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THE FREQUENCIES AND THE ANHARMONICITIES OF THE
NORMAL MODES OF GBS CILLATION OF ALKALI HALIDE CRYSTAIS.

I. LATTICE OSCILLATIONS

National Physical Laboratory of India, New Delhiy

il Jllwx~*4m¢\1 (°7§1)--.e,,f,:_
e ABSTH ACT -~

The frequencies and the anharmonicities of the lattice
oscillations of alkali halide crystals, i.e. the oscillations
of the interpenetrating lattices of the alkali and the
halide ions respectively, with respect to each other, are
calculated on the basis of the Born model. If T be the
small relative displacement of the two lattices, and 1. m n
the direction cosines of r with reference to the cubic axes
of the crystal, it is found that the potential energy can

be expressed in the form

e nt i n®t -y

U= U +ar’+briter
in which the constants U , a, b and ¢ are readily
evaluated. The céefficient éfgg'determines the frequercy,
and of Eé the anharmonicity, of the lattice oscillation.
This oscillation is characterized by the development

Mo
of an/electric polarization i#n the medium. It is found that

the polarization field acting on an ion tending to displace

the ion has just the Lorentz value, whereas the field tending
G&;@)

to Uolarizekzt is almost nothing.

The anharmonicity of the lattice oscillation, unlike
its frequency, is found to vary with the direction of the
oscillation, from a large positive value along [lli}‘ to a
small n@gative value along LlOO} . Its effects on the

frequency of the octave, and on the specific heat at constant

volume>are discussed.
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1. INTRODUCTION

The freqnenciés of the various normal modes of oscil-
lation Qf sodium chloride crystal have been calculated by
Kellermann (1940) on the basis of the Born model, and the
frequencies of the other alkali halide crystals, of both the
NaCl and the CsCl types, can be calculated in the same manner.
The frequencies of some of, the simple modes have also been

IyRaman (1947) and
calculatedlyy Ramanathan (1947) in terms of certain forces#
constants that define the restoring forces acting on the
ions when they are given certain specific small displacements
from their equilibrium‘positions. These oscillations in
general are presumed to be anharmonic, -and their anharmonici-
tig§ have been invoked feequently to explain the occurrence
of some of the octaves and combination frequencies in the
infra-red and the Raman spectra of these crystals, and ;lso

to explain the possibility of a temperature variation of

the specific heats of these crystals at constant volume at

high temperatures (Borh.ééé Brody 1921). ©No attempt, however,

seems to have been made to estimate the magnitudes of the
anharmonicities of these oscillations4 though they can be
calculated on the basis of the Born model just as readily as
the frequencies (Krishnan 1950).

It is the main purpose of this paper to calculate the
anharmonicities of the various normal modes of oscillation
of the alkali halide crystals. Part I_concerns itself with
the oscillations of the two interpenetrating lattices of the
alkali and the halide ions respectively with respect to
each other. These oscillations, unlike those in other
normal modes, are characterized by the developmg;t Of/%ﬁ
electric polarization in the crystals. Hence the calcula-
tion of the frequencies of these Qscillations on the Born

model is also of interest, as it throws light incidentally
on the magnitude of the polarization fields in these crystals,
and in particular brings out the essential difference in

behaviour between the polarization due to the relative dis-

placenents of the positive and the negative ions and that due
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to the dipoles induced in these ions, and the almost
complete lack of interaction between the two polarizations.,
These and other aspects of the polarization fields are also
discussed in this Fart.

S TVT BORN_MODEL

In crystals of the alkall halides, as is well known,
the alkali and the halide ions form interpenetrating lattices,
both the lattices being face-centred cubie in the NaCl type
of crystals, and body-centred cubic in the CsCl type. The

ions in the crystal may be regarded, according to Born#*,) as

h%@ in their respective positions by the electrostatic forces

between the charges carried by them, and by short-range forces
of repulsion between them. Indéed the fall of the repulsive
forces with increase of distance is so rapid that all repul-
sion interactions except between the nearest neighbours may
be neglected. Other types of interaction, as for example the
interaction between the dipoles that may be indaced in the
ions, will be much smaller, and may be neglected to a first
approximation. Further, in view of the spherical symmetry
of the ions, we may regard both the electrostatic and the
repulsion interactions bo be central. These assumptions, which
are good approximations, render the model simple.

