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The extension of Lagrange’s equations to non-holonomic
systems in the form of the n 1 m equations
%}(;q{) —%;FT: Qr“' )‘1 Ar‘l ++ )\m Arm (7':17 27”)
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by the introduction of m undetermined multipliers A A
very well known.* I propose in this note to derive a form of
the Lagrangian equations of motion without the introduction
of these parameters and such that the number of equations is
equal to the number of degrees of freedom of the dynamical
system.

For this purpose, I make use of Appell’s form of the
general differential equations of a dynamical System whether
holonomic or not. These equations, as is well known, are
expressedf in the form

oS

— —P r=1,2,....n—m)
oPr

where S denotes the function 2 my (852 4§52+ 22 and

* Whittaker, Analytical Dynamics (3rd Edition), p. 215.
T Ibid., pp. 258-59,
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(Pye...Pnm) are co-ordinates equal in number to the degrees
of freedom of the system. While Appell’s equations are very
compact and elegant in form, they are not immediately
applicable to practical problems (e.g., the.rolling of solid bodies

without sliding on arbitrary surfages) for, the calculation of ?;
the function S of the co-ordinates would g®nerally entail a £
large amount of labour. By a slight modification of the 1
method of derivation of these equations, I have ‘given them &'

the Lagrangian form involving the kinetic ‘energy T as well as
the funetion S. The notation used below is the same as in
Whittaker’s book referred to above, pp. 258-59 :—

Let the equations of constraint be

Ay dQ1 e o Ay dQ7L+Tk di =0 (k:ly 2!-- ..m).
By the aid of these equations we can express m of the
velocities (¢,....q,) in terms of the others. Taking the
co-ordinates corresponding to these last as Dy« .DPum, ley the
remaining co-ordinates be denoted by Q,....Q,. With this
notation the equations of constraint could be replaced by

AQi=andpr+.... Ft:dt G=1;....m) .. -
A virtual displacement in a co-ordinate w;, at time ¢ is given by
- day,
sxk_d . 5 b ZBQ’L 8Q;
= »bw;v X}
=z (ot o+ 2 ai St Yo
which gives the value for the coefficient wr:g—agﬂ To ‘avoid
= z:
confusion in symbols it is safer to write
bwok_ bwak
L +,Z a9

The starting point for the deduction of Appell’s equations
is the expression

. 0 o
: ?Wlk(wkb—k-{myzh—y—]f + 21 zl) 2, = .. 2

In the expression on the left-hand side of this we substitute

for o = m, its value obtained above and make similar substi-

Py
y/ and 2 D'v/c

tutions for — - We can therefore consider merely the
r T
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first term and for simplicity take only a single individual.
Thus the expression

bwk .
mk(wk b])r) .. .. oo .o (5)
," can be Wmtten
‘ &f/{ DT/C
f‘ . dt bp ) My Tk~ Dpr) &= - @)
o d
= n (w;,w,)‘ My & ‘; = . =

n—m

but 95/c — 2 Ty ]5,. + a

so that g:o = m, and hence the first term. of (5) could be
: bx;
written as mp —(’l‘] )

- 2pr

d awok oy s awok
A\ T 30

Ay ok
—“‘dt( k)+ kdt<2 "m, == 0

The first term of (6) is equal to

Further 2, % —

ok and the second term

iy

opr
- : A% o: = DQL b@'f@) -
Xk di (2 @y sz) T — dl bpr DQL . o (l)
= Qi
for using (1), a;; = —> and also
APy
: ol 2 Pl 798 . 2 onk '
wok—-'bTngap Pr + QL (8)
vaok bwok
: gives = =
“ We can now re-write (7) in the form -]
_‘i_(w 5 ok Q; ) ( Mok, DQl)
5} : dt Qi bpr Qi P,

)C 3 ‘() '
since from (8) and (1) it follows easily that —— M(’ ;;A
0Qi __ Qs

d =
an 5 o
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Expression (6) fully written out is now equal to

O o, d Q% o, DQL Mot Qs
ot b] _'_dt ZDQ, ) ( Qi bp,)

and hence the original expression (3) is equal to

A (. Ok . 5ok OGN _ ﬁvk
mp di (xk bz.)r—xku VDQI', b].?r) mip xk D

. 0%k 00
-+ my 2 (2 ——
i 0Qi 9Py ® e
and the first term of the above could be written as

76& . bﬂ"ok
- dai (ml b])r)
Finally, the expression (2) now reduces to the form

. M
EleWLk(%kxl—%‘....*{”.. -~ZMk(93ka e

dt Py
Dok OQi -
5E)+....+....}-P,..

- d./ 01
_l} mp (aﬁak“‘}‘---')]:% op )
: r

The second term =
P,

-

O Py
it being understood that, in this case, S is a function only of
the Q,....Q,, these being, however, determined from (1).
With this understanding we can replace S by S’ and finally
the equations of motion reduce to the form

=y e
w)s

These equations hzwe the Lagrangian form and it must be
noticed that in the expression for T all the n generalised
co-ordinates are to be treated as independent.

d =
The third term = 5; [% my (@2 +....)
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