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Algebra related to elementary particles of spin 3

By B. S. MADHAVARAO, V. R. THIRUVENKATACHAR AND K. VENKATACHALIENGAR
Department of Mathematics, Central College, Bangalore

(Communicated by H. J. Bhabha, F.R.S.—Received 18 October 1945)

The algebra generated by the fout matrices £, occurring in the relativistic wave equation of
a particle of maximum spin n on the basis of the commutation rules for these matrices
obtained previously by one of the authors has been investigated. Auxiliary quantities Ny
satisfying the equations (5) are introduced. These 7 u are given as polynomials in e With
the help of these, further auxiliary quantities :;%L:vyﬂﬂ are defined. It is shown that for
half odd integral spin, the &’s and #’s form two mutually commuting sets of symbols of
which the 7’s Satisfy the same commutation rules as the Dirac matrices. This proves that
the algebra in the case of half odd integral spin is the direct product of the Dirac algebra
and an associated £-algebra. For the special case of maximum spin § the £-algebra has been
studied in detail, and it is shown that this algebra has just three representations of orders
1, 4, 5 such that 124424 5% = 42 = rank of the algebra. Explicit representations are given
in the non-trivial cases of orders 4 and 5. The 4-row representation of the £’s gives a repre-
sentation of the f’s of order 16 which is likely to be of importance in connexion with Bhabha’s
new theory of the proton.

1. INTRODUCTION ~

One of us (B.S.M.) has considered (1942a, referred to here as I) the question of
deriving commutation rules for the matrices £, appearing in the relativistic wave
equation of elementary particles of arbitrary spin in the formi

a/l,/))ﬂ@/f‘*'m/’ = 0> (l)
and shown that this problem can be solved in the general case by postulating that
the spin operator ¢, = is,, satisfies the equation (I (9a))

t/w T (ﬂpﬁv—ﬁvﬂy)g(ﬂﬂ’ﬂu)' (2)

The general commutation rules, valid for all spins, can then be written (I (11a)) as

(Bustop) = B (8, 8,)) = 8,58,— 8,8, (3)
The special cases of spins § and 2 were considered in T and the restricted forms of
(3), on the further assumption that the eigen-values of s, for a particle of spin » are
n,n—1,n—2, ..., —n+1, —n, were also given there for these cases (I (26) and (34)).
The imposition of condition (2), while it solves the problem of deriving commuta-
tion rules, has also very far-reaching consequences in that it makes the wave
equation (1) itself of fundamental importance in obtaining properties of elementary
particles. Equations of the form (1) for which condition (2) is satisfied can be con-
sidered as natural generalizations, to general spin values, of the corresponding
equations for the well-known cases of the electron and the meson. Bhabha has
recently considered§ (1945a,b,c) the implications of the assumption (2), and set
I The notation adopted in this paper is the same as that of Kemmbr (1939) with y denoting
the rest mass instead of his «.
§ We wish to thank Professor Bhabha for allowing us to see a manuscript of his paper
(19450b) before publication.
[ 385 ]
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up a general theory of relativistic wave equations of the type (1) wherein he has
shown that the problem of finding all irreducible equations of the form (1) can be
connected with that of finding all irreducible representations of the Lorentz group
in five dimensions. He has further shown that on this theory, a particle of spin »
must appear with n different values of the rest massi if » is an integer, and n 4+ (})
values if 7 is half an odd integer, the higher values being simple rational multiples
of the lowest value.

On the basis of his theory Bhabha has considered (1945¢, p. 261) in particular,
the two possible equations of the form (1) for a particle of maximum spin 2, and
indicated that the equation given by one of the representations of the Lorentz
group in five dimensions denoted by E.(3, 1) may possibly deseribe the behaviour
of the proton. The degree of this representation, viz. 16, and an explicit expression
for the same have also been derived by him.

We have independently investigated the algebra generated by the symbols £,
and 1 (unit element) governed by the commutation rules for the £,, and shown that,
in the case of half odd integral spin, this algebra is the direct product of the Dirac
algebra, and another associated algebra which we call a £-algebra. In particular,
for the case of spin 2 the corresponding £-algebra is of rank 42, and the Dirac algebra
being of rank 16, the original algebra is of rank 16 x 42 = 672. The circumstance of
this algebra being a direct product simplifies the work to a great extent, and makes
it unnecessary to enumerate the 672 linearly independent elements generated by
the f,and 1. It is shown that the £-algebra has three irreducible representations of
orders 1, 4, 5 respectively, (42 = 124424 52), so that for the original algebra of
spin § there are also three irreducible representations of orders (4 x 1), (4 x 4), (4 x 5),
ie. 4, 16, 20. Of these the first refers to the well-known representation of the
a-matrices of Dirac.

