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THE FREQUENCIES AND THE ANHARMONICITIES oF
THE NORMAL MODES OF OSCILLATION OF ALKALI HALIDE CRYSTALS

II. LOW-FREQUENCY ACOUSTIC MODES

By Sir K.8.Krishnan, F.R.S., and Sanat Kumar Roy, Ph.D.,

<----In the present Part are deduced, on the basis of Born's
model, expressions for the frequency and the ratio of the
amplitudes of the alkali and the halide ions in an alkali
halide crystal, for any general normal mode of oscillation of
the crystal. The results are applied in detail to the special
ease of low-frequency acoustic modes. Since the amplitudes
of the two ions are not in general the same, there is a result-
ant electric polarization of the medium accompanying the oscil~
lations, and consequently a polarization field. The force act-
ing on an ion due to this field is found to be comparable with
the force of interaction with the other ions, not only in the
optical branch, in which the displacements of adjacent positive
and negative ions are in opposite directions and in which,
therefore, the polarization is large, but also in general in
the acoustic branch, in which their displacements are in the
same direction. A detailed calculation, however, shows that
for low frequency acoustic modes though the ratio of the amplie
tudes of the two ions is affected by the polarization field,
the freauency remains completely unaffected by it.

The expressions deduced for the frequencies of the acous~
tic modes give us also the velocities of propagation of the cor-
responding acoustic waves, and since the latter are already knowr
in terms of the elastic constants of the erystal, we obtain inci-
dentally simple expressions for these constants. The elastic con-
stants so calculated are found to agree with observation.

Unlike the principal oscillationg of the crystal dealt
with in Fart I, these low-frequency have negligible
anharmonicity.
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1. Intropuction
wa

In fart I of this paper (Krishnan Ava Roy 1951) the
oseillatidn of the lattice of positive ions in alkali halide
erystals with respect to the lattice of negative Lons

4 was
discussed in sows detail, on the basis of the simple Born
model. Among other results it was m& found that the electric
polarization of the crystal that accompanies the oscillation,
plays an important part in determining its frequency. The force
acting on any given ion, due to this polarization field is cone
parable in magnitude with the force due to its interactions with
the other ions. For example, in sodium chloride crystal, the
force due to the polarization is nearly half that due to the
interactions with the other ions, and,being in opposite direction
to the latter, is almost of the same magnitude as the resultant
force.

The model enables us also to calculate the ahharmonicity
of this oscillation, since the expression for the potential ener-
gy of the crystal contains, in addition to the prominent term
proportional to the square of the relative displacement of the
two lattices, and which /@étermines the frequency, also a term
proportional to its fourth power. The latter term, unlike the
Square term, varies with the direction of the displacement, and
hence the anharmonicity, unlike the frequency, varies with the
direction of the oscillation.

In the present Fart are deduced, on the basis of the
. Same model, general expressions for the frequency and-the ratio
of the amplitudes of the positive and the negative fons, for
any general normal mode of oscillation of the alkali halide
erystal. fhe results are applied in detail to the Special case
of low-frequency acoustic modes,

These and other modes of oscillation of the alkali
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halide crystalj have been discussed previously by several

authors, and particularly by Kellermann (1940). But the

present treatment is in some ways much simpler, and yields
some new results of interest.

2. THE POTENTIAL ENERGY OF AN ION DISPLACED
BY AN ELASTIC WAVE IN THE CRYSTAL(ods

Consider an alkali halide crystal of the NaCl type,
oN

and propagation in it of a plane elastic wave of waves,
ae

length x , and consider one of the three principal direc-
tions of displacement of the ions in the crystal associated
with this wave, the displacements being small in commrison
with the distance d between neighbouring ions. Choosing as

the
coprdinate

axes the cubic axes of the crystal, and as

and by LMN the direction-cosines of the displacements, and

by * the displacement at any given instant t of an ion
m whose equilibrium position corresponds/the coordinates
( Ean Cans Son )d, where & mm om

are integers. Let wR)
be the energy of interaction petween any two ions separated

