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INTRODUCTION

DiRAC matrices are defined by the relations

y+ y" y= 84, (1)

(8,,= 0 for 8444, 15 w, v-1, 2, 3, 4)

(yt

and as is well known the 16 elements 1, y", (ue v), 1ip yt y' (A, B, v

different), and y*y*y* form a system of hypercomplex numbers constituting
the Dirac algebra. Following Pauli (1936) we will write the above elements
in the form*

1, yH, plo), yaar, ye (2)
the square. brackets indicating anti-symmetry in the indices, and denote any
one of the sixteen elements as y* (the latin index A runs through from 1 to
16). The factors / are included in the definition of the and y D+],

> and
are so chosen that for every A, (y*)?=1. The product of any two elements
y* and y®-is always equal to a third element y° except for a numerical factor
which has one of the values +1, +i. The y* have thus the group property
and the introduction of the co-efficients -1, +7 in the multiplication table
makes the group of the symbols y* one of order 64. . This group can be shown
to have two representations of degree four and thirty-two of degree one. Any
finite group can be associated with an algebra (the Frobenius algebra) such
that the algebra of the group is the direct sum of the algebras of its represen-
tations as groups of linear substitutions. For the group of order 64, it can
be shown (D. E. Littlewood, 1934) that the group algebra can be reduced to
one single matrix algebra of dezree four associated with the y4, viz., the Dirac
algebra.

The Dirac matrices y* permit the relativistic wave equation of the electron
being written in the form

yhdb/dx# + Kis =Q, (3)
where y4 and # are 4x4 and 4 <1 matrices respectively, and «= mc/f. The
Lorentz invariance of (3) can be proved by establishing the existence of a

* We follow in this paper the notation of that of Pauli (1936) which will be referred to
hereafter as P.
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matrix A specifying the transformation = of Ay under a Lorentz trans-

the wave equation
formation With the aid of (3) and a function pt (a 1x4 matrix) satisfying

ye-K
and transforming according to pir = pt A-1, one can construct the following

co-variants :

the invariant pl = iQ,
the vector pryep = S,
the antisymmetric tensor ply [ev] f Mugu (4)

the pseudo-vector ply urls Syyy

& the pseudo-scalar bly ys Q j

Between these co-variants 22, 222, S,, My.) and Syun there exist, certain

- FS,= 222+ 223

pe

[nv]
- Z Stun B+ @

[ALY]

py Mi.) = 222
- 622

(5, a toe)

21 22

> S, Stage) = 0
x,

where the indices XApv are different from one another.

These identities have been established by Pauli (P. 131~36) in a general

those bilinear in pairs (6, ht), and st) of such. matrices and putting ¢-- Wh,

¢+= pt in these generalized identities. This method has.however been applied

to derive (5, b), (5, d), and [(5, a) + (5, ¢)] while (5, a), and (5, e) are obtained

directly. without the introduccion of a second pair (¢, #), and by using.the

We give here a simple method of deriving identities generalising (5).

This method consists in taking products of they with 4 x 4 matrices of rank

unity (i.e., matrices expressed as the product of a one column and a one-row

qd
re

O

[a

quadratic identities (P. 131), viz.

2

of the and
manner without making use of any particular representation

& pt to be entirely arbitrary -column and one-row matrices
also taking

f consists in generalising the quadratic identities to
of degree four The proo

sroperties of the B-matrix (P 121)
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matrix) and expressing these products as linear combinations of the elements
of the basis of the algebra by using the commutation rules (1). We show that
by suitably choosing these products it is possible to derive not only bilinear
identities of the Pauli type, but other 'tensor', multi-linear, and polynomial
identities. It is also shown that, in general, products of the five types

(2, a)
are sufficient to obtain all possible identities.

Similar results have recently been obtained by Harish-Chandra (1945) by
using Eddington's E-numbers. It is clear that the abstract algebra of these
E-numbers is the algebra of matrices of degree four, the difference being
merely a change of basis of the algebra, and it is doubtful if the change of
basis from the 78 to the E-numbers really leads to any simplification in the
algebraic work. Our results show that the identities in question do not
depend on any particular choice of the basis of the algebra, but are conse-
quences of expressing particular types of matrices in terms of the basis
elements.

