
Temperature Distribution in an Electrically
Heated Filament

Tue distribution of temperature in a filament
electrically heated im vacuo has been studied by
several previous authors. The differential equation
defining the steady state is:
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in which T1 is the temperature at a distance x from
one of the ends, Tm is the value to which the tem-
perature at the centre tends as the length 20 of
the filament is increased indefinitely, keeping the
heating current the same, and a is a constant de-
termined by the cross-section of the filament, its
thermal conductivity and the emissivity of its surface.
Using the boundary conditions Z7 = ® when z = 0,
and aT[dx = 0 when 00 = 1, one obtains?

a (Tmt - T*) - 0, (1)

o = i" [SaTmnt (T1-T) - a (TP=T)J4daT, (2)

the value of Ty occurring in (1) being determined by
the condition that, when the upper limit of the integral
is made equal to 7), « should become J.
In a recent paper? it was shown that though the

integral cannot be evaluated directly, it can be ex-
panded as a convergent power series. The filament
can be divided for this purpose into two distinct
regions, region A comprising a certain length near
the middle, and region B outside it, the power series
referred to being different in the two regions.
Now, denoting T'm T1 by A, it can be shown that :

A exp f(A) = exp + 2/A (3)
are solutions of (1), where
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A - 10a Tm3 (4)

and

NY = 37, + 16 Tt ~ MOT, ©)1A A? 1 A?

The effect of the finite temperature coefficient of
the thermal conductivity, and of the other constants,
can also be taken into account by replacing the
factors 4, is, - stv,.. _ by Ay, Ay, Ag... which
can be calculated. For a tungsten filament with
Tm = 2,400° K., A, = 0-75, and the other A's are
much smaller.
In the region where exp f(A) is close to unity, a

general solution for the finite filament can be obtained
by suitably combining the two particular solutions
given by (3). The corresponding two terms in the
general solution are obviously such that one of them
increases rapidly and the other decreases rapidly
as we move away from the centre of the filament.
If Tm - T is sufficiently small, the latter term may
become negligible in comparison with the former,
while A still remains small enough to permit our
combining the two particular solutions. When this
has happened, the need to keep exp f(A) close to unity
disappears. We thus obtain a practical general solu-
tion that is applicable over the whole length of the
filament, namely :

A exp f(A)= A,expf(Ao) [exp - +exp -(21 - x) +/A}]
A, expf(A.) exp - (exp + exp - qv/A),

(6)
where A, - I'm -9, and g - 7 - = is the distance
measured from the centre.
Now for a filament for which 2, - TI is small in

comparison with Tm, which we shall refer to for
convenience as a 'long' filament, the limit of the
A-region is given by Ac ~ 3(Dm - T1). At this point
it is found that the ratio of the second term
inside the brackets in (6) to the first term has
decreased to about exp ( 3-6), that is, below 3 per
cent. Taking for convenience this fraction, namely
003, as small in comparison with unity, we can
readily investigate how small Tm - Ty should be in
comparison with Tm in order that (6) may hold over
the..whole length of the filament to at least this
degree of accuracy.It may appear at first sight that the criterion for
our being able to combine the two particular solu-
tions, namely, that exp f(A) should be close to unity,
will become increasingly difficult to satisfy as A
increases. But actually, owing to the disparity in the
magnitudes of the two terms to be combined, which
increases rapidly as one moves away from the centre,
the working criterion becomes /(Z'm - T1) < 003,
or (I'm - Ti) < 0047m. When this is secured,
(6) will fit-with observation to a much closer accuracy
than 3 per cent, the accuracy increasing rapidly
one moves away from the centre of the filament.
The results obtained earlier for such a -filament,

on the basis of the series-expansion of the integral-
namely, the parabolic variation of temperature in the
A-region, the orn of the distribution outside
the A-region to that of a similar infinitely long fila-
ment heated by the same current and the logarithmic
distribution at the top of this range-all come out as
special cases of (6).
By putting z - I in (6), one obtains a useful rela-

tion for the temperature JT; at the centre of a long
filament, as a function of its length, namely :