é the origin the equilibrium position of an alkali ion, we

denote by lgn the direction-cosines of the wave-normal,

to

by a distance R. For simplicity WY -
(R) may be assumed, as

in Zart I to be of the form

where the second term on the right-hand side represents the

repulsion interaction between the ions, and the first term

the electrostatic interaction between thej" the + or the -

sign being chosen according as the second ion, say ny is of
the same/type as the first, or is different. It will be

are regarded in this paper as confined to the nearest neigh-
bours only, and hence we use in (1) single constant, A and (
which refer to the interactions between near ions of the Q

opposite types interactionsjot the van der Waals

type between the dipoles induced in the ions are

fran &W(R) = + &/R + 2

the former when'(£ + lat3n)-(&mt is even, and the

latter when it is odd. < the frot t m Arndt theAa,

The re ion interactions, which are of short range,

a
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neglected.
Considering now the interactions between the various

ions in the crystal, all of whieh have been displaced appro-
priately to correspond to the same instant t, we obtain for

4

ener8Y of the crystalthe potential

4 Py (2)7

where used for brev ty in place of (Rann)mn
Let us denote by Um the potential energy involved

in displacing one of the ions, say ion Hy from its equilibrium
position to the position appropriate to time t, the other ions
being displaced synchronously from their respective equli-
brium positions to the positions corresponding to t. Uy, can
be readily obtained, except for a constant term independent
of the displacements, in which we are not at present interes te,
by putting

Atm, , Lol. (3)
in which while differentiating U with respect to all the
other displacements are kept constant, whereas in the inte- Ter
gration all the displacements are increased from © to their
final value characteristic of time t, synchronously with
i.e. before integrating, all the other displacements a oceur-
ring in the expression for ou/sChan'are*expressed in terms of Vn
and whe appropriate differences in phase between them, so that
for the purpose of this integration 3u/9%,, may be regarded

f

In obtaining the differential ecefficient 2U/at,ocenu -

as a function of Tn only.

ring in (3) we may, therefore, omit straightaway all those
terms in expression (2) for U that obviously do not involve

and rewrite (3) in the simpler form
)

ren Atm Uy (te)

3. EXPANSION _A POWER SERIES

Now the interaction energy 1 between the alkali
ion near the origin and any other ion at a distance R from
it may be expressed in the form of a Taylor expansion
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WIR) = Ro) + Fela'),ers ¥4(5)
where r is the displacement of the former ion, with respect
to the latter. In view of the relation

R= R,+ wes (6)
in which Q is the cosine of the angle between the directions

therefore
of r and R, , and RR, aS T-y9 , we may express the

differential coefficients of with respect to r at r=,
in terms of the differential coefficients of \ with

respect to Ry at R = R, « We shall, for simplicity, desig-

4

nate the latter coefficients byW', W",W".... Obvi-

ously

= 5

F, Say. TF

nee 3 a(I-&) (y/RE ¥/R)- Vy" foo

=G,

ary' (

3

(VRWR
FER BE)WIR, + ary

1

> (8)

Since Ye can thus be expressed as a power series
in Wem U also 4as we shall show presently, can be

expressed as a power series in Vane ; and in particular U, ,
the potential energy of the alkali ion

"ae
the origin as

a power series in vo

t
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4. INTERACTION OF AN ION WITH A PAIR CENTRO-SYMMETRIC TO IT
~

As a first step towards expressing U, aS a power

series in ¥;, , we shall confine attention to the interaction
between the alkali ion near the origin and the pair of
ions at £ (En NaiSy)& respectively, and designated
n and n' respectively, n' being the inverse of n with res-
pect to the orign. Now choosing the positive direction
of the displacement to be the same for all the ions, and

the lattice point n under consideration, one can readily
see that Q,,, and Gare of the same magnitude, but have

in their equilibrium positions, we obtain

the positive direction of R/ to be from the origin to

and denotingopposite signs. Hence on ™ Q,fa

=2% - BY /

[G,-%)-Co-te)
~

+(E/20) [Gey t+ Cte)

+ (Hitt) Feat) Chet) oat)
Now the amplitudes of the alkali and the halide ions

will in general be different. Denoting by q the ratio of
the latter amplitude to the former, and by fon. the differ-

by Ys the value of when both the ions o and n are
284

3

ence in phase of the elastic wave at the ions © and Ny.
we obtain

in which q will be unity if n and n' are alkali ions,
but otherwise will, in general, be different from unity,
and will be positive in the acoustic branch in which the

2 the displacements of adjacent positive and negative ions
are in the same direction, and will be negative in the

optical branch in which the displacements of the two ions
are in opposite directions. Cw will evidently be equal
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Now equation (4) for U may be written in the

the projection of R,

form.

