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7. Introduction

IN two earlier papers (1942) (referred to here as I and ID, I have considered
the question of deriving commutation rules for the matrices B appearing in
the wave equation

ouBuh + xy =0 (1)
for a relativistic particle of arbitrary spin value, under suitable assumptions,

(1) the wave equation is relativistic invariant, ie.,

typ) = (Butyp
_

ty Bu)
_

SuvBp
- 84,8, (2)

where s,, - it,, is the usual spin operator;

(2) that the spin operator has in general the form

tuy
= k (B,, B,) (3)

where k is a numerical constant;

-s +1, -S, ie., s,, satisfies the algebraic equation

(Syy?- 8%) (Spy? -0 (4)
or (tuy? + 5") (ty,2+ 917) -= 0 0. (4a)
From (2) and (3) it follows immediately that the general commutation rules,
valid for all spins, are given by

K [By (By, Bod)
= 8 Sup, (5)

Using this method it has been shown in I that it is possible to get the
commutation rules for the cases of spins 3/2 and 2. In II it was shown that
the further condition that (1) should lead to the second order wave equation
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in virtue of the commutation rules gives in the cases of spins 4 and 1 definite
values for k, viz.,

Suy
= 'i (BP, ~ B,B,)

Sup
-1 (8.8, ~~ B,B,)

these being the usual expressions for these cases respectively.

The application of the same method to s 3/2 and 2 leads to fourth
order wave equations, and putting 8,8, = x7 in these fourth order equa-
tions gives two alternative values of k as mentioned in II (p. 63). These
values of k do not however alter the essential fact that what one gets are
fourth order wave equations and not second order ones. This situation
is therefore to be interpreted, as done by Bhabha (1945), as giving two values
to X2 the square of the rest mass of the particle or four values to X. The
same conclusion holds whatever the value of k which can therefore remain

quite arbitrary.

We derive the higher order wave equations for the case of general spin
following the method of Kemmer (1939) for derivation of the second order
wave equation in the meson case, and thus obtain the several values of the
rest mass.

We also show that the commutation rules in the case of spin s are identi-

cally satisfied by the rules for the lower spins s 1, s -2, etc.

2. Higher Order Wave Equations

Let us first consider the case of spin 3/2. The commutation rules are

given, retaining k, as [I, equation (26)]

2k? + By + BuByBpBr + BpB,BuBa)
3k (B,By + BuBa) 8vp + 3k (BiB, + Boy) Sy,

+ & (B,Bp + BoB,) Sau + & (BuB, + ByBu)

+k (Bubp + BoBu) Sav + & (BB, + BYBa) Sup
- $ (Syp8y0 + Oyv8pp + Syr9yp)- (7)

We operate on % by the two sides of (7), and then by 21,4,,0,, perform the
summation, and use (1) four times successively. This gives

Sk2yhp = 20kx28,%p - 2>,Kp

2 0
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Commutation Rules for Matrices Related to Higher 59

whatever the value of k. We can therefore interpret this by saying that the
particle appears with four values of the rest mass, viz.,

+xlv (a) + xiv (4) (9)

The effect of changing k is to multiply X by a numerical constant, but X would
still have four values.

For k = 1, the four values are + 2X, + 2x/3

k=} » +X, + X/3

In the case of spin 2, the commutation rules are given by I, Equation (34)
and proceeding as above. Operating by 0,0,2,d,0¢, taking into account
the number of terms and numerical coefficients on the right-hand side of the
commutation rule, and using (1) five times, we get

- 24k?y%p = 120kx3d,2b + 96nd)44

(10)

the values of the rest mass being

+ xiv (;,) + x/V/ (11)

and fork = 1, +X, +%/2. (11a)

In the case of arbitrary spin, the actual commutation rules are very
complicated, but the form of the rules can be generalised from the forms
for s = 3/2 and 2 given in I, and these general forms are sufficient to extend
the previous considerations to the general case. The essential steps in the
deduction of the commutation rules for s,= 3/2 and 2 are represented by
the equations (18) and (27) of I, viz.,

B,4 - 5/2 By? + 9/16 = 0

B - 5B,° + 48, -0
starting respectively from the algebraic equations (12, a, b of I)

and in the general case one can deduce (putting the arbitrary k 1)

(B,,2- 5") (B,? -1%).... =0 (12)

from (ty?+ s?) (tu)? +5 - 1)... 0 (4a)
125
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In fact, from (3) and (5) (equations 9a and 11a of I)

tun
= (By, B,)

B, = (By, tur) t

By = (tu By)

and denoting 6,, 8,, it,, by a, B, y respectively, these are equivalent to

B Ba - iy
1

By ~yB =ia +

The symmetry of the above relations shows, as mentioned by Dirac (1930)

ya - ay

who has considered this very example, that a, 8, y have the same eigen values.
Thus (12) is an immediate consequence of (4a).