Taking the energy of repulsion interaction between any
two neighbouring ions separated by a distance R to be given
by g}{i?), the potential energy U of the crystal per pair

: : . |
of ions will be given by ¥

g -467'&7 + M, CPC‘?), wan (1)
in which n, is the number of nearest neighbours, equal to 6
in the NaCl type and 8 in the CsCl type, and & is the
Madelung constant, equal to 1.748 in the NaCl type and to
1.763 in the CsCl type (Sherman 1932)e

£
*For a good account see‘MaxBorn aad VvGoppert‘-”Mayer(msy

i
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The condition for equilibrium of the erystal, namely

(aU/’aR)R:f o, L o

where d 1is the value of R when the crystal is in

equilibrium, gives

90/@('3 = '*‘_0<_€1 (”’LO(;). bl (3)

Using the further relatlon

(a ’QR /wﬁd> G

where ﬁS is the 1sothermal compressibility of the erystal,
and N 1is the number of ion pairs per unit volume, we

obtain

@) = 2a /L) + 9 pipd) oo ®

where “N is equal to 1/(2§3) in the NaCl type and to
3J§/(8§3) in the CsCl type.

Both Hg and ﬁs appearing in these expressions refer
to the Absolute Zero of temperature. Though *q may be
obtained bylextrapolation accurately enough, a reliable
estimate of ﬁs at absolute zero (and at zero pfessure) is
difficult- to make.

The higher derivatives of 90, namely ,” > 90“/@(_)}
etc., may similarly be obtained from the known variation of
the compressibility of the crystal with pressure at different
pressures. Since the experimental data on pressure variation
of compressibility are not sufficiently precise for this
purpose, we may obtain the values of the higher derivatives
of sﬁ (B) more satisfactorilyl by assuming for i@/as “4¢“v(;

suitable simple form like

= 4 o B4 .
PR) =4 e (6)

in which the two constants A and jD can be evaluated with

the help of relations (2) and (4). For such functions,
/ 4
involving only two constants, not only (0 (d) and 99 (8],
bat/




but all the higher derivatives also become known from (2)
and (4).

The exponential law of variation of repulsion inter-
action with distance postulated in (6), besides being con-
venient, is justifiable, as is wellrknown, on other considera-
tions. Adopting (6)}and denoting __d/J‘:> by 8., we obtain

from (3) and (5), /
b 5
e e ad S,

Other simple functions, like CF(R) ='B R™%, have also

been proposed for the repulsion interaction between neighbours,

in which the constant B can be eliminated as before with
the help of (3), and/‘m evaluated with the help of (5).
ke

It will be readily seen that

i
m=-1=9d/(Nx & (6 )y ’ (8)

amd. honce W S 2{*uwk £ oD
2 EOTENTIAI ENERGY CORRESPONDING TO SMALL RELATIVE

DISPLACEMENT OF THE TWO INTERPENETRATING LATTICES,

We shall now consider the oscillationy of the inter-~
penetrating lattices formed by the alkali and the halide
ions respectively, with respect to each other. Stgrting
with the crystal in equilibrium)%nd taking the coZ@rdinate
axes along the cubic axes of the crystal, and the origin at
the lattice point occupied by an alkali ion, let the lattice
formed by the alkali ions be displaced with reference to
the lattice of the halide ions by a small distance r

: Lo, :

(E:QKEE) in tHe direction Il—@m5—m. The alkali ion which
was originally at the origin will now be at X ¥ 2z
where x = rl, y =rm, 2z = rn. Let us now cal;uléte the
potential energy”of the pair of ions formed by the alkall ion
at.x ¥ & and each of the surrounding ions taken in
succession: The sum of these potential energies will obvious-

ly be the potential energy of the deformed crystal per pair
o/
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of ions. Denoting it by U, Zgamay be expresseé(és a power
series in T, in which, owing to the centre of symmetry of
the lattice points in these crystals, terms involving odd
powers of r will obviously be absent. grmay therefore be
expressed in the form