in which the summation extends over all pairs nn'. The

differential coefficient appearing in it may be obtained

by differentiating (9) with respect to 9 remembering
that in this operation and %, are to be treated as

constants independent of (see remarks at the end of
Section 2). The coefficient thus obtained will naturally
involve and f, in addition to Y) . Now by substituting

of alone, and thus obtain U, as a function
of or, to be more precise, aS a power series in v5.

omc THE TERM IN THE EXPRESSION FOR AND THE
EFFECT OF THE POLARIZATICN FIELD

In expression (12) for U, we shall consider
separately the terms that involve the different powers of

% ; and take first the

vanishing term, Now

Ces (14)

the same type as the ion at the orign. Hence the te term

in expression (12) for U, will be given by
nt
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(15)*2
n which pa denotes summation over all the ions for which

4= E+7 4+ S is odd, and similarly 2.2 denotes summation

over all the ions for which a is even.

If m, be the mass of the alkali ion, -20 im will
obviously be the acceleration of the ion per unit displace-
ment under the interaction forces under consideration. tr
these were all the forces acting on the ion, 2a,jm, should

be equal to the square of the frequency of oscillation
of the ion, and therefore of the elastic waves.

In fart I ef-thts-paper] we showed that the inter-
actions between the ions, on the basis of which we

have calculated
Ou, » do not include the effects of any

soaperative phenomeng like the electric polarization of

the crystal that may accompany the oscillations. Such a

polarization obviously accompanies what are ly dese

eribed as polar oscillations of the crystal, in which the

displacements of adjacent positive and negative ions are

in opposite directions. The oscillation of the lattice
of positive ions with respect to the lattice of negative

ions, is a special case of such polar oscillations and is
characterized by R=0 and hence by a homogeneous polari-
zation, i.e. polarization that is the same throughout the

medium. In fart of-this-paper, in which this case was

discussed in detail, it was found that the force acting

Qe $

- ore

on any ion due to the polarization field is comparable in

*Equation (14) refers to the interaction between the alkali
ion near the origin and the pair of ions n and n'. Hence in
obtaining the potential energy U, of the ion 0, due to in-
teractions with 11; other jons, we have to sum up theéffects
of all such pairs nn'. In (15), however, for convenience in
doing the summations, we have regarded the ion n and its
inverse n separately, and to rectify the double counting
thus introduced, we have inserted the multiplying factor

z 1/2 on the right-hand side of (15).
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magnitude with the foree due to interaction with the
surrounding ions. In fal for example, it is roughly half
of the latter, and being opposed to it, is of nearly the
Same magnitude as the resultant restoring force. It was
also found that any polarization induced in the ions by
the displacement of the electrons with reference to the
corresponding nucleij does not contribute to the force act-
ing on an ion and tending to displace the ion as a whole.

The polarization field plays an important part in

halide crystal, and will be discussed in detail elsewhere,

to our present purpose.
(1) Even when the polarization of the medium is not

quite homogeneous, the polarization field acting on an ion
may be nearly as large as when it is.

homogenous , but will
now depend markedly on whether the displacements of the
ions that produce the polarization are longitudinal or
transverse to the direction of the gradient of the polari-
zation, 1.e.4 to the wave-normal.

(2) Considering elastic waves having their wave-nor-
mals along [rir] such a polarization occurs not only
for the optical branch, in which the displacements of
adjacent positive and negative fons are in opposite direc-
tions, but also for the acoustic branch in which the dis-
placements are in the same direction, because the magnitudes
of the displacements of the two ions are different as a
result of the difference in their masses. For a given amp-
litude of one of the ions, the polarization thds produced
will of course be much smaller than in the corresponding
optical branch, but the frequencies involved now are also
mum correspondingly smaller, and hence the polarization
fields acting on the ions will stild remain comparable with
the forces of interaction between the ions displaced from
their respective equilibrium pdésitions by the acoustic wave.

o the other modes of oscillation too of the alkalisome f

We shall merely note here the following[which are relevant

yh

ag.



