1 ) 1
X2 3%, 'xlfn xlfv %y S X1 %, Tu Xy 5&1f7} + %5 (x_lfw)
—_— 0’
ve — u?f, — wufy, — wwfy — fuo —wfy + 9 =0
or fz; (1 "'IT‘ %2> +f7} (%7) + TE’) +f?(’l (uw = 7}) = O (3: 3)
The Lagrangian subsidiary equations of (3, 3) are
an dv dw
1+ w+w  uw — v (3, 4)

and we need only find two independent integrals of (3, 4).
From (3, 4) we can immediately deduce the relations
udu vdv + wdw

T+u2 Pt o
dw  wdv — vdw
g2 V2 + w02

These lead to the two integrals
log (1 + #?) =log (v + w?) + const.,
and tan~! 4 — tan! (%) = const., respectively

or L& - ot o t
s cand-- - . conusl
» 22 + 102 : uv + w i
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Generalised Action-Functions in Born's Electvo-Dynamics 163

For reasons to be immediately given, we write,

T1+u?. < uY + w ( — v
€ = ——— (1inste
“ V2 +w?’ wu — U v+ w
£ or, introducing the invariants F, G, P, Q
¢ ; e
! F2 4 G2 ; FQ + PG
3 = = T 3D
: \/ ST s g Ty &)

The most general form of the solution common to (3, 1), (3,2) is any
arbitrary function T (e, €’) of € and €. If T be chosen in this form
equations (2, 20)—(2, 21) are identically satisfied.

The reason for choosing e and ¢’ in the forms given by (3, 5) is that we
want to have these quantities reduce themselves to the corresponding ones
when we go over to Infeld’s case where G and Q are neglected. IfG =Q =0
then ¢ =0, and e reduces to + (F/P). We therefore further postulate
that the negative sign is to be taken in order that our value of e should be
the square of the corresponding e used in Infeld’s investigations. We may
also observe here that in the limiting Maxwellian case where G = Q and
B — P we hive ¢ — 11 and ¢ —0.

Thus our generalisation has introduced the additional parameter e’

and gives rise to a two-fold infinity of action-functions satisfying the con-
dition of self-conjugacy.

4. T as the Swm of Lagrangian and Hamiltonian.

We will show that, in our general case, if (2, 4)—(2, 5) are satisfied
the action-function I' can be represented as the sum of a Lagrangian
and a Hamiltonian

Tete L (B G =4 1T +R} (4, 1)
HI(P O =—+1 Rk (4, 2)
where we have put the numerical factor 4 on the right-hand side for T in
consonance with the notation of Weiss. From (4, 1)
2 dl, = TpdF 4 TedG + TpdP + TqdQ + 2 dR.
Trom the relations (2, 18) —(2, 19)
284S — 2RdR = F4dP + PdF + GdQ + QdG,
9 SdR + 2 RdS = FdQ + QdF — GdP — PdG.
Eliminating dS from the above equations,
2 dR (R? + 8?) = dF (QS — PR) — dG (PS + OR) — dP (GS + FR)
+dQ (FS— RG). (4, 3)
We can simplify (4, 3) by obtaining the expressions for the derivatives of T !
in terms of the invariants, Directly solving (2, 8)—(2, 11) for these

B ¢
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164 B. S. Madhava Rao

derivatives we obtain,

pe TR EGo . UR B
S EtEaE e e G [
o 95 PR 5 ORFPS .
o o g

Also from (2, 16) —(2, 17), and (2, 20)--(2, 21)
Iy = 16 F2+G2)%
= = €.

T, ~ T, ~ \Proe

From (2, 18)—(2, 19) by squaring and adding

R*+ &% = ¥/(F2 4+ G (P + Q). (4, 6)

Now using (4, 4), (4, 6) and (4, 5) successtvely we can reduce (4, 3) to
2dR =Ty dF + Tq dG — Tp dP — T dQ

and , 2dl, —2 1. 4B 91, dG
e OF ~ JF’ 3¢ 3G

i.e., 1, is the Lagrangian. Analogously we can show that H is the Hamil-
tonian.
5. Expressions for the Derivatives of T.