U=U+ar?+fréiy --. . Yol l (9)
The term U, , which is independent of r, will evidently be
the same as for the undeformed crystal;uand will be given by

U = —Uez/d 4-n of(d), 2 (10)
The coéfficient of ?2 will determine the frequency of the
oscillation that we are considering, i.e. the reststrahlen
frequency of the crystal, and the coefficient of r4 the
anharmonicity of this oscillation. A

We now proceed to calculate these coefficients. Since
the positions of the other alkali ioné relative to the one
at ?yz remain the same as before, the potential due to them
will obviously be independent of XYZ. Hence, in calculating
the ;2 and ,?4 terms in the expression for the potential
energy of the alkali ion at Xyz due to the surrounding ions,

it 1s suffieient to consider the effect of the halide ions

alone.

4. EXPRESSION FOR POTENTIAL ENERGY
Let us con?ine attention t;-one 6f these halide ions
located at say §"? C , and the alkali ion at Xyz, gnd
denote the interaction energy between them by 1V‘(5),

where

2-
YR = —¢ /R + PR) P (11)
R is their distance of separation, given by

R% = (5 — )24+ (M —y)2+(5=2)2 ior

e

Sq v :
:RO +..ar 2 ‘,Q t{o I‘, s

Ro is the distance of the halide ion from the &% origin/and




T

: 7
/0 B \ /71
Czaxj\L€v+fW']%“f1§>¢’§D Loat1d)
denotes the cosine of the angle 6 between the radius
i =5 oL
vectors T and R. (See ?igi 1)
31

- 1 ,f[?7§;

\

et

Keeping l m n constant, and varying the magnitude
of T, we may express’qf(R) in the form
YR)= YR, +fv~(aqr/a'>~) +(Y‘/2' (d W/o r")«v ) we(15)
in wmich'?—+jR as r—0.

With the help of (18) we may replace the differential
coefficients in (15) with respect to‘y)at*rzqzby the cor-
responding coefficients with respect to R}at'R:;Ro. .The’r2

and r4 terms in (15) will then reduce to

AT »—(\fr/z') !*QMV R +Q V

. and (f. 14") 50 o )kﬁ@ {\)(l‘) R f*q)/l’ff{ ) .
-k(DGE (, Qe’)'q) XF; -F'Q? lff ;} unAk|/)

respectively. The differential coefficients ofﬁ(appearlng

in (16) and (17), and in the equations to follow, are
with respect toR, at R=R .

Owing to the symmetry of the crystal, corresponding
to evefy lattice point (E Wlﬁg) occupied by a halide ion,
there are others at points obtained by the various com-
binations of (i:g) M, EG ) in which the co[érdinates
are interchangeable. Tbelr rumber n, i.e. the nu@berfzfnmluw
negative ions at a distance R = E’ + M —+—’g xf’;‘:%ﬂ? S
48 when E’WQ)E; are all different and different from zero,
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but will ordinarily be less. Knowing the values of n and o}~

R, for these groups of halide ions, the coefficients a

and: £ of the rg and »r4 terms respectively, appearing

in (9), can be calculated, since

Lo

& - Juat % (19)

where the bar indicates the average value taken over the

6 = ST A (18)

n ions forming one such group, and the summation extends
over all such groups.

In calculating Elandgﬁ; we need to know the corresprond-
ing méan values of Q2 and Q4 appearing in eguations (1€) and

(17). Obviously

- o iy - /=

A (20)
s - (21)

3 =3 1-30)- 1-50) {4+ndend) (22)

in which
&G

et/ e

Lo

end L o e (24)
O] £t -m" =%, .- |

n, R and U~ will naturally vary from group to group.