The commutation rules for spin § are likely to prove useful in investigations
relating to the above theory of Bhabha for the proton, and the associated £-algebra
which is easier to handle than the original f-algebra might be used in calculations.
We have obtained representation matrices for the £-algebra both of orders 4 and 5,
such that the matrices are real and symmetric and thus Hermitian. A table of spurs
of the elements of the basis of the £-algebra in both the representations is also
appended.

2. THE AUXILIARY QUANTITIES N M—.ALGEBRA FOR HALF ODD
INTEGRAL SPIN AS A DIRECT PRODUCT

The commutation rules satisfied by the §, are given by (3), and the further assump-
tion that the eigen-values of the spin operator s, for a particle of spin n are n, n—1,

..., =m+1, —n, or that s, satisfies the characteristic equation
(82, —n?) (sfw——;——lz) =0

1 See also Madhavarao (19426, 1945).
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leads, in virtue of (2), to the result that f, also satisfies the same characteristic
equation
(P —n2) (B ~n—1) 2 = 0, (4)

the last factor being £, or (52 — 1/4) according as » is an integer or half an odd integer.
This is an immediate consequence of the relations

(/)),u’ /))1/) = t/l,y; (ﬁ/u t/w) 7 ﬂv; (t/un ﬂu) == ﬁ,u

* which follow from (2) and (3) (Bhabha 1945a; Madhavarao 19425, 1945).

We now proceed to investigate the algebra generated by the symbols f, satisfying
the commutation rules (3) and (4). We first of all establish the existence of a symbol
7, satisfying the relations

=1,
.8+ B0, =0 (u=*v), (5)

7,8, = B,1, (nosummation),

Before proceeding to prove this, we might remark that the introduction of 7,18
suggested by considering the possibility, of passing from the wave equation (1) to
the adjoint wave equation

a,uw'rﬂ//,—_xzﬁ.r =0 (IT)

with the definition 1t = 4y*y,. This is possible if we assume, as is compatible with
(3) and (4), that the £, are Hermitian} (in analogy with the Dirac matrices), if
5= 1, 940, = Bane and 9,8, +Br7, = 0 (£ = 1,2,3) which suggest the relations
(5).

As indicated by (4), the minimal equation for £, is a polynomial of degree 2n + 1,
and we take 7, = f(8,) as a polynomial of degree 2n in f,, an assumption which is
compatible with the relations (5). These relations further enable us to determine the
coefficients of this polynomial.

Taking £, diagonal in an irreducible representation, the commutation rule (3)

in the form
(ﬂ‘u? (/))/uﬁv)) = ﬂv (I[’L:*:V)?

leads to the result that the matrix for £, has all its elements equal to zero except those
in the diagonals above and below the principal diagonal. With this form for £,
the relation 7,4, + 8,7, = 0 shows, since the representation is irreducible, that

f(n) = —fn—1) = f(n—2) = =f(n—3) = ...

Also 772 = 1 gives, since £ , 1s taken diagonal and 77, = f(8,),

)P ={fn—-1pE=..=1
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Thus f(n) satisfies the conditions

Jlm)= —flo-1) = plo=2}— ... = 1, (ot _ 1),
i.€e. fln—n —(C 1 (@—012 . 2n)

Since f(x) is of degree 27 in z, it is uniquely determined by the above condition and
can be written down at once, by using Lagrange’s interpolation formula, in the form

(x—n)(@—n+1)...(@+n—1)(x+n) 2 (27@)

f@) = o e ®

(x—n+7)

r=0

For the case of half odd integral spin n — %, this gives

oy 2m@@—1/4) (@ —9/4) ... (@=2m—1%4) » (2n—1) 1 . .
f(x) = (27’&— ])| rzl( n_,,,) (xz—ﬁ:lz/él:)’ ((’)CL)

while for integral spin n

f@) =

(@2 1%) (22— 22) ... (22—m?) 20P(a?—12) ... (xP—n?) »
G e e 0 [ (0

Equations (6a) and (6b) show that 7, contains only odd powers of £, in the half odd
integral, and only even powers in the integral case. This fact, together with
7.0,+ 8,1, = 0, shows that

N9+ 7,7, =0 for half odd integral spin,} 0

N, — "%, =0 for integral spin,
L.e. 7, and 7, commute or anti-commule according as the spin is integral or half odd
integral.