When rR is small in comparison with [the polari-»

zation is nearly homogeneous over regions covering a large
number of ions, The polarization per unit volume in the heigh-
bourhood of the origin will then be given by Ne (iy), , Where

N is the number of ion pairs per unit volume; the direction of
the polarization will naturally be that of the direction of
displacement of the ions under the elastic wave. (Consistently
with the finding in fart I, we neglect here the polarization
due to the electronic displacements, as distinguished from

the polarization due to the relative displacements of the posi-

interested here.) Hence the extra force due to the polarization
field acting on the alkali ion near the orign, and tending to
restore it to its equilibrium position, ean be put equal to

the polarization factor, which will depend on whether the
direction of the polarization is along or transverse to the
direction of the gradient of the polarizations i.e.4 whether the

displacements under the elastic wave, that cause the polarization
are longitudinal or transverse. In the latter case p will evi-
dently have the Lorentz value 4170/3 , for the same reason for which

the usual Lorentz treatment of dielectric polarization is appli-
cable not only for an incident static electric field, but also
for the field of an electrosmagnetic wave whose wave-length is
much longer than the intera¢tomic distance, as is the case with
the elastic waves that we are considering now.

Even when fo is not small, the extra potential energy of
the ion near the origin due to the polarization produced in the

tive and negative ions , since the former polarization does not

affect the
dsplacements

of the ions.in which alone we are

and the corresponding contribution to the potential
energy U_ of this ion will be given which p is

he &

medium by stillbe put equal
in wh ch the/va ue w ll mew depend not only on whether the

displacements are longitudinal or transverse,but also on the mag=-

nitude of fe in relation to Vd, but can -howevery be calculated.
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[this to the side of (15) we obtain for the
term in the expression for U, , which determines the

frequency of the mode, the value»

Er -Z€ cose.) -fNe'(I-Y)-4,2, Fees Lon) , LAL16)

wt, and putting

Ecos ep =¢, in (17)

EF -Z,(Fosp)- bNe U8)

Equating this to 2 2

awd.

we obtain

Ty
_

New

By shifting the origin of the
coordinate system

from the equilibrium position of an alkali ion, where we

have located it at present, to that of a halide ion, we

obtain similarly

v fp Nem
? vv Zo)

in which m, is the mass of the halide ion, and x, andd,
occurring tn the expressions for c, and denote as before
summations over all odd and even values respectively of 8,

THE
6. THE FREQUENCY AND 'HE RATIO OF THE!

AMPLITUDES OF THE TWO IONS

For any given value of R, which determines the
phase differences cp of the elastic wave between the ions,
one may eliminate either q or from (19) and (20), and
thus obtain

+
(om,+™)g

whence

megemma"EN t @2)

q -(¢.-fNe*)*= O, wa (21)yw, MH,2

2
=

and similarly
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"a(S bNE)ay + (on ms) th - Emenee, iv {23

whence

(24)

In both (22) and (24) the upper sign corresponds to the

acoustic branch of the elastic Waves, and the lower sign
to the optical branch.

Yo dey,

7. PARTICULAR CASE WHEN R Is SMALL

Let Ww be the distance up "to which the electrostatic

ovat

interactions between ions, which are of long range, remain

significant, and let be sufficiently Small that
cos (= cos 2JC RA can be put equal to I= ke even when

is as large as 1%. Expression (24) for q then reduces
to bee

~

(25)

in the acoustic branch, and to

26J

in the optical branch. Similarly, expression (22) for

in the acoustic branch and to

reduces to

(27)wm, +m 2

Fer) (Ee?)
Net

(28)
in the optical branch, where

(27)
In the special case when Ro QO,

(30)
™

The first value corresponds obviously to an acoustic wave
of infinite wave length, for which the amplitudes of the
two ions will naturally be the Same, and the second value
to the oscillations of the lattice of the alkali ions
with respect to that of the halide ions, in which their
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displacements be in opposite directions,
and the amplitudes inversely proportional to their res-
pective masses, Similarly when

F--bhNeD/e, er (3)
the first value in (31) referring to the acoustic, and

the second to the optical branch. In the latter case, in
which the polarization is homogenous, h= ) and is
independent of the direction of the displacement of the
lattice of positive ions with respect to the lattice of
the negative ions. This expression for the optical fre-
quency is identical with that obtained in fart I, where too
it was found to be independent of the direction of displace-
ment.

8. LONG ACOUSTIC WAVES: VELOCITIES AND AMPLITUDES

From now on we shall confine our attention to lows»
frequency acoustic modes, and postpone to later Parts of
this paper the consideration of the other modes.