2. METHOD OF DERIVATION OF IDENTITIES
Since constitute a basis of the complete matric Dirac algebra any

arbitrary matrix of the fourth degree T can be represented in the from

A

by suitably choosing the numbers t,. Also the spur of each y* is zero except
.1. (P. 112, lemma 5), ig.

Spur 74= 0, y4 I. (7)
Multiplying both sides of (6) by a particular y" and taking spurs we get

Sp (4 T= 4 ty (8)
and we can write (6) as

4T=2 Sp (7°T) ys 2 Sp (T y ) (9)
Let #, 4, x be one-column, and ¢t, gf, yf, one-row matrices of
degree four respectively. For purposes of derivation of the identities in
question the and + etc., may be entirely arbitary and independent and not
necessarily related as solutions of the wave equation (3) and its adjoint (37).
From these we form 4 « 4 matrices of the type yt, ydfetc. The importance
of such types arises from the fact that these matrices are of rank unity, and this
property is known to be independent of the representation of the algebra but
is a property of the abstract algebra itself. We next choose a matrix T as
the product of these matrices of rank unity with fixed elements y®, y°, etc.,

TiFFEN
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T- 2 tay* (6)
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substitute in (9), and multiply both sides of (9) by a yt on the left and a % on

commutation rules (1). the above process gives rise.to an identity of the type
under consideration. For example, if we take

the right. By evaluation of the spurs on the right-hand side of (9) using the

T == ye (uv fixed)
the process outlined above gives

4 (ptyep) (bhp) Sp

A
or, 4 (dty#y) (bth) = 2 Sp bhyAd)

(10, a, b)
1

according as we multiply by ript on the left and % on the right, or gt on the
left and # on the right. The spur expression on the right of (10, a) or (10, 5)
is equal to

Sp (abt
Ayap) = yAyed)

the several y"y" using the rules (1), and obtain a quadratic identity from
(10, a) and a bilinear one from (10, 5). Alternatively we might take
T= y" 461 and use the prescription of multiplying on the left by gi. and on

can be easily extended to more than two matrices.

matrix We can easily evaluatesince the product inside the bracket is

3. BILINEAR AND QUADRATIC IDENTITIES

The elements of the basis of the algebra can be grouped into the five

defined in the usual manner (P. 132), and the elements classified as

Lye, yer, yt (2, 5)
For purposes of deriving the bilinear identities involving ¢ & os, and thereby
deducing the quadratic ones by putting d= 5 & é - pt we consider pro-
ducts of the type y®y*y®, and keeping A fixed we sum for the index B over

refer successively to any one element in each of these types. The several

(yMydpt) 4,-2y", 0, 2y', or 4y°

We tabulate below the sums obtained by following the above procedure.
This table can be used for deriving the bilinear identities, and can be con-
sidered a generalisation of lemma 6 of Pauli's paper (P. 113),

®

S©
o.

O©

O©

the right by ¢. This gives another bilinear identity The same considerations

types given by (2) Of these the fourth type can be written as y* dual to y*

the elements in the several types (2, 5). We then vary the index A itself to

sums that arise thus can be evaluated by using (1) For example,

according as y*= 1, y", y' or y® respectively as can be easily verified
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TABLE OF SUMS 2 y®yAy8
B

y [hv]yh yh1

Sums

play1 y*. 1 y* y1

0

0diy, 2 2 4i

0 (11)

0> yy? 2y# 2y#
A {ev]

2y [uv]
Y y

=p A [ev] 6y°06

a y -60
==>) ylbrlyAy ter]

-y" ylarl »1

We now take T= J y®pdty® or T T= J y2dédty®, and apply the procedure
* B B

outlined in the previous article. The summations over B for the several
types of y* are taken from the rows of table (11), and the above two expres-
sions for T yield in all 16 identities which we will now write down. In doing
so we shall use the tensors dual to M;,,; and Spyyy) ¥Z _ Mixa) = Mis, and