0

S, CEFFICIENT OF THE r2 TERM IN THE EXFRESSION FCR
POTENTIAL - ENERGY

We shall now take up the calculation of a, the
coefficient of the r2 term in expression (9) for the
potential energy of the deformed crystal per pair of ions.
Substituting for_Q2 in (16) its average value, namely,

5? = 1/3 (see (21) ), we obtain

o 22%% Gy F ‘*‘\{)”)/(0%,»% (25)

in which R, and n wid vary, as we have seen, from
group to grbup, and the summation extends over all the
groups of negative ions surrounding the positiVe ion at
e L

Considering/




Considering first the electrostatic interaction,
i.e. putting /q)kﬁi> ::.-56;41 in i(25) oﬁe can readily
see that (25) red&;es to zero. In otBer words, the electro-
static interactions between the varicus iocns contribute
nothing to;\gg term in expression (2) for the potential
anergy of the crystal.*

Considering next the repulsion interactions, i.e.
putting uf(ﬁf):;gpﬁi), and confining ourselves to the
interactions betweeﬁ the neare§t neighﬁours,.one can
readily see from (25), in view of relations (3) and (62}
that their contribution to the coefficient a in expression

(9) is given by

4@ 2 (9.N[2>0L7‘> S (26)

Taking the law of repulsion interaction to be exponential,

a can also be expressed, in view of (7), in the form

ke oc_e:"(ﬁ—z)/((odf’} e o (27)

!

The magnitude of ay as calculated here, will

obviously be independent of the explicit formulation of

‘§f7tj§> as a function.ofy =

6. THE EFFECT OF THE POLARIZATION OF THE MEDIUM

=
Among the various normal modes of vibration of the

crystal, the particular one that we are considering, namely
the oscillationg of the lattice of alkali ions with respect

to that of the halide ions, is unique in that it corresronds
a ;
the development of an/el%t%?ggdpolarization in the crystal.
: ‘o
. As a result of this polarization, which will be proportional
(aMo(/,M mewtiloned guot meids oL be the Aamee th r“r‘vva&a\,(— Hee G\T}i(

to thé“diéﬁléééﬁéﬁtmWr})/thé”féfbé”ééfiﬁg on any given ion <
it

in the crystal, tending to restore it to its equilibrium

value (26), will be less by an amount equal to the force

* There is, however, an indirect contribution to the r< term
arising from the electric polarization developed in the
crystal as a result of the relative displacement of the posi-
tive and the negative ionsj this will be considered in the
next section.
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due to the polarization field.*

Now the polarization of the medium, equal to say

D

o per unit volume, will arise primarily from the relative

displacement/of the two lattices; but accompanying this
i~ <
displacement there may be a polarization of the individual

ions also, since the ions are polarizable.

There is, however, this essential difference between
the polarization produced by a small relative displacement’fégﬁL
of the positive and the negative lattices, and that induced

the Atapl tﬁ-bﬁ/%wmwf ative fo tho nuclous,)
1n the 1ons< The rolarlzatlon arising from the lattice 7
displacementg may be regarded as due to small dipoles,
located at the lattice points, the separation of charges
in these dipoles being much smaller than d. On the other
hand in the dipolesf.induced in the ions, the separation of
charges is comparable to d. This difference in size of the
two types of dipoles renders the character of the field due

(HecRmamm 1925 ¢ 0
to them in thelr close neighbourhood quite different’éMott

aﬁﬁ Gurney 1939). We shall denote by P'; and EL;

(§-+-RL== P ) the contributions to the polarization of the
éfystél per unit volume, from the lattice displacement and
from the dipoleslinduced in the ions respectively, and
consider the polarization fields, due to P| and RL acting
on an ion, that are effective (i) in displacing the ion,
and (ii) in polarizing the ion. Let us designate the
polarization fields effective in (i) by [?(P(e r'Jand! ]
D, fy ST 2 respectively} YA (28)
and those effective in (ii) by
p P erilandf}p P. e rrespectively (29)
= S iE : '
The elementary dipoles arising from the displacements of

the ions being practically point dipoles, we should expect

e

to be equal to 47U/3, i.e. the polarization field

* The direction of the latter force is such as to increase
the separation r of the two lattices.