In (4, 4) above, we have obtained expressions for the derivatives of T in
terms of all the six invariants, but since we assume T to be a function of only
I, G, P, O we need expressions for the derivatives which do not involve R
and S. 'This is easily done by finding R and S from (2, 18) and (4, 6) and
substituting in (4, 4). A simpler way is to use the equations (2, 12)—(2, 15).
From these equations and wusing the consistency conditions (2, 16) —
(2, 17) we get

BEE - GO = R 63 (I Th — T To)
= (R*+5%) (1 — 2 e Ty?), using (2, 16) and (4, 5)

and hence, using (4, 6) and (4, b)

Sinildly 0T - «/ i?;:g_: - 511%(39 I (5, 2)
In an entirely analogous manner we get
e il:ii;g - LII)’%(;Q}] (5, 3)
- f
2t =\ fEr S+ P00 G, 9
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Generalised Action-Functions in Bori's Electro-Dynamics 165

(5, 3) and (5, 4) follow from (5, 1) and (5, 2) by interchanging F and G with
P and Q, and thus determine P and Q as the same functions of F and G and
conversely, guaranteeing in this way the self-consistency of (2, 4) and (2, 5).

The equations (5, 1)—(5, 4) express the derivatives Ty, Ta, Ty Toin

9* terms of F, G, P and Q. Since the action-functions we are considering can
“ be taken as arbitrary functions of ¢ and ¢, we must be able to obtain e
and T¢', in terms of the invariants, in order that we might get for every

special system of electrodynamics particular relations connecting F, G, P, Q.
We proceed to determine these expressions for Te and Te-.
We can express Ty and Tg in terms of T¢ and T, in the form
’

TF = TE'EF + TE,'GF

,FG = TG'EG + TG”‘G'G
where ey, for example, stands for d¢/oF. Solving these for Te and Ter

’ ’ ’ ’

Te (ere’c — ege’s) = €Ty — €FTG}
(4 ’ le
— Te' (epe’c — ege’s) = 6Ty — &Tg

From (8, b),

e B - GO

2 ol e
A P2 2

L e o T

e PI+ Q2 (FP — GQ)? |

Substituting these in the above, and simplifying, we get

eTe = FTy + GTg)

— (1 + €' Ter = GTy — Flgf
Using (2, 8) and (2, 10) these can be simplified to the important equations
el — R (5, 5)
(1 - e?) Ter = — S} (5, 6)
From these equations it can be seen that it is the derivatives Te and T’
f that are relevant for the connection between ¥, G and P, Q, since we can
‘j assume in virtue of Weiss’ conditions (2, 18) — (2, 19) that R and S are
functions of the remaining invariants. This last procedure of finding R and S
as functions of F, G, P, Q involves rather complicated square-root expressions
and does not appear suitable for particular cases. We shall now find a
slightly different method of procedure by a change of the parameters e, €’.

6. Introduction of New Parameters.

We can simplify considerations to a great extent by introducing two
new functions A and g of the invariants defined by

e — ¢, ot =loge } (6, 1)

e — N —dnil e
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166 B. S. Madhava Rao

\

and consider the action-function T as any arbitrary-function of A and u.

oo %; Ly }
< d¢€’ ’ f
by — B o (1 + €?) Ter JI
Hence (5, 5) —(5, 6) reduce to the very simple and striking forms
T)‘ = R} (6, 3)
Ty = — SJ. (6, 4)

We can also express (5, 1) and (5, 2) in terms of these new parameters
XA and p. Calculating the value of (FP — GQ)/(F? + G?) in terms of e
and €', we readily find

FP — GQ\? 1
so that

FE — GO 1

e B ovaa

The choice of the -+ or — sign is decided by going to the limiting case of

Infeld’s action-functions. In this case the left-hand side reduces to P/,

and since we have already assumed (§3) that in this limiting case (¢’ = 0)

we should take our € as (— F/P) we choose the negative sign and write

. FP 260 1
Pr@ T i

Hence (5, 1)—(b, 2) reduce to

e +,—1_]
r
J

(6, 5)

2TG2 et o] —

2Tg% = 2¢-2 cos? 1
2T = 2¢-4 sin? 1
or
Ty —2 M2 cosip (6, 6)
To = ¢~*2 sin Lpu (6, 7)
Making use of (4, 5)
Tep — e*2 cos 3 (6, 6a)
Tq = e’ sin $p (6, 7a)
Substituting (6, 6)—(6, 7) and (6, 3)—(6, 4) in (2, 12)—(2, 15) we get
~ P =22 (T, cos up — Ty sin $p)
)

F =¢"2 (T)cosdu 4+ Ty sin } (6. 8)
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Generalised Action-Functions in Born's Electvo-Dynamics 167

and,
Q = — 4% (Tp cos 3y + T, sin %‘.“) (6, 9)
G = — e*? (Ty cos 3p — T, sin $u) :
Eliminating A and p hetween the four equations (6, 8) —(6, 9) we get two
relations between the invariants F, G, P, O.