S. Spur} and also indicate by dashes the convariants defined with respect
tod& di.

(1) T= 4d', and T= ¢¢4 lead respectively [by using the first row of
(11)] to:
- 4 6,262 (Pp) (Wid) 2 (ptyes) + ZF (pty) (ftpri)

+E (ptyep) + (dtyrp) (ptyd) (12, a)
4 (ate) (PTY) = -2,2, + 28,8),- 2 Mian Mun

+29, 8' + 62,62, (12, b)
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Putting 6= = ¢t both these lead to

(2) T= 7 ypdlye, and T- 2 yeddty# [using second row of (11)]:
42 8,8',= 4 Op (Yy?) 22 (Typ Wty*d)

+22 (dtyep (ytyegy- 4 Ghd) (13, @)

42 (atyng) (ptymp)=- 4.0,Q1 -22 8,8,/ + 22 8,8,' - (13, ¢)

Both these lead to

(3) T=2 yh plyt, and T= 2 ¢ yt [using fourth row of (11)]:

4.3 41 (plyp) (td)-22 (sted) (pt

42 (pty) (typ) = 4 22,029 22 S,S,/- 22 §,S,'- 42, (14, 8)
Both these lead to

(4) T=2 yHpgty, and T= + Hoty" fusing third row of (11)]:

42 §,8,'= 41 (typ) (tg) 22 toed) (plyd)
25 (gtrp) (ftyed)- 48 TY) (hTy*A) (15, a)

2 F8,S,' + 4QQ (15, 8)

Both these lead to

S S 0. (5, e) or (15, ©)

428,S8,=4 @p) (ftp) + 22 (typ) (styep\- 22 (pty) (pty)-4 (dip) (sty) (16, @)

AZ (btyegy (gtpp)=- 4 2,22, + 228,8,'- 258,8,' - (16,5)
Both these lead to

sixth row of (11}]:
yi=- 45 Mw Musi

6 (dtp) (pld)- 22 (ptY [ur]p) (ybly@rld)

3 2+ M--- XS8+2Miun- » Sp (12, c)

(13, c)-2022

(14, a)

®£
S

g

©
iO)

O©

i

§,S,= 0. (5, e) or (14, c)

4 0aptyed) (ptyep) 4

(5) T=Z yipdtye, and T= 2 yedoty# [using fifth row of (11)]

202 2 (16, c)3 ~
1

(6) THz ppt or T xy yuriydtte) and with 4! [using the

(17, a)6 (btyeh) (ib!
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Pp}
sp) -43 (astyurig) (pth)

= - + 22My)M,up} + 6 QoQyf (17, B)
Both these lead to

(5, b) or (17, c)

T= a yepdtye) or T= JZ yplerldtylr! and with éét; [using the
seventh row of (11)]:

-42 Meus) Mavs =-42 Mian M
=- 6 (dlp) (btd)- 22 (pt-6 (gif) (pty) (18, a)

AZ (glytorigy (ply ib) = 4 a (phymrrp) (stytors py

61.2) + 2EMy M typ + 642,25! (18, BY
Both these lead to

(8) T= T- y'dé'y5, [using the eighth row of(11):
4 = (Tp) (Yth) -2 (ptytp) (plytd)-+2 (ptypMrtap)

a (pty) (btytd) + (typ) (dty*4)
4 (pty%p) = - 2,2,' - 28,8,'-2 Mio M tui

- §8,'+ 2,2,
Both these lead to

3 B+Q=-FS;-2 Min -ZS;
Of these identities (14, ¢) or (15, c) give the identity (5, ¢); (17, ¢) is

(5, b); (18, c) is (5, d). Also by addition and subtraction (13, c) & (16, c)
give

Sp 5 $2--- Q2 - a3,
which proves (5, a) and (5, c). Thus all the identities (5) are proved without

Miu») ~ 22 2

{pv}

Miu > 92,2. (5, d) or (is, c)

(19, a)

(19, 5)

(19, c)

using Pauli's B-matrix. All the generalised identities given by Pauli can
be obtained as suitable linear combinations of our identities (12) to (19).