It will be readily seen from the expressions derived
in the previous section that the ratio of the amplitudes
is considerably influenced by the polarization field, in
both the acoustic and the optical branches, and the fre-
quency too in the optical branch. But the frequency of
long acoustic waves, as is evident from (27), remains com-

pletely unaffected by the polarization field. This result
is significant, since otherwise the validity of the well-_
known Christoffel relations between the elastic constants
and the velocities of propagation of long acoustic waves
for different directions of the wave-nornal, and is-
placement4 which we need to use in the next section, will
be disturbed. One can understand in a general way how in
the case of long acoustic waves this happens, in spite
of the restoring force acting on an Yon due to the pola-
rization field, being still qyite large and comparable
with the force due& to the interactions. The frequencies
of the oscillations of adjacent positive and negative ions

© *



which are determined jointly by the interactions with all
the surrounding ions and the polarization field, have

,Maturally to be identical, and this is secured by a suitable
adjustment in the crystal of the relative amplitudes of the
two ions. The relative gmplitudes and in general the frequen-
cies also\Will, therefore, depend very much on whether the

polarization field is present or not. In the case of low-fre-
quency acoustic modes, however, unlike in other modes, it
happens that the condition that the frequencies of the neigh-
bouring ions remain equal in spite of the extra polarization
forces, incidentally ensures that these frequencies remain

quite unaffected by these extra forces, the whole effect of
these extra forces bing now confined to changing the relative
amplitudes of the two ions.

Now expression (27) for wo for low-frequency acoustic
modes of vibration of the crystal leads to the following
expression for the velocities of propagation ay of the corres-
ponding long acoustic waves in the crystal, namely,

Dw 9

2

in which D is density of the crystal, and is given by

D= Nw tm). ~~ Gs)
The calculation of the velocities of long acoustic waves-

thus reduces, on Born's model, to evaluating
becomes particularly simple when, as in the case of propagation
along [loo] , and [10] , the acoustic waves can be regarded
as longitudinal and transverse respectively. The restriction
of the calculation to these special cases does not involve
any loss of generality, since for any given general direction
of the wave-normal the directions of the displacements and the

corresponding velocities of propagation can be obtained from
the data for these particular directions.

Since fe is known, the ratio of the amplitudes ef



of the two ions can also be calculated for the above

directions of the wave-normal.

gs EVALUATION oF (EA')
We now proceed to calculate > for these

special directions. (For convenience we are dropping
the subscripts from a )y The summation can be done -

conveniently in two stages, 4as similar summations were

done in fart I}. In a cubic erystal of the alkali halide
type, corresponding to every lattice point 77, 6 )

there are others whose eqordinates are obtained by the

various permutations of +E,yu " ,&<G «. Their number

C when all the three coprdinates are different and

different from Zero { will be 48, and otherwise will be

smaller. For any such group of ions round the origin,
will remain the same, and /the average valuef of

FA taken over all the ions in the group, which we

shall denote by FA% , can be calculated easily, and

hence the contribution to Z(FA from all the ions in
this group, namely, T(EA'). The summation can then be

extended over all such groups.

Moreover, in expression (7) for F we may separate
the contributions from the electrostatic and the repul-
sion interactions by substituting for

Ww
given by (1)

either the first or the second term only, and thus get
separately the contri butions to > (EX) from the electpo-
static and the repulsion interactions. The repulsion
interactions being of short range may be restricted to

the six immediate neighbours only, whereas in the melectro-
static case we have to include interactions over a much

wider range.
In order to calculate the average value of Fa taken

over all the ions in any particular group, L.e.j over
the ions emt «whose

egordinates may be obtained by the
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permutations of (+E EN XS Na, we merely require the

average values of the following functions of these eqor-
dinates, all of which are readily obtained. Putting

- (34)=8,
we obtain

S/3 18 =0 ya

= = as6-H, 4g
(E> 2 -s/3 +Bet aCe+1)t= s- eit )

(EryY+s)t= 35° 6.
The results of the calculation are entered in Hable t.
The first colum in the fable gives the direction of the

Wave-normal, and the second the direction of the displace-
ment. The third column gives the contribution to =(FaA
from repulsion interaction, which, being restricted to the
six immediate neighbours, is readily calculated, and needs

no comment. Following the notation used in fart I the

repulsion interaction is expressed in terms of chard)