7. Relations with the Complex Formalism of Weiss.

The parameters A and u are very closely connected with the complex
invariants
6 =F 4G
introduced by Weiss.®® Forming the complex parameter A -+ iu,
A+ip =log e fitan? €
foe e I G/F) + (Q/P)
= 10;@; V2 G2 log VP24 Q2 I+ 7 tan™! {,(A,,,,,,i, o\l dlse e
L e 1— (G/F)(Q/P)
— {log VEF? G + ¢ tan—? (%)} — {log YP? +QF — 7 tan-? (g)}
= log (F + ¢G) — log (P — Q)

()

i.e., q{/i — el (7’ 1)

From the above equation we see that A 4 7u is an analytic function of both
the complex variables ¢ and i ; hence the Cauchy-Riemann conditions give

B L Rk ]
oF = 36" 3¢ 7 3E |
M _ . e
9B e o e 0P |
Differentiating (6, 6) and (6, 7) respectively with respect to F and G,
o a0l ol
T il
T A ow |
S g S0 ol
e Tosg Mo |
Adding these equations, and using (7, 2), we get the Laplacian equation
2T 20 1
e Ii 1. 4
S 2 agT 62'[‘ vt |
larl A e
Similarly, spr =+ 50 OJI

13 TV, p. 86, equations (5, 7), (5, 8).
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168 B. S. Madhava Rao

| These conditions reduce to the Laplacian equations given by Weiss
for I and H [see 1V, p. 88, eq. (6, 3)] if we observe that, in accordance with
our results in § 4.

T =1, (F, C) +H (P, Q).

8. The Maxwellian Case.

This cortespondsto e — 1y 0= 0 X — 0, 4 — 0,

Also we have E—  P—R andG=—0 —S. From (6, 6" (6, 7)
{I.‘F:szl, andTG ‘:TQ:;O
Hence, T —F L P —0.

9. Born's Aetion-Function.

The action-function T (A, u) corresponding to Born’s case can be found
by using the fact that one of the relations between invariants in this case
is G = Q. Hence from (2, 14) — (2, b)

S 'TF e RTG == STP ’l“ RT‘Q
v.€6., §~ = m' T(;,
-— tanh $A cos §pu, using (6, 6)—(6, 7) and (6, 1) —(6, 2).

using (4, b)

I

. éﬁ — tanh 32 cot 3 . 9, 1)
Solving this partial differential equation we easily derive
o coskl%/\
cos i

as the simplest function satisfying (9, 1). We therefore write Born’s action-
function in the form

PRt 9, 2)

| so that in the limiting case u = 0, this might reduce to Infeld’s form.4
Also R = T, = sink 3A/cos $u }
| — S =Tp = (cosh X sin }u)/cos? Lu|

Substituting these values in (6, 8) —(6, 9), we get

—A
P fle e ‘I
+Cos p
Lo (9, 3)
1+cos p J
G=0Q=—taniu 9, 4

14 11, p. 73, equation (4, 1).
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From the above equations we can easily deduce
\ 128 G
(4 =

1+G?
- Ll ,f 8. 2
e
so that 1+2F — G* 1+ Q2 :
EeE o wepe . 5)

which, besides G = Q, is the other relation between the invariants in Born’s
““ new field theory ’’.15

A much simpler method of deducing (9, 5) is from (9, 4) itself, for
2 tan Ip 2G

l1—tan? iy 1— G®
x| BO S RC GELER
~ FP—-GQ FP-G?
26 GE P
1-G FP —-G?
or, (B Pyl G2 - 2(TP . G?)
which is only a simplified form of (9, 5).

tan p =

and, tanp — €

sihice 5 =0

From the form (9, 2) for Born’s action-function we can immediately
find the form of the Lagrangian. From (4, 1)

L=31T 1R =3T4T,
cosh A sink 1A er2
= ol T o
cos +u cosiu  cosiu
From (9, 34) and (9, 4) this reduces to

L N1 o8 i |

which is the standard form of Born’s Lagrangian.