e
concerned to have the proper Lorentz value. The other p's
however, will be much smaller than ;,”ui 3 [ ’(L“_g; ;‘ngif"lg*’?"#’/‘s)
their actual magnitudes depending on the degree of overlap of
the ofotiie
A\relghbourl g ions. Ant}Clpatzng the results to be obtained

in the next section, we may mention here that the experimental
data point to P, being 4j;ﬁ3, and all the other p's being
practically zero. In other words, the éxperimental data
show that i;. is practically zero, and the only polarization
in the medium is that due to the displacement of the ions
alone. The polarization per unit volume is then given by
‘? r:;P‘r:;ﬁ_e Ty and the force acting on an ion tending
to increase the displacement has the full Lorentz value
(4T /3)N er.

Remembering that the displacement r of the positive
ions is relative to the negative ions which may be regarded

as kept fixed, the correspoﬁding potential energy of the

crystal per palr inlons will be given by

2 VR 1;‘

which will be the contribution to the coefficient a in (9)
from the polarization of the crystal,

Adding this to (27), we obtain for the coefficient of
2

in expression (9)
R L1 13
X=a+a = e (b-2) (6d’) —

Knowing a, the reststrahlen frequency ¥ of the alkali
halide crystal is readily calculated from the relation
2. g
270 e ) G (a2

/e

and m and m_ are tVe masses of the two ions. C7~u¢t**4 B2 L
Y ¢ e Lattice ecllation pre fhe e <o toe

(M man
(\31)&‘%LMISTRA}LEP | FREQUENCIES OF THE ALKALI HALIDES "™

—
=

where \/’)’ — |/m S if‘WLa_ yg(33)
/ J P

The constants needed in the calculation of the fre-

quencies are obviously d, E; and AL . For all the alkali

/
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alkali halides, both of the NaCl and CsCl types, the values

of m, equal tob—1 fsee (8) g)have already been calculated

from the compressibility data extrapolated to the absolute
zero of tepmperature, by Slater (1924))and from certain
independent general considerations by Pauling (1928). We
have adopted Pauling's values of m to give us 8‘. The values
of a, calculated therefrom, and Of~?2\’ are given in columns

|
1
5 and 6 ‘Table i

Table 1

Crystal

d #n(k) B=mel 1ux 107280, Saat U 107t 16
‘ (Pauling) i 2 €alcu- Opserved
lated (Barnes?

£ 1932 )
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It will be seen from the table that except in some
of the fluorides the calculated values of ) agree E=iriy
well with the observed values.

It will also be seen that %OHL%is a large fraction
of_a‘ . If in (28) and (29) the factorsP3 and 94 deter-
mining the magnitude of the polarization fields that are
effective in inducing dipole moments in the lons, and the
fac‘tor“p2~ determining the polarization field due to these
induced dipoles, tending to displace the ions, had all of
them the Lorentz value of 47¢/3, likeipl , the contribution

to Eﬁfrom the polarization of the medium}instead of being

ooy
equal to —27TC N€ .ﬂ‘3) would be given by

TN OB L SN g
A = —| ZTCN € / 3\\%&:4‘2\/ T ) %(34)

where_gou is the refractive index of the crystal extrapolated
for long wave-lengths. In NaCl for example, (;;;—k~2)/3:=1.4,
and in some of the other crystals much higher, arnd if intro-
duced in the expression for szyould cbnsiderablg,decrease
the calculated value of . Even iprl andﬂpq s Whieh
should be of comparable magnitudes, were equai to 47C/3,
and\pq., which might be much smaller; were equal- to ;éro,
the effect would be considerable. Hence the observed
agreement between the experimental values of )/ and those
calculated from (32) and (31), may be regarded as demonstra-
ting empirically
(1) that the polarization of the medium is due wholly
to the displaceménts of the ions, and that these
displacements do not induce any polarization in
the ions; |
that the effective polarization field acting on an ion.
and tending to displace it has just the Lorentz value,
namely 47C/3 times the polarization per unit

volume of the crystal. Bl ar




e

23

~ Similar conclusions have been drawn by Mott and Ltﬁiki}uoabi

GHFﬁey~%%9§§7 for the NaCl type of erystals from the observed
difference between the dielectric constant for static

fields and the square of the refractive index extrapolated
for long wave-lengths.  This difference obviously represents
the contribution from the relative displacement of the

positive and the negative ion lattices.