Table 1,
L-

ec

mal place- SEA) =¢

x fool] 7 > 35S"
-5/iz 'fy CutCat2g fe

[ro] To] /4
« serif -Ye 12 Cte

PE] }a(8-2)/9 E++3)/8 (E+m+8) /3 -2/3 2/3 3

The calculation of the electrostatic contribution,

however, presents certain features of interest. Consider- a
ing the interaction between the alkali fon at o with any

particular ion whose coordinates are ( E, 1, S dd,

we find that the value of can be expressed in the form

where A and B are functions of the
eqordinates vary

and alse

with the direction of the wave-normal and of the displace-
ment. The values of A and B for different directions are

entered in columns 4 and 5 of the rable. Now the average

values of A and B for the group of
ions

whose eqordinates
are obtained by the permutation of (4 day

are found to have the form as and ve gtanit +o)
respectively, and hence the averagea
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value of (Ea)alec. taken over the group can be expressed
in the form

(Fa) as "4bette + st) - F\@/a), oySsA
¢ )

where a and b are found to be independent of the coordinates
and therefore have the same value for all the groups. (They,

however, depend on the direction of the wave-normal and of

the displacenente We are this led to the important result

that the net electrostatic contribution from all the ions to

ZC) 4s as though each ion contributed just two terms
th unigue, one to the series e/h)a « and the other to

the series wher
(38)

5/2
+ + ct) (E+ + (39)

in which E NS take all integral values except E=N=5=0.
In other words, the electrostatic part of can be

expressed in the form

EEA), (axthxe/d, (Ho)
in which a and b are known functions of the direction of

propagation and of displacement. The values of a and b

for the principal directions are entered in columns 6 and

7 of table 4.
ean be readily identified as the well-known

Madelung series, and x also is a known series (see,for
example, Lowdin, 1948 a and b). Their values are d= 1.75

and K= 3.14+

10, EXPRESSIONS FOR THEELASTIC CONSTANTS

As is well known, for any given direction of the

wave-normal of an acoustic wave in a cubic crystal, the

three directions of displacement, and the corresponding

velocities, can be readily calculated in terms of the known
f

elastic constants
2 Cie with the help of

*Both x and X have been computed numerically to seven
places of decimals; q = 1.747,557,8; X= 3.138,555,8
(Léwdin 1948 b).
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Christoffel relations. (See for exampleLove 1944)

The values of Dv* thus obtained in terms of the elastic
constants are entered in the last column of "able 1.
At the same time, we have in equation (2), namelyy ,

expression for Dw for erystals of the type, in termsan
on

and a all of which are known. From a comparisonof &,
of these two values of Dw we obtain expressions for the

elastic constants of the crystal in terms of %, X, 2, and
also the contributions to these eonstants from the electro-
static and the repulsion interactions separately.

The data entered in fable 1 offer nine relations
between the elastic constants, anda, x and S . Bounoe
of these relations are identical, and any three of the

remaining will enable us to calculate the three
elastic constants, or rather to calculate Cy and and

to verify the Cauchy relation, namely, Cig = Cue ) which

we should expect the crystal to satisfy on the basis of the

model adopted by us, in which both the repulsion and the

Coulomb forces are The tyextra relations
offer an effective cheek on our calculation.

__ Puta

We shall denote the contributions to fy from the

repulsion and the electrostatic interactions by ti, and €,,
respectively, and similarly the contributions to Cig by Pio

and Cy respectively. Theirand and to by9

values are entered in Table 2, and are expressed in terms

of
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It will be seen immediately (1) that the Cauchy relation

is verified, Cig being equal to Coy though the components

and fie are not separately equalto €4, and

Cau respectively; and (2) that the compressibility

B= 3/(Gy+2C2) = 18At/fex(8-2)} ue GN
is the same as the valueqh/§Nex ($-2)} obtained in Part I

(equation $7), from direct considerations (in view of the

relation N= i/(2d?) for the 661 type of crystals that we are

The values of the elastic constants obtained here
now considering).

agree with those calculated/K€llermann on the basis of the

same model. His expressions, however, involve more complicated

series than X - it should also be mentioned here that the

values of €, and Co and of ©, and obtained by Kellermann~he
differ from the corresponding values obtained by us.