(17, b)} gives
QyQ4 + 2.Q2)- 2 Mea M tan = 2 (bhp) td) + (Sty) (ty)

which is [P. (43)].

{(12, b)- (19, b)} or {(13, a)+ (16, a)} gives
+2 S,8,'= 2 (gt) (td) - (bty>p) (bty*4)}

(12, b)+ (19, 6) or 2 (17, a)-[P (39)]Thus (12, b) is the same as
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which is [P, (44)1.
{(18, a)- 2 (18, b)} gives

i 2,24! + § 22,82. +E Muy Many=2 (BH)+ CHP) Typ}
which is [P. (47)].

Finally {(14, a)- (15, a)}, gives
iF 8,8,' = 2 (6d) yd) - td)

which is [P. (48)].
While these identities of Pauli are generalisations of (5, 4); {(5, a)+

(5, c)} and (5, d) respectively, our identities contain generalisations of all the
five in (5), as can be easily shown by taking suitable linear combinations.
Similarly all the identities given by Harish-Chand+a (pp. 35-36), in particular,
his equations (32)-(36) are also linear combinations of our identities.

We note below a few other interesting identities:

[(13, 4)+ (16, b)] gives

(ftyeg) (typ) +2 (btyd) (flyp) 7 (QQy' + 2,2)
while [(13, 6) (16, b)] or [(13, a)- (16, a)] gives

Z (piyd) (typ)- Z (btymp) (Pty4s)=- 28,8," (20, b)

Similarly [(14, a)+ (15, a] or [(14, b)+ 15, )] gives

Z (piyeg) (stomp)+ 2 btyd) (Sty) ZS,8,'- 28,8, (20, 0)

and [(14, b)- (15, 5)] givesJ (dtyeg) (Step a (Pty) -2 (20, d)

4. TENSOR IDENTITIES

The bilinear and quadratic identities derived in the previous article lead

to the invariant identities (5) and the corresponding expressions for T which

give them might be considered magnitudes of 'invariant' type. It can be shown

that by choosing other 'tensor' types for T we can deduce 'tensor' identities

which might also involve a single pair (¥, st) or two pairs (x, 41) and (4, 4).
We consider here identities of the first kind.

Thus, for example, the 'vector' magnitude
T= yep! (21, a)

leads to the identity
4 (xptyoap) (bp)= 2 y>yep) (blyp)
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and noting that

the right hand side reduces to

2 (pTyep) (pt) 2a (pty) (pty)
and we get

28,--2 Mui S,

which is H-C (37, a).*

Similarly

also leads to the same identity.

feads to

which is H-C (37, 5).
Either of the magnitudes

T=bts or T= 2 Y yler) (21, d)

gives Bhabha's identity [H-C (37, a).
i 28, - MiwiS, - (24)

5

©o

"UO

67

©o

as - fylerlyY ae jy y lar
(1')

and

(22)

(21 b)v

or T= 2 (21 Cc)

8, (23)

Similarly,
or T 2 yrdyptyian (21, e)

gives
2 Miya; 8, (25)

which is H-C (37, e).
The above magnitudes are of vector type. We can consider, furthe:,

those of a tensor type of the second order. Thus for example each of the
following four expressions

s pealabty» (ju v) (21, f)
* H-C refers to Harish-Chandra's paper.
+ See reference in H-C, p. 36.

4

ye
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gives rise to

S,5- 8,8, - § 22 Myn- 21 Mun (26)

which is H-C (37, c).
Similarly

(21, 2)

gives

p

and

S2+Si-2 Miup) -222 (for w= ¥) (27, b)

T= yHbbty or T=

(for p (27, a)5, ©

P

Both (27, a) and (27, b) are included in H-C (37, Sf).

Equation (26) is identically satisfied for v, but it can be shown that

by taking
T= peppy (21, h)

we get immediately the quadratic identity (5, ¢). viz., 2 S,8,,-- 0 which was

deduced in (14, c) by taking for T the expression (21, 4) summed over p. In

a similar manner, we observe that by taking

T= plrdafapt yon (21, i)

we are led to (5, d) without the summation over [uv] as in (16, c).