No. 4409 May 1, 1954 NAT
Tm - 2A, expf(Ay) x exp-l/A, (7)

in view of which (6) may also be written in the
convenient form,
A exp f(A) - 3 (I'm - Ti) (exp +

(8)
which is applicable over the whole length of a long
filament. K. S. KRISHNAN
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Temperature distribution in an electrically heated filament

To
The Editor of 'Nature

Dear Sir,
The distribution of temperature in a filament electrically heated

4n vacuo has been studied by several previous authors. The differential

equation defining the steady state is

AVAL %0» Te_t') (1).
n whieh T "s the temperature at a distance 2c. from oe of the

ends, is the value to which the temperature Te at the centre

tends as the length 2 of the filament is increased indefinitely,
keeping the heating current the same, and CU is a certain constant

determined by the cross-section of the filament, its therm
conductivity and the emissivity of its surface. Using the boundary

conditions when and LT (abe - 0 whan one obtsins

X= S\ y

the value of ary oceurring in (2) baing determined the condition

that when the upper limit of the integral 1s made equal to [ey
should become E .
t
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In a recent paper it was shown that though the Integral cannot

directly, it can be expanded as a convergent powerbe evaluated

series. The filament can be divided for this purpose into two distin
regions, region A comprising a certain length near the middle,

/ and region B outside 1t, the power series referred to being different
in the two regions.

Now denoting 'by A. it can be shown that

Ne) tax JA
L\ (9)

are solutions of (1), where

A \o o Ton Y)
a

The effect of the temperature coefficient of the thermal

and
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conductivity, and of the other constants, can be taken into account

by replacing the factors 1/2, 1/16, @
9 aed by Aye As Any os

which can be calculated. For tungsten filament with 7,- 2400° K,
A \= O.7, and the other A\'s are much smaller.

In the region where {(C) is close.to unity, a general

solution for the finite filament can be obtained. by suitably combining

the two particular solutions given by (2). The corresponding two terms
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in the general solution are obviously such that one of them increas

rapidly and the other decreases rapidly. as we move away from the ec

of the filament. Ti is sufficiently smil, the latter ter

nay become negligible in comparison with the former wh

sma enough to parmit our combining the wo particular.
is. close!solutiong. when this has happened, the need to keap

to unity disappears. ve thug obtain a practical general solution
that is applicable over the whole length of the filament, namelyHO) aeVAR fogae) JA

cantre.
distance from thewhere /\> and 4s the

Now for a filament for which ben - Ty ds small in comparison
with ... » which we shall refer to for convenience as a lone fil
the limit of the Aeregion is given by A. 2(Tn-k)eAb this point
it is found that the ratio of the second term inside the

square
brackets in (6) to the first term has dropped down to about

Le@e below 34, talcing for convenienee this fraction, namely 0.03
as small in comparison with unity, we can readily investigate how

small 1,- should be in comparison with ~[, in order that (6:

may hold over the whole length of the filament to at least this
degrag of accuracy.



4

may appear 'at first sight that the criterion for our being able
to combine the two particular solutions, namely that should
be close to unity, will become increasingly difficult to satisfy as A
inereases. But actually owing to the disparity in the magnitudes of
the two terms to be combined, which increases rapidly as one moves.

to a mich cleser accuracy than 3%, the accuracy increasing rapidly
as one moves away from the centre of the filament.

The results cbtained earlier for such a filament, on the basis
of the series expansion of the integral, namely the parabolic variation
of temperature in the A-region, the closeness of the distribution
outside the A-region to that of a similar infinitely long filament
heated by the same current, the logarithmic distribution at the top
of this range, all come out as special cases of (6).

By putting k in (6) one obtains a useful relation for the

temperature Te. st the centre of a long filament, as a funetion of

O-002 oraway from the ecantre 5 the\eriter on becomes
(Um

(Tn a) < then this is secured (6) will fit with observatio

Ats length, namely

In -2.
LSA

in view of which (6) may also be in the convenient formwritten

which ds applicable over the whole tength of a long filament.
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