The numerical values of the elastic constants calculated

from abov expressions obviously refer to very low temper-

atures, are entered in fable 3, along with the observed values

wherever available. The values of 8 used in the calculation

are those given by Pauling (1928) and used by us in Part thisAof

paper, and are engtered in column 2 of the Hable. The agreement
the

between the calculated and the observed values jas satisfactory.
3

It will also be seen from ¢ke Yable that in the NaCl type

of erystal\ the elastic constant Cio= Coay as calculated on Born's

simple model, depends on the lattice constant a only, and is

inversely proportional to its fourth power. This result is veri-
fied by observation. This result, however, does not apply to

the CsCl type, as we shall see presently."

cated to Natine *
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Table 3.
The elastic constants are expressed in !O dynes/em*

rystals (in 4) (Pauling )
2

Sale Bs . @alt Obs. Obs .
- ha

Nath type oe
LiF 2.01 7.0 10.7 9.8 4.9 5.2
NaF 2.31 8.0 8.5 2.8
=«F 2.67 9.0 6.1 1.6
RUF 2.82 9.5 5.4 1.3
CaF 3.00 10.5 - 5.1 1.00

LiCl 2.57 8.0 5.5 1.8
Nacl 2.81 9.0 5.0 4.8 1.3
«CKCL 3.14 10.0 3.9 3.9 08° 0.8 0.7
RbCl 3.27 10.5 3.6 0.7

LiBr 2.75 85 48 1.4
NaBr 2.98 9.5 4.3 (3.3) 1.07 1.3
KBr 3.29 10.5 3.5 3.4 0.7 0.6 0.6
RbBr 3.43 11.0 3.4 0.6

Lil 3.00 9.5 4.2 1.0
Nal 3.23 10.5 3.8 0.7
KI 3.63 1145 3.1. 2.7 0.5 0.4
RbI 3.66 12.0 2.8 0.4

Cspytype Cel
5 IO Oo:

12-0 4. b O2
OF Or"?

CsCl
CsBr

CsE

('74 ) and Kama ehandran (194-9)

been Bridgman (192.4 t (1928)
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11, THE ELASTIC CONSTANTS FROM STEADY DISPLACEMENTS

Our main interest in the present paper is the cal-
culation of the frequencies and 'the amplitudes of theport
acoustic modes of oscillation in the wystal and their
harmonicities, on the simple Born yodel, and the expressions
obtained for the frequencies are usedy incidentally, by
making K. small, to give us the elastic constants. If
our main purpose had been to calculate the elastic constants
of the alkali halides, we could have calculated directly
the potential energy associated with certain spefific
homogeneous strains produced in the erystal, and thence
evaluated the elastic constants; for example, Cin
in increasing slightly the distances between the jors
along the X-axis and decreasing simultaneously by the
same amount the distances along the gaxis, those along
the

Z-
axis remaining ugaltered and Cy,by a shearing

strain in a plane parallel to two of the cubic axes. In
general, for a cubic crystal, adopting the usual Voigt ly
notation (Voigty 1928 ) and denoting by athe three
tension components of the strain tensor, and

t

the sheer components, and expressing the energy E per unit

3
by 74

y Xe,%

volume of the erystal in terms of the strains

E ~ 2 0 (4-2)

we obtain
2

Ox, Oxy
(+3)

8
The calculation of E involves, as mentioned just now, the

¢¢
same technique as used in the earlier parts of this paper
and leads naturally to the same expressions for the elastic2

constants as obtained here from the velocities of acoustic
waves of long wave-lengths.
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12, ALKALI HALIDES OF THE CéCl TYPE am
"LS cfife >

Though the discussion till now has been made to

refer explicitly to the NaCl type of alkali halides, most

of it will apply equally well to the CsCl type also.

Choosing again as the origin the equilibrium position of

an alkali fon, the coprdinates of all the other ions will
now be given by ( & me )

)d/ where, as before, d is
the distance between neighbouring ions, and ™ SG are

integers, but are now either all of them odd, in which

case they refer to a halide ion, or all of them even, in
which case they refer to anAlkali fon. The number of ion

pairs N per unit volume will now be given by 3/CB dP) x.
instead of by the value |/(2d) characteristic of the NaCl

type. The
contribution

to 0FA) from the repulsion
interactions willbe different) since the number of nearest

neighbours is now 8 instead of 6, and so aise will be the

contributiong from the electrostatic interactions. The

latter, however, can still be expressed in the form

(aLo'+ x')e/A, whene vzaVv3 and Ae =bLV3,
in which a and b have the same values as for NaCl (see faple

y
and

(45)
\/2. an (LH)