Finally the « pseudo-scalar
' magnitude

T- Ppt
can be shown to lead to (5, d) directly just as (21, #). (21, /)

We also notice that the quadratic invariant identities can be deduced

from the above tensor identities (22)-(27). Multiplying both sides of (22) by

S, and summing over y4, the tight-hand side which becomes a double sum-

mation over « and v reduces to zero in view of the anti-symmetry of Mtw
and hence 2 S,S,= 0, which is (5, e). This also results by applying a similar

procedure to (23), (24) or (25). Next multiplying both sides of (26) by S,,, and

sumpung over pe We get, using (23), (24) and (5, 7) deduced above, that

which is (5, a). Multiplying both sides of (22) by S,,, summing over p, and

using (23) we derive

ZS, =F

@
ra
Q
hm©
o.

O

Ti

28 23-2
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and each equal to - 2? - which is (5, c). Substituting these values in
(27, b) gives immediately

which is (5, 5). Finally to obtain (5, 7) we multiply (25) by M,,,; and sum
over pz and ». This gives, using (22) and (23),

22, a (28)

Substituting from (5, a, 6, c) this leads to
_ 22 Miu» M tas) - Q, 25

which is (5, d).
The above derivation further enables us to show that the six tensor

identities (22) to (27) are not all indcpendent. In fact, (27) can be deduced

summing over v, we get
on both sides andfrom the remaining ones Thus multiplying (26) by M {vp]

a 23 Miu Mop + 7 Qy 2 Mian Moy; + 22 (S,S, + §,8,)= 0,

in virtue of (24) and (25). The second summation of the left is easi!y seen
to be identically equal to zero, and we have (27, a), i.e., p). To derive

v v

(27, b), we multiply (24) and (25) by S, and S, respectively, add and use
(25) which yields

22, (Si+ 2 ) 2 22, Minn +7Z 2% Mon Mun 29, a)
Similarly (22) and (23) give

Oy (Si+ Si)= FQ Minny + FE Qe Moun Meu (29, 6)

Equation (29, a) and (29, b)

[uv] Mer Qy 22 {2 (Miu +M2)
=-Q, 2,22M,,er}

v

a

This along with (28) above determines 2 Mir; Which, when substituted

in (29, @) gives (27, 6). Thus we have shown that (27, a, b) can be deduced
from (22)-(26), or there are only five independent tensor identities.

5. MULTILINEAR, AND POLYNOMIAL IDENTITIES

The matrices T used in the derivation of the quadratic identities are of
the form y"#xs, and to derive higher polynomial identities, one has only to
take T as the product of two or more such types of expressiors, The
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procedure mentioned in §2 then shows that the identities thus obtained are
merely certain multiples of the quadratic identities. For example,

gives the cubic identity
4 (ablyAch) (eb!By) (bhp) = a (py"y rh) (hyp) (yf)

and this can be obtained, ky multiplication with (/Ty3), from the quadratic
identity

4 (bly>p) (php) - 2 (plyCcyAb) (bly)
derivable with the aid of T= y'¢s'. Thus polynomial identities are derivable
from quadratic ones. Similarly multilinear identities can be derived from
bilinear ones. To illustrate this we consider a slightly complicated example
by taking T- 2 (ytdplynbh! yt) (30)

and use x and x for multiplication on the left and right. (30) yields the
trilinear identity

42 (xtyes) (btyep) (bl ytx) = 2 2 (plyeysyed) (bEyea) (xtyAx) 31)

The corresponding bilinear identity would be given by

(30, a)

which on multiplication by ,' on the left, and y on the right yields
42 (xtytg) (p'ytx) = % (phyyy) (xx4y) (31, a)

which is also (13, 5), On account of the summation over yp, the trilinear

identity (31) is not given directly as a mere multiple of (31, a) with

mere multiplication from a different kind of bilinear identity, viz.,a tensor one.