The 77, introduced here is the same as the metric operator D of Bhabha (1945 ¢ (14))
given by D = e as the representative in five dimensions of the transformation
of the Lorentz group reversing the axes 1, 2, 3 and interpreted as a rotation in the 04
plane through the angle 7. Here similarly we can interpret 7, as the rotation in the
15 plane through an angle 7.

We next introduce a second auxiliary symbol £, defined by

£, = ’r/ﬂ/)’ﬂ = f,1, (nosummation). (8)
Using 7, = 1, this leads immediately to
Eully = 1,8, = B, 9)
Finally from 9,6, + 8,7, = 0 (u+v) and (7), we have

.7, — 1,8, =0 for half odd integral spin;}

- : 10
£.1,+1,6, =0 for integral spin, (10)

i.e. £, and 9, commute or anti-commute according as the spin is half odd integral or
integral.
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We tabulate below the several algebraic relations between the £ i and & i
=1 )

N,y + 8,7, =0

Nt 00, =

Nubp = g/m# =B,

£ =P

N+, = 0 Nl =M, = 0
7,6—67,=0 Dby 6,7, =0

for half odd integral spin | for integral spin

The proof that in the case of half odd integral spin the algebra is a direct product
is now immediate. Consider any expression which is a product of the powers of the
several #,. Substituting 8, = 5,£, = £ 7, this expression separates out, in virtue of

Eullu = b &l =1,5,= 0,

into the product of two parts, one expressed in terms of the &’s alone, and the other
in terms of the #’s alone. Further, the same substitution reduces the commutation
rules (3) and (4) into rules involving the &’s only, the #’s falling out by using the
relations 7% = 1 and 7,7, +7,9, = 0. These last relations however show that the
7,’s with their powers and products and the unit element 1 form a sub-algebra
identical with the Dirac algebra, say D, and another generated by the £’s which
might be called a £-algebra and denoted by A .. Thus

A=D,xA4,. (12)

3. THE {-ALGEBRA FOR THE CASE OF SPIN 3
For the particular case of spin 3, the characteristic equation (4) reduces to
B—30+1% =0, (13)
and this and (3) constitute the set of commutation rules for the f#,. These can be
written in such a way that they contain terms consisting of products of four f’s,
on the one hand, and connect these with terms containing products of two and zero
f’s on the other. Such types of rules can be derived from (13) by taking Poisson
brackets with the ¢, successively, and using (2) and (3). There are five such types of
rules depending on the number of equal and unequal indices appearing in them.
All the types including (13) can be derived from a general commutation rule: (I (26))
2B, 8,8, Be+BuBeloBt BBy PelutBelofuf)

= E;(ﬁ/tﬁu +/)?yﬂ/4) 6/}6 o 3(IB/L/))€ 55 ﬂeﬁ,u) é\up

o (I[))pﬂe i ﬂe/b)p) 8/1;» + (ﬂ)/ﬁ/} > /)Jpﬂv) 8/;5

5 (/))Vﬁe+ﬂ5ﬁu) 8/1/)+ (ﬂ/tﬂ/}+ﬂp/))/l) 8116

— 30,06+ 01O+ 0, 01c).
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The individual types of rules are given in I, but for our present purposes, we write
only two of them, corresponding to u+v = p = ¢, and u, v, p, € unequal, i.e.

UBLB+ BB = TBuB+ 5.6 (15)
and BB oBetBuBeBobtB,8,B:But Bel ol = 0 (16)
The commutation rule (15) suggests immediately that the auxiliary symbol 7,
can be taken, in virtue of 5,4, + 8,7, = 0, as
5, = const. (445 —"T8,)

and 7% = 1 gives, using (13), this constant equal to + 1. We therefore take
1, = 545,—78,) (17)
which is also obtained from (6@) by putting » = 2 in that equation.