An alternative form for T can also be obtained in terms of the complex
invariants ¢ and i of Weiss.
¢ =F 414G, 4 =P —10Q
and using (9, 3) — (9, 4)
@ (14 cos p) = e — P
Y (1l 4cosp) =ed — it
Hence cos® {u (b + ) = cosh A — cos u, by addition
t.e., 1 4 cosh A ==cos? $u (¢ + ¢ + 2)

68 2T o e — SO |

15 See for e.g. V, p. 576, eqn. (8).
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and (9, 2) can be written as
T =2 + 2 + 4 — 2 (9, 6)
From (9, 6) it easily follows that T = Lagrangian + Hamiltonian. In
fact, 2 + 2 +4 =2 F + 2P -+ 4, since G = Q in Born’s case and from
a known identity'®
N2F +2P +4=1 +H + 2
The form (9, 6) is more general than the one given by Weiss” which holds
when the invariant G is neglected. The complex Lagrangian and Hamilto-
nian given by him for this case are respectively (1 + 2¢)% —1, and
(1 4+ 24 — 1 and in this case only we have
_ 24 NI+ B+ NI+ 2W=V2+2%+4 —2 9,7
in virtue of the relation
¢+ 2+ =0
While the left-hand side of (9, 7) is not Born’s action-function in the general
case where G is not ignored, we have shown that the right-hand side is so.

10. Other Functions.

The one parameter group of action-functions given by Infeld, and
the one by Hoffmann and Infeld are given in our notation by

T=Acosh%+Bsinh%+CA+D _ (o, b

and following the analogy of Born’s action-function we can use cos $u or
(1/cos p) which tend to unity with p =0 as a sort of guage-factor to
generalise (10, 1). It appears however that there is no criterion which leads
to such a kind of generalisation.
In analogy with (9, 2) we can censider
)2

v CO“SE Lo (10, 2)
as a sort of generalisation of the Hoffmann-Infeld action-function. We shall
use (10, 2) to obtain the correspording Lagrangian, develop it in power
series in F and G and compare it with the Lagrangian set up by Fuler and
Kockel as a correction to Maxwell’s theory on the basis of the phenomenon
of scattering of light by light according to Dirac’s theory of holes. The
reason for this investigation is that with the Hoffmann-Infeld action-
function (with G = 0) it is possible to make'® a much better estimate of the

16 V, p. 580, eqn. (2, 3).

17 1V, p. 91, eqn. (8, 5).

.18 This has actually not been done with the Hoffmann-Infeld action-function, but
with Infeld’s action-function T =e~A/> - + A —1 where [, = }log (1 + F). Itcan however
be shown that we get the same estimate 1ja = 130 with the action-function T = e7A/2 —
log A — 1 where H = }log (1 + P).
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fine-structure constant than with Born’s action-function. In the latter
case there is no correspondence (as mentioned in the Introduction) in the
terms containing G2 in the power series expansion. We shall try to find if
this correspondence as well as the better estimate for the fine-structure
constant could be secured from (10, 2).

The derivatives T, and Ty are given from (10, 2) in the form

: o2 S
B ot Y (10, 3)
1, = Sisindu | -
s 2 cos? 2u .
Also T, = R gives
A2 = (1 + 2R) cos 3u (10, 4)
From (6, 8) and (6, 9)—(using (10, 3) and (10, 4)
2F = (1 4 2R)?2 — (1 + 2R) cos? %,u} (10, 5)
2G = — (1 + 2R) sin 1p cos ip i

Since our idea is to obtain the power-series expansion of the Lagrangian

obtained from (10, 2) upto the second power in F and G, we assumel®
R = gF 4 a,F?2 + 4,02

and cosfpu =1 -+ b,F + b,F2 + bzGZ}

since R — 0 as F and G — 0, while cos u — 1. Substituting (10, 6) in (10, 5)

and equating coefficients of like powers after neglecting terms of order higher

than two, we get,

(10, 6)

ay =l a0, — — 2 a, — — 2
g = = Oy = =1
v e e 2
156, . %1; = IP_ Qg; 2G} (10, 64)
The I,agrangian I, corresponding to (10, 2) is given by
L =T +R
= 2R — 1A, using (10, 4) (L0, 7)