Thus we could take

T-y'ddty* (no summation) (30, 6)

and derive the ' tensor' bilinear identity
4 (xtyep) (ply#x) = (pl (xlyx) (31, b)

The same situation presents itself when considering the cubic identity obtain-
ed from (31) by putting d= X and pi pt = xf viz,

(32, a)

®

w
Oo.

e
©

©

6
=

T-2y pp!y

But it would still be possible to derive (31) by(s'yh) as the factor

Multi-which is the generalization of the quadratic tensor identity (27 + b

plying both sides of (31, b) by and summing over p we go over to (31).
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and the analogous one obtained by taking the dual of y# in (30),

(32, b)
(32, a) and (32, b) are not simp'e multiples of the associated quadratic in-
variant identity (12, c) or (19, c), viz.

S25 M [wv]

ES24+582+ 32221022 a Mi,,,
thy]

or JSit FSi + 323+Q= a Miz y]
but can be obtained from the tensor identity (27, )), i.e.

by multiplying with S,, or S. and summing over pz.

6. PRIMITIVE TYPES OF MATRICES
We will now show that all the identities considered in this paper can be

deduced by considering the five primitive types of matrices

(2, a)
given as the product of the five types of y+ and matrices of rank unity.Since polynomial and multilinear identities are deducible from quadratic and
bilinear ones respectively, we confine ourselves to the latter kinds. Let us
consider the quadratic case where only one pair (#, #1) appears;

T= yas! gives the invariant identity
a S245 52 - 2 Miu =- 3 Qi @ (12, ¢)

T = y"uft gives the tensor identity

(22)
T= perl gives the tensor identity

+ i 21 Mi + 0 (S,8,- 8,8,)=0 (26)
T= gives the tensor identity

a Mun Oy S, (23)

S,= 2, S

Qs

and T= Y gives the invariant identity -5 2 Meu M luv)
= 2,2, 65, d)

1

As shown in §4, (22) and (23) give 7 S2=2 S: , and (22) or (23) gives
Z S,8,= 0. Multiplying (26) by M,,,,, using (22) and (23), and summing
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over » and and also taking (5, d) into account we get a relation between

Ss and 2 Mi,,, other than (12, c). Taking (12, c) into consideration
therefore gives

ZS, FS=-- M22; 2Mi =Qi- 222

and all the invariant quadratic identities are thus derived.

We have next to obtain the tensor identities (24) and (25) since the re-

maining one, viz., (27) has previously been shown to be a consequence of the
others. This is easily done by means of (26). Multiplying it by S, and

summing over v we get, using (23) and (5. e)

2,2 Minn 5,+ iD: (- QW §,) =i 8, 2S}
and since Y - Q? -522, this gives

i 02 8,
which is (24). Similarly multiplication by S, in (26) leads to (25). Hence

(33) yield all the quadratic invariant and tensor identities.

The proof that (33) also lead to the bilinear identities of the variant
and tensor forms can be carried out ina similar, though more complicated
manner, and need not be explicitly given here. We will notice, however,

only one simple case. The last matrix in (33), T= y's! gives the bilinear

identity
4 (¢!yf) (hiv'yh) ($'y*4)

I Q,Qo' + 7 QQ -i 28,8,' + i28,8,/
MiMinn (34)

Intercharging ¢ and # interchanges the dashed and undashed quantities on

the right of (34). Adding and subtracting (34) and the expression thus

obtained we get immediately (P. 47) and (48).

SUMMARY

It is shown in this paper that by choosing suitable forms for 4x4
matrices as products of Dirac matrices and matrices of rank unity (i.e., pro-

tions of the sixteen elements y* of the basis of the Dirac algebra, one can

derive the generalized identities of Pauli which hold in this algebra.

Generalizations are given for cases not dealt with by Pauli, and the use of

his B-matrix is also avoided. The same method yields further < tensor ',

multilinear, and polynomial identities of which it is shown that the last two

@

©

e
©

©

A

ducts of 1x4 matrices), and expressing them as linear combina
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kinds of identities are derivable from bilinear and quadratic ones. It is
pointed out that all types of identities can be deduced by considering five
primitive types of matrices.
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