8. THE LORENTZ POLARIZAI}GN FIELD

These resulis are indeed gratifygng. The experimental
finding that the observed variation of the refractivity
of these crystals with density does notvconform'to the
Lorentz formula has sometimes'been regarded as throwing
doubt on the validity of the lorentz derivation of the
polarization factor (47C/3 even in cubic crystals. The
fundamental assumption impliecit in this derivation is that
the elementary dipoles present in the crystal to which the
polarization of the medium is due, are point dipoles, i.e.
that the distance of separation of the charges in the
dipoles is small in comparison with E} The dipoles induced
.in the ions in these crystals, as for example in refraction,
do not generally satisfy this condition, since the separa-
tion of charges in the ions is of the magnitude of the
diameter of the ions, and hence in the larger ions comparable
with the interionic distance. The polarization factor under
these conditions, instead of being equal to 47%/3 gas
deduced by Lorentz, will be much smaller, and judging from
the ‘'experimental data, almost nothing in the alkali halides.
In other words, the Lorentz factor 47%/3 fails just in
the case to which it was intended to apply, namely, in
determining the polarization field in refracting media.

This should not, however, be interpreted.as casting

doubt/
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doubt on the validity of the Lorentz derivation of the
factor 4Jt/3. Where the polarization of the crystal
arises from a small relative displacement of the positive
and the negative ion lattices, it may be regarded, as

we have seen, as due to point dipoles located at the
lattice points. In this case, the experimental data

for the reststrahlen frequency do point to the factor

D, determining the polarization field, having just the

Lorentz value 470/3 .

Before concluding this section we wish to make two
observations. We have here regarded the effect of
the overlap of the electric charge on an ion with the
charges on its immediate neighbours as affecting the
magnitude of the polarization field due to the latter

acting on the former. Alternatively, we may also regard

the effect of the overlap as equivalent to a reduction
of the effective charge on the ions from e to e* ( e
(Frohlich 1949).

The second observation concerns the method
uged—br—Ramenathen—{1947)>—and referred to in the
Ihtroduction, for/calculating the frequencies of
some of the simple modes of oscillation of these
erystals on the basis of certain specified force-
constants between the atoms. Since these constants
are not known functions of the distance of separation
between the interacting atoms, the method is not
capable of giving information regarding the anharmoni=-
city of the oselillations, in which we are specially
interested in this paper. Even in the éalculation of
the frequencies by this method, since no attempt is
made to distinguish between the contributions to the force=
constants from electrostatic interaction and from other types

Qan-
of interaction, g ‘ :fﬁﬁ7 the electric charges
: N
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on the ions are not%}nvéked explicitly in calculating
the forces between them, any cooperative effect of the
electric charges, like the polarization of the medium
gs—g—whode that may”accompapy the oscillation}is com=
pletely overlooklin‘this method. When such a pola-
rization occurs, as in the lattice oscillation of the
~alkall halides considered in this paper, the effect
of the polarizatiorn field on the restoring forces acting
on the ions, and thence on the frequency of the oscillation,
as we have seen, can be quite large.
We shall have more to say on the force=constants
between the atoms In alkali halide crystals when we
calculate the frequencies of some of the other modes

of oscillation of these crystals in Fart II.

9. THE\_I_'4 TERM IN EXPRESSION (9) FOR POTENTIAL ENERGY

The contribution to the potential energy from the
polarization of the medium is confined, as we have seen,
to the r® term. But both the repulsion and the Coulomb

interactions will contribute to the 54 term. 1t will be
seen from (17), (21) and (22) that this term is of the

form

4
fr¥ — »p r44~c r4(11 +—m4-k ﬁ%} ve (35)

e

and is thus a function of the direction of the relative

[ ]

displacement r of the two lattices.