Again from (10, 4) the power-series expansion for A, using (10, 6a), is given by
=log (1 + 4F -- 4F2 — 12G?)
=4F — 12F2 — 12G3*
and (10, 7) reduces to
L =F —F2 — (32

- -> - -> |

or L = (B — By — H(B — By + 4B B (10, 8)

1® The invariant G appears as square only, as pointed out by Weiss. See V, p. 89.
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whereas the Lagrangian of FEuler and Kockel is
>

. —)2 —)z 1 - -)2 . = 0]

, L=} (B —E) - g (B B + 1 BEY  (10,9)
and Born’s Lagrangian is If

= -> - = > >

L=} (5 —E9) — 345 —E9r +4 (BRI (10,10)

From the above equations it is clear that while (10, 8) and (10, 10) agree
:} in the second order terms in G, neither of them coincides with (10, 9). W
| Also (10, 8) gives the estimate 1/a ~ 130, as done by Infeld’s action-function t1

@ =0
11. Coincidence with the Lagrangian of Euler and Kockel.

The question that now arises is whether it is possible to manipulate the H

action-function so as to obtain the coincidence with (10, 9) with the further

restriction that it should reduce itself to the Hoffmann-Infeld action-function

when p — 0. Now, it can be shown that, if we alter the second term of (10, 2) ; P
by multiplying or dividing with the factor cos iu, the relations between the

invariants F, G, P, Q will not be algebraic. Since this is desirable on grotnds

of simplicity, we can try with

)
= C(j: ;;‘;L — g — f (cos }/u,), suchethat ). — I for e — T
Y A tl
or - = — fv), v=rcos Ip. (&1 b g
! Ul
Welhe R T ‘Q’ng%’ﬁ —3%; ande? = (1 4 2R) cos 3u (10, 4)
e oMsin gy | fllv)sin fp
, 2 cos® 1 2
L-oR G- R (11, 2) .
In consonance with (10, 6a), we assume the power-series expansions upto
the second order
ReF -1 0
cos ip =1 + B G2, -
Tl (11, 3) .
) =k + ke .
From (6, 8) —(6, 9), the expressions for F and G are given by i

2F = (1 +2R)?—(1+ 2R) cos?4u + (1 + 2 R) f’ (v) sin? } p cos %M}(Il 5
—2G = (1 -+ 2R) f' (v) sin fu cos? 3 + (1 4+ 2R) sin 3u cos 1u /
Substituting (11, 3) in (11, 4) wherein we take the second equation
after squaring both sides, and comparing coefficients, we have
B= —2J(k +1p (11, 3
— —2(k+1)
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From (10, 4) we find A, and substitute for A, R and f () 16 (1l 2

obtaining
L =F —F24+G%(a — 1B — 3. (11, 6)
If (11, 6) should coincide in the factor of G* with (10, 9) we should have
a—LiB -3 = —T/4
ie.,, 2B+ 2 —4a =T (11, 7)

We now still further specialise (11, 1) by putting f (v) = »”, and determine
the value of # so as to satisfy (11, 7).
If f (v) = v* = (1 + BG®” = 1+npG? to the first approximation

) e gl E G i

Hence,

;], o Zﬁ (11, 8)
Putting in (11, 5) and (11, 8) in (11, 7) we get the equation for n

gt n g
n+1 (m+ 1)2 (m +1)2

or Tn2+10n +3 =0 @ o)
This equation gives n = —lorn = —3[7; but n = —1 would make
the values of a and B infinite, and consequently of R and cos }u. Neglecting
this value we can take # = — 3/7 and obtain an action-function which has

the desired coincidence of the Lagrangian.
In an exactly similar way, we can show that
T — )2 cos 3p — : (cos tu)”
5 )
where # = 8/7 also gives an action function of the desired type.

12. Conclusion.

It is practically certain that the method adopted in the previous
article can be applied to several other action-functions so as to obtain the
Lagrangian of the type searched for. It appears therefore that even
this does not restrict the type of action-function ; nor should this be sur-
prising since we are merely comparing coefficients of particular terms
in power-series expansions and not going on any general principle. Any-
way it serves to bring out the possibilities of the field-theory.
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