The other types of the commutation rule can then be deduced by taking
Poisson brackets of (12) successively with ¢,, as done in I. The actual form
is complicated but the general structure of the rules is evident from those
for 3/2 and 2. The number of indices for the f's appearing in the rules
would be 2" 'or 2n + 1 for the cases of half-integral spin s= 4(2n - 1) or
integral spin s =n respectively, and the rules consist in expressing products
of 2n or (2n + 1) f's in terms of products of (2n -2, 2n - 4,....) or (Qn-I,
2n - 3,....) B's. The form of the rules would therefore be, retaining k,
Case (a) s =4(Qn - 1)

k" 2 aon Bron = k?- I 2 Aon 2 (By,Bas ss Byon-2) (Sj on, don -1)
+ k?- 2 2 Oxy 4 (By, - .. Bron-a) (8) on, A2n-1 Oran - 2,Aan - 3)

2 ay (Sy on,A2n-1° ' Oy rw) (13a)
Case (b): s =n

k" Aan +1 (By,Bx2 sae -Bronead =k" -1 Aon - 1 (8,,Bas- ve Bron) (Saont1,dzn)
-2 2 Ary -3 (By, . Ban -3) (8) ont1,Azn ,

Dy on-1,A2n _s)
vee Oy s.a2). (138)+ 27 ay By, (5,ont2,en

The constants in (13a) and (135) are such that when all the indices are equal
to uw, the commutation rules reduce to

(kB,,2- s+) (kB,2-s-1%).... -0 (12')

To derive the higher order wave equations, we follow the same proce-
dure as in the cases of spins 3/2 and 2 by using the operations d,, 2)...--2,on
and 2), ++ ene, in (13a) and (135) and equation (1) 2" or 2n + 1 times.
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Since this procedure is equivalent to the procedure of putting all indices equal
in (13) thereby deriving (12'), the higher order wave equation reduces to

(AX? 9%02,) (Ax? 1,2)....0 fp =0 (14)

23.) (ux? mos .(eer-] %2)b=0 (14a)

Case (a)

kx? - Qn

4

Case (b

(AX? - n?0d,,2) (AX? -72 17D,,7)... (kx? - 0,7) xy = 0.

Thus the different values of the rest mass would be:

(145)

(a) + of
(2n - 1)
BoP ) xf/G52 +x 2 Vk (15a)

1

With k=1, +2y/(2n -1), -3),
k=%, + x/Qn-1), + x/(2n - 3),

+ 2x

With k=1 4-yx/n, + x/(n - 1),

The simplest type of the commutation rule (12') from which the others
are deduced shows at once that (12') is identically satisfied by the corres-

ponding rule for all lower spins. As an illustration we will show that the

general rule (7) for spin 3/2 is identically satisfied by the Dirac commutation
rule. This, last, retaining k, is

x Sur (I, (10))
With this substitution the right-hand side of (7) reduces to

28),,8, + 28) pSuy + 84,0BP 3 (5,8yp + 8,pSu» + On»8p) (16)

=
5), BrBudoe

~ Bs (5 Bun
-

BoBu) 2s

qd

£

6©
+=

Q

A=

n n-I
(b) +x + YX + x (154)

1

Also,
1

BiBukyBp + BaBu 8,0
- BB.)

1

Ouy BB.)
1 1

2k ByB, by 9k By By Sup + BB,1

PrBuB,Bp + BrBpBrBu ae PrBuv» - BrPBup + BrBp5yn)

127b6a
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Similarly

ByB,BpBs + BpPrBuBa 34. (BuBr5ep
- B,B, Sup +

1

Hence the left-hand side of (7) is

3 (8,29yp ~~ 8, y9yp + 8 pour)

which is the same as (16).

In exactly the same way it can be shown that the commutation rule for

spin 2 (I, (34)), with k, is identically satisfied by the Duffin commutation rule
for spin 1, viz.,

k (B,BuB, + ByB = SuvBy + Ox

3. Conclusion

It appears therefore that the constant k may be left entirely arbitrary
in the derivation of the commutation rules, and a change in k results merely
in a change in the value of X in (1). For purposes of simplification, k can be

put equal to 1. In the case of half-integral spin, however, it might perhaps
be an advantage to put k =4, since this would result in the case
in the Dirac commutation rule with the standard form.

3
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