a2

As in the calculation of the r™ term, in the
present case also, it wi11 be convenient to consider
separately the contributions from the repulsion

and the electrostatic interactions, and denote

them by the subscripts 1 and 2 reSpectively'so that




foh (36)

c c +e s (387)

R,
Considering the repulsion interactiocns first, and

{»
adopting for them the exponential law ( V), and ignoring

interactions except between nearest neighbours, we obtaintffrv37)
2 . % ) 2. ‘ '
o ( % Q ! S )
gl B ad rodks S +60 +150+15 o\ (ag)
i 80 . e dB 16 /
o 2 f: NL" C\»
a9 48

e

\ SN (39)

resgéctively.
In the NaCl type, in which the immediate neighbours
are six, at € +d, o, 0., ete,
g = 1/3,

whence (38) and (39) reduce to

—

X g2 \2‘52-+-8§;4‘3
& 24
D Céd 1B nh Tt
79

respectively.
Similarly in the CsCl type, in which the nearest
neighbours are eight, at ( +d/ V3, +d/ V3, j;d/~/3))
g = 1/9) b _ e (43)

and the values of b, and <, are given by

D
2 Ser e N
d

4a-

In calculating the corresponding contributions bL
and e from the Coulomb interactions, which are 1ongérange
ones,kﬁe have naturally to include many more of the negative
ions surrounding the positive ion at xé;y,;z, Substituting

-e2 /R for Y (R) in (17), and putting

/ \
. st N ¥ 5 (46)
Rl 0

/
we obtain




The values of n, 2\ and O will naturally vary from
one group to another, and their values for the different
groups of negative ions surrounding any given positive
ion in the crystal are given in Table f%.

@AB%E i1 2

NaCl Type

6

8 : 1/9 0.228
24 | ar 32/75 - -0.057
24 _ ~> 11/81 0.032
6 1/3 -0.016
24 83/363 -0.009
24 i 97/507

CsCl Type
8
24 ; : 83/363
24 ! 163/1083
8 V 1/9

: Z
It will be seen from the last column of Table J1 that

n(l=5 U'J)/Ab decre(eases rapidly with ilslcrease of 7N .
: 5
and the value of E { B (b= 507 J L% g, appearing in (£7)

and (48))in which the summation extends over all the

surrounding/




B e

surrounding groups, is therefore calculated easily. Its
value is =-3.82 for crystals of the NaCl type, and 3.46
for those of the CsCl type. Using these values, those of
b and ¢ can be calculated with the help of (47)and (48)
respedtively. The values ofnb: q4—pz and of_c::crkcl thus

3
calculated are entered in columns (2) and (3) of T;ble .

Table FE¥y °

dfystals

NaCl type
LiF

bx 10729 ¢ x 10720 £,.6x100 £ ©x 100 Fox100

1089 "1034
1030 -1.24
1.23 -1.16
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Now the extreme values of jE,L

5 g

when the directlon of 050111ation is along any of the cubic
axes, i.e. along (1 0 0), etec., an

Sl
when it is along any of the long diagonals of the cube, i.e.
along (1 1 1), etc., and its average value, taken over all
directions, is given by

SE = 3/5
The corresponding extreme values of f lsee (25) ¥ sre

fo= bio g (49)

(0O

j}u = ‘{J'+—F:7Gb

and its average value is

= b t+zch, (51)

10, ENERGY LEVELS OF THE ANHARMONIC OSCILLATOR
The energy 1evels of an anharmonLC oscillator of the

above type are given by*
W(YL: (’)’L+v/@£y‘)%+ :j‘e\,lf Crﬁ:-«&— 2M+ l)/((—;q.'fc*/&a“)gl)) (52)

which may be written in the form

W Q‘gLV{%‘\‘“'/Q—T@L‘(—%‘P"l j-Q] b (83)

where
= 3&/@17@ /“’ L )“ e (54)

and f{; is a measure of the anharmonicity of the oscillator,cJ&éﬁL
aagd Qaries, as we have seen, with the direction of the
oscillation. 1In these expressions we may use for 7% the
value of )) given in.Tgble‘I.