The auxiliary £ isgiven by £, = 7,6, and, using (17) and (13), this gives §, = oo a2
and, since £2 = 42, we have
Ei=E 1 (18)
which is a very important equation since it materially simplifies the £-algebra.

We can now derive the commutation rules for the £, by substituting
B, = &£.,1,= 1,8, in the commutation rules for the #, and removing the 7, by using
the relations %% = 1, 9,9,+7,7, = 0 and 9,£,—§£,7, = 0. This can be done for all
the types of rules derivable from (14), but it is however remarkable that by using
(18) and the general rule (3) expressed in terms of the £’s, all these types of com-
mutation rules are identically satisfied with the single exception of (16). The com-
mutation rules for the £, therefore consist of (18) and (3) and (16) expressed in terms
of the &’s. Using the notation (a,b)=ab—ba and [a, b]=ab + ba, (3) expressed in the
£’s gives the two rules :

[En 661l =& (u+v) and (£,[E,6,]) =0 (uv,p+), (19a,b)

and (16) in terms of the &’s becomes
g;;(gygpg(;—gegng') = (gygpgc_gcglngu) g/t (20)

with u, v, p, € unequal.
(18), (19) and (20) constitute the commutation rules for the £’s. We can write them

in further abbreviated form by writing

Ewp=8,68, and (£,,)=(,,—£,,)
and using a similar notation for products containing two or four terms. The rules
then become £—¢,11

@+m+%w=—%tw+ml
(o) = Eop) = (€,)  (BEVEp),
Eulbpe) = (Epe) 6 (EVEp*e). ]

(21a-d)
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It is now easy to enumerate the number of independent elements of the algebra
A,. In virtue of (21a) there are only twelve elements of the type §,,. From (21c)
we see that there are eight relations among the twenty-four products £, for which
J=v=+p, and hence there are only sixteen elements of this type. Also the elements
£, for which two or more indices are equal would be enumerated under £, or g0
according to (21a,b). Similar remarks apply to £,,,. when two or more indices are
equal. We have therefore to enumerate such terms when all the indices are different.
The number of relations among the twenty-four products ,,,. can be enumerated
by writing (21d) using (21¢) in the form

(22)

with similar relations having £, £, £ in place of the £, and giving in all four sets of
five relations of the type (22). It is, however, easily verified that of these four sets,
any one can be obtained from the remaining three by mere addition, so that there
are only fifteen relations among the £, and hence only nine independent elements

of that type.
The complete list of independent elements of 4, in consonance with (21) is thus

given by the table:
element number of type

1 \
4
12
16
9

total number 42 )

Hence it follows from (12) that the number of independent elements of the original

algebra A4 is 16 x 42 = 672, the Dirac algebra being of rank 16.
Let us find the elements of Ag which commute with all the others. We write

Zg/L)

S (24,
g[[u)p!

g/wps’

the indices being unequal in each of the summations. By successively postulating
commutability with each of the £, we find that the following expressions have the

THWFFEN' Color Control Patches |
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I (the unit element), M =a—p, N =2y-—o. (25)
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Any further expressions which might be shown to commute with all the forty-two
elements can be proved to be linear combinations of 1, M, N. We also note that the
elements «, £, v, 0 form a commutative sub-algebra with the following relations:

200 = 2fo = 3o+ 2y

4y = 4yp = 15+ 2y
a?=a+f+3 2yo = 200y = 5+ 2y + 20
202 =2[+25+9 o0 — 0

dy? = 150+ 5f—4y—48+45 | 288 = 208 = 54— 48

402 = — 200+ 166+ 45 4y0 = 40y = 1500 —4y |

from which follow the relations
(27)

The primitive idempotent elements of the centre of the £-algebra e, ¢,, e, satisfying
e1testez =1, eje, = ee5 = e1e, =0,

are given by 30e; = 2N + 15,
48e, = 6M — 2N + 15,
—80eg = 10M +2N —15.,

As the algebra 4, has the unit element
L=et+e+es,

where Cien — One, k=123

it follows (see van der Waarden 1931, IT, p. 161, ex. 4) that 4 ¢ 18 the direct sum of
the left ideals 4,e,, A, and 4 ,e;, and hence from the principal theorem relating to
semi-simple rings (ibid. p. 156) we conclude that 4, is semi-simple.

