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ON THE EQUATIONS OF MOTION OF A
NON-HOLONOMIC DYNAMICAL SYSTEM.

By B. 8S. Mapuava RAo, M.Sc.
(Depariment of Mathematics, College of Engineering, Bangalore.)

The extension of Lagrange's equations to non-holonomic
systems in the form of the » + m equations

by the introduction of m undetermined multipliers A,....Anis
very well known.* I propose in this note to derive a form of
the Lagrangian equations of motion without the introduction
of these parameters and such that the number of equations is
equal to the number of degrees of freedom of the dynamical
System.

For this purpose, I make use of Appell's form of the
general ditferential equations of a dynamical system whether
holonomie or not. These equations, as is well known, are
expressedf in the form

oS
db,

where S denotes the function 32 m, (Ge + y4? 4-2,7) and

= Q,. + Ay Any te... Xn Apin (7-1, 25... n)
oT7

Aird, + Ar 42 +e, + Ank g T,=0 1, 9
7

=P, (r =1, 2,....2-m)

* Whittaker, Analytical Dynamics (3rd Edition), p. 215.
Ibid., pp. 258-59,
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2 B.S. MADHAVA RAO

(P,....Pn-m) are co-ordinates equal in number to the degrees
of freedom of the system. While Appell's equations are very
compact and elegant in form, they are not immediately
applicable to practical problems (e.g., the. rolling of solid bodies

the Lagrangian form involving the kinetic energy T as well as
the menetion HB. The notation used below is the same as in

Axe dg, +....+ Ang dq, + Ty di=0 (k-1, 2,....m).
By the aid of these equations we can express m of the
velocities (¢,....¢») in terms of the others. Taking the
co-ordinates corresponding to these last a8 p,....Pn-m, lef the
remaining co-ordinates be denoted by Q, Qi... With this
notation the equations of constraint could be replaced by

dQ; =a) dppt....+ tdi (t=1,....m).. .. (1)
A virtual displacement in co-ordinate a, at time ¢ is given by

which gives the value for the coefficient To avoid
confusion in symbols it is safer to write

The starting point for the deduction of Appell's equations
is the expression

In the expression on the left-hand side of this we substitute

for = 7, its value obtained above and make similar substi-

tutions for and We can therefore consider merely the
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first term and for simplicity take only a single individual.
Thus the expression

can be written e

but 2 a, prptai

Tle f rf ftermpof (6) sc qual to

for using (1), @i, =

since from (8) and (1) it follows easily that

Further k on = &y
d

(;

0 Pr

dt Opry

(3)

a
di >dt ML Lk 4

d,. . az,
dtdt (5)

so that on, and hence the first term of (5) could be

written os
Out f7

at dp,
ole+

d OLob

dt (6

Cl Ook and the second term
Op,

ogi

oQi OQ:

and also

We can now re-write (7) in the form
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Expression (6) fully written out is now equal to
a

Op, at
of

i Q (252a k

and hence the original expression (3) is equal to

- mp ah "etdtMy),
Q t7

OQi

ee

and the first term of the above could be written as

Finally, the expression (2) now reduees to the form

The second term =
opr

i 6

a
at

ok

)-2 ME

+ fi, (2
OF of: Q P,.

dyThe first term
dt dt

oT

The third term = My (rE

it being understood that, in this case, S is a function only of
the Q,....Qm, these being, however, determined from (1).
With this understanding we can replace HM by S' and finally
the equations of motion reduce to the form

S

ad

P, 1,

These equations have the Lagrangian form and it must be
noticed that in the expression for T all the n generalised
C0-0 thea Tas Tey cdent.
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