The ffirst differences™ between the energy levels will
be given by

W

£ fYL~|— W (55)

= f1) + 2(n+1) 3‘ wav

S o otk )
and the hsecond differences™ by 2 f @ ﬁm’Ve thus obtain’from fﬁSﬁ
g’%& )

\{/4-@2, 6~afﬂmwr/& {°~ yd\« w“«(l?(pe/ avcol QPQMJaMﬁcQ
Xum(rqzs')




LA s v $+8
B W Wc)ﬁ, = 9 - LY e (56)

, /n
Y = (W, — W) /A = Y, + 2Y 0. o (57)
so that the ratio of the frequency LQNOf the first overtone
(second harmonic) to twice the frequency of the fundamental

is given by

&= Meal) = e § 0 s Gt

Thé‘frequeﬁcy of the octave will obviously vary with the
direction of the oscillation, unlike the frequency of the
fundamental.

The two extreme values of the anharmonicity factor
8 are given in columns (4) and (5) of Table Ig%, which
give us #a measure of the spread of the spectrum.of the
octave on either side of twice the frequency of the
fundamental.

The anharmonicities of the oscillations of several
diatomic molecules have been studied in detail both
theoretically and experimentally. There are two features
that distinguish them from the anharmonicities of the lattice
oscillations of the alkali halides. In the first place the
mgin term determining the anharmonicity in diatomic molecules

is the 53 term whereas inialkali halides it is the p@

7
term, the %g? term being absent. The sign of the anharmonic
factor in diatomic molecules is negative, i.e. the energy
levels come closer together as n increases, and the Condon
Parabola tends'to widen out as one moves to high energy
levels. In the lattice oscillations, on the other hand, the
anharmonicity factor varies with the direction of oscillation,
frdm large positive to small negative values.

From the values of the anharmonicity factor 5?9
‘entered in féble~f%i it will be seen that its magnitude
decreases as we proceed from the fluorides to the iodides,
and again from the lithium sglts to the corresponding salts
of caesium.

1Ee/
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N
I1. INFLUENCE OF THE ANHARMONICITY OF THE SPECIFIC HEAT

For linear oscillators having an ahharmonicity of the
above type, the specific heat at constant volume at suf-

ficiently high temperatures, will be given by (Born éﬁ&

§§§§¥§?192\\)

o (59)

SN—

f/
C>=-g“#ﬂ}¥i“3f@)v~ (60)

The significance of W is that the specific heat at
constant volume of an assemblage of such linear anharmonie
oscillators will fall from its theofetical value *5 pan osel Ualsy
characteristic of harmonic oscillators, .by 1% per
@ /100 degrees rise in temperature. Using for £ s
average value, namely, T b + 3¢/5, the vdues o% ®

A0 have been calculated and are entered in the last
column of Table %gi.

We naturally need to know similarly the anharmonicities
of all the other normal modes of oscillation of these
fcrystals, before we can orrelste them With the observed
temperature variatiokﬁﬁ?‘évl;*BhAﬁﬁéwébgervational side also,
only rough estimates Ofigv are available, and those too for
one crystal, namely sodium chloride. Direct measurements
naturally give the specific heat at atmospheric pressure,
and in order to calculate from these data the specific heat
at constant voclume, one needs to know the compressibilities
of the crystal at these very high temperatures, whereas
the available compressibility measurements are at ordinary
temperatures only and only very rough estimates can be made
by extrapolation. Using such extrapolated values for the
compressibility of sodium chloride, Eucken.ggﬁ Dannohl (1934)
find that @€, attains nearly the theoretical value characteris-
tic of an assemblage of harmonic oscillators at aboee

300° ¢,




R e
300°C, and then falls off almost linearly by about
sixth 1n 5OOOC. This would correspond roughly to
effective value of 3000°C for (W) » which is of the

R A o the name
¢ order of magnltude, and—of the-same -sigr, as that calculated

/\
for the lattice oscillations.

We shall resume this discussion after the anharmoni-
cftles of all the other modes of oscillation have also been
calculated. ‘Sg

We wish to gﬁank Mr, K.S5./8arma and Mr¢ K.D.Baveja
for helpful discussions.
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