Therefore the number of irreducible representations is equal to the rank of the
centrum which is three in our case. If ny, ny, ny be the degrees of these representations

we have
ni+ni+n3 = 42, (29)

the algebra 4, being of rank 42. The equation (29) has the unique solution in integers
given by n; = 4, n, = 5, ny = 1, and thus the algebra has three and only three
inequivalent irreducible representations D,, D,, D; of degrees 1, 4 and 5 respectively.

The left ideals A4 .e,, 4,e, and A4 ,e; are of ranks 16, 25 and 1 respectively as could
be easily verified. Thus the representations of order 1, 4, 5 are generated respectively
by the idempotent elements e,, ¢,, e,.
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4. I%EPRESENTATIONS, AND CORRESPONDING SPURS

We now proceed to give the explicit representations of degrees four and five of
A;. The one-dimensional representation in which every ¢, is represented by —1
leads just to the Dirac matrices for the representation of 4, and need not be specially
considered here.

Fourth order. The eigen-values of £ . are given by (21a) as —4 and 3, and taking
£, diagonal, we will show that consistent with the commutation rules (21) the form
of £, is uniquely determined by taking the eigen-value — % repeated thrice and 3
appearing only once.

Taking £, diagonal, we can write it in the form

_%]Emm 0
0 | iE

“nn

5

where E,,, denotes the m x m unit matrix, and m+n = 4. Let

i ’
Y : .
(/nm H nn)

where 4;; denotes a matrix of ¢ rows and j columns. From the commutation rule
(210) or (19a) ‘

1= [€s[64,6,]] and &1 = [&1, [E4: 6411
and, using the above matrix forms for £, and £;, we get the conditions
(29a)
(296)
(29¢)

G B

nm-—mn

A

mm

in deriving which use has also been made of £2 =

From (29b6) we obtain that C,,, B,,, must be of rank n; hence m>n, i.e. in a D,,
— & must appear at least twice as an eigen-value of £,. We prove that it must occur
thrice, for if it occurs twice, m = n = 2, and we have from (295) and (29¢)

= .3 = o
Cpn = %Bnr% and Amz, = §Bn7z, Bnn 2Enn = Enm

nn

i.e. &, is of the form
Arguing similarly with &,, &; in place of &; these would be of the form

£ Booiid Zh e
g

Using the commutation rule (21¢) or (196), we have (&, [£1,&,]) = 0 which gives
X+Y =0. Similarly (£,[£, ] =0 and (£, [£,6:]) =0 give Y+Z =0 and

)
o
c
O
&
£
e
o
(&)

| &
e}
o
(&)
W
|y
A&
[
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Z+X —=0. Thus X = Y = Z = 0, but this contradicts the fact that the minimal

equation of § is£%—§,—§ = 0. Hencem = n = 2is not possible and the only possible

case ism = 3, n = 1 so that —} appears thrice and § only once in &,.
We notice that this choice is in consonance Wlth the representation of order 16
given by Bhabha (1945 ¢, p. 261) and denoted in the five- dimensional notation as

R.(3,1). As shown there, the elgen -value of a9 (corresponding to our f,) taken in

5\ 25 2
— 3 which occur 2, 6, 6, 2 times respectively.

the diagonal form as $, §, — 4,
| ~ 4y,
With Einmif st 2
- 0
we can now write &, (k = 1,2, 3), using (2-9) in the form

( B(lc) C(k) | B

where O B% = 3. As we wish to take a real, symmetric (Hermitian) representation
we take O = (Bgi) (the dash denotmg the transpose) and obtain

1 &
o B
Sk = : s s
; : 0)

where P, is a one-column matrix P, ={ ¢; |,
T
and P} its transpose, satisfying the relations
P;cljlc:%> P;Z.)k:i‘ (k) (@, k=1,2,3),
the latter being a consequence of (£, [£;, &x]) = 0.
We make a particular choice of the p, g, r, and derive the representation:

—§eia il g
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In the above representation £, is taken as diagonal. We can also derive a non-
diagonal representation of our £’s by making use of the following considerations. In
virtue of (2) the £, along with the ¢,, form ten infinitesimal transformations JXZ
(see Bhabha 19455, §2, and 1945¢, p. 244) of the nucleus of an irreducible repre-
sentation of the Lorentz group in five dimensions with K and L taking values from
1 to 5 (orin Bhabha’s notation, from 0 to 4). The division of these ten transformations
into two sets of four and six is achieved by merely writing 145 = f »1.6. denoting the
set I15, 1%, 1%, 14 by f1, Ba, fs, fa- A completely equivalent way of the subdivision
of the IXL would be to take 712, '3, T4  [15 in place of the B.s. In the notation of
our £-algebra, this means that in place of &;, &, &, &, as fundamental symbols
generating the algebra, we might take &, —[&;,8,], —[& &sl, — &1, &) We now
write £; in the form (30) and make a suitable choice of the p, g, 7 appearing therein,
and thus obtain the matrix for £. For example a particular choice yields

O] /6 | 45
2 2

—1

ﬁ
2

)
2

The matrices for &,, &, &, are then obtained so as to be in consonance with the fact
that the &, —[&;,&,], —[&;,&,] and —[§;, &,] satisfy the same commutation rules
as &, &,, &;, &,. The representation thus obtained is non-diagonal.

By taking the direct product with the Dirac matrices 7,, we can obtain from (33)
and (33’) two equivalent types of representation matrices of order 16 for the £, in
one of which g, is diagonal and not so in the other. By a permutation of rows and
columns, we have been able to show that the matrices of the former type for 5, can
be brought to the form given by Bhabha (1945¢, p. 251, (35)) in the case of general
spin (with «® diagonal). For the case of spin § in particular, Bhabha has further
given (1945¢, p. 261, (75), (76)) representation matrices for the 5, expressed in terms
of the » and v matrices introduced by Dirac (1936) and Fierz (1939). Writing these
matrices in numerical form using the expressions given by Fierz (ibid. Appendix)
we can derive the corresponding 16 x 16 matrices of the representation in which £,
is not diagonal. It is also possible to show that the second type of matrices which we
obtain from (33’) would be equivalent, but for permutation of rows and columns,
to the above matrices derived from those given by Bhabha.

Fifth order. Proceeding as in the case of the fourth order representation, and taking
¢, diagonal, we deduce that, consistent with the commutation rules, the form of &,
is uniquely determined by taking the eigen-value —} as appearing thrice and }
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twice. This is also in consonance with Bhabha’s result (1945¢, p. 259) that the eigen-
values of 8, in the diagonal form are 3, 3, — %, — § appearing 4, 6, 6, 4 times respec-

tively. Thus we write
2¢, = diag (— 13, 3%),

and find that the &, (k = 1,2, 3) are given by the same expressions as (30) where
P a —p  —a —-p —a
2 2 2
p—q a—>b p—q a—>b qg—p b—a
with a, b, p, q, subject only to the conditions
a?+b*—ab = p?+q*—pg = &,
2(ap +bq) = aq+bp. }

We make the particular choice
1

1
qu:;/TZ’ a:—b:;]é’
50 as to obtain the matrices Hermitian (in fact real and symmetric). This gives
(1/42) - —J@)|—(1/y2)
' —d| ()
W)

—(1/42) — V@)

~(2)
(36)

Similar remarks apply here, as regards non-diagonal representations, as for the
fourth order.

We next consider the spurs of the independent elements of the basis of the algebra
A. Since the spurs of all the basis elements of the Dirac algebra D, except I are zero,
it follows from (12) that the only elements of the basis of 4 which have non-vanishing
spurs are those which have non-vanishing spurs among the &’s. We therefore list
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below the spurs of the elements of the basis of the £-algebra in the three irreducible
representations:

representation l-row 4-row

—

spur [
spur §,
spur § o
spur & o

spur g/(upe

E,_ Of= K= Do
owfor oo nof

=
=2

|

By means of these, we can write down inmediately the spurs of all combinations
of the f’s by using the algebraic relations (11) and the fact that all elements of D,,
except / have zero spur. Thus for example, the spur calculations relating to products
of powers of the several §, given by Booth & Wilson (1940, pp. 498-9) can be carried
out with less labour in our case with the aid of the &’s than in the case of the 10-row
representation of the meson algebra. Similarly for spur calculations relating to
Bhabha’s new theory of the proton, it would not be necessary to use the 16 x 16
f-matrices, but only the 4 x 4 £-matrices.

We wish to thank Professor Bhabha for helpful discussions.
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