Though and x! have the same form as q and XK,
they are really different from them, since E nS do not

now take all integral values as before, but are. restricted
to where they are all odd, or are all even. ( E= Y= S=0
is excluded in both the cases). ' is obviously the Madelung

eonstant for the CsCl type of crystal, and has been calculated

by several investigators(see in particular Shermanny 1932)

and is equal to 1.018.
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It should be remembered here that the Madelung

constant used in fart I for the CsCl type of crystal,
namely X= 1.763, is defined by

=

where R is the distance of the ion from the origin and is
equal to * A/V3. Hence our (ond = 1.763/ J/3,

The series x' » however, does not seem to have been

studied, but can be evaluated in the following manner. The

CsCl type of crystal is body-centred cubic, with two ions

in the unit cell. If we divide the crystal into such unit
cells and caleulate in the usual manner the contributions
from such cells to » the terms are found to converge

very slowly, and one needs to take contributions from several
thousand cells before the second decimal place could be

decided with certainty. This method of cubic summation,

which is usually adopted for the computation of such series,
is not, therefore, helpful in the present case. There is,

choice
however, an alternative of the elementary cells,
which we find on trial to give terms that are much more

rapidly convergent. Choosing as before the equilibrium

position of an alkali ion as /the origin, consider the cubé

of eight halide ions immediately surrounding it. The eight
of- the cubecorners [wilt correspond in our notation to En

Join the origin to any three adjacent corners of this cube,

Say, (((,i-(1, (1[ . The parallelopiped formed with tie se

three lines as the adjoining edges will form a suitable
unit cell with one ion at each of its corners, half of them

positive, and the other negative. By considering these

eight ions forming the; corners
of such a cell as forming a

group, and regarding every alternate cell as unoccupied,
one can calculate readily the contributions from these cells
to x! and they are found, after the first few terms to

converge!
a
rapidly. Detailed calculations have been made by

this method by Mr, K.D.Baveja and Mry Gyan Mohan in this
laboratory, and witl be published elsewhere. We shall merely
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quote here the final result of their computation, namely,
08

Coming back to the calculation of 2 (FA) and thence

of the elastic constants of alkali halides of the CsCl type,

on the Born fodel, the results obtained are given in

fable 4, and are expressed in terms of eC oat) .

Table 4.x CsCl type 7%

11 12 44
me wee cen leneeee oe Cee cee tase nee neem ema nee cnens

€ ba! -19 x! 15 9X 3K 9K'

e au'(S-2) au' (S+H) 20x" (S23)
+9K

Here again though "ig =O, 38 should be expected,

the contributions to C,, from the repulsion and the

electrostatic interactions, namely F 2 and é,, ) are not

separately equal to and respectively.
Further

(eke B= 3/eut2&n) = 8d/feral S-2)h, ~6)
which is the same as the value obtained in equation (7)
of Part I from direct considerations.

aW< 13, THE ANHARMONICITIES OF THE LOW FREQUENCY ACOUSTIC MODES

Coming back to expression (12) for U, (see also (9))
we shall now consider the terms in it that involve higher

powers of r than r These terms will evidently detere
6

Renee

mine the anharmonicity of the oscillation, in the same manner,

in which the term determines the frequency. The rt
term, which we shall consider first, will be given by

+.
At = 2. (47,
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where H has the value defined by (8) and where, whilea

differentiating with respect to 9 I, and r, are to
be treated as constants, whereas before integrating, both

and +, are to be expressed in terms of - Doing
so, we obtain for the coefficient of rp

E/tt (\- 39, 5 +3q° Cos 2¢p --qfon3e)] ts
where the summation extends over all the ions.

For the low frequency modes, for which cosce can
be put equal to |~¢/2,q is given by (25), which we may

rewrite for convenience in the form

1 = |- WR, oe (+9)
where the second term is of the same order of magnitude
as co". After some simple reductions, we find that the
terms in (44) that are independent of ce cancel each other

out, and that the first non-vanishing term corres-
ponds to

-=, (Hwee), owe (50)

and is of ests of magnitude as Z CH cot) .

There is thus an essential difference between the

optical modes and the low-frequency acoustic modes. In the

optical branch, the coefficients of the r and rt terms
in the expression for potential energy are of the order of

and ZH respectively and the ratio of the latter
to the former is of the onder of 10 on2, Incher words,
the rf term will become comparable with the re term

only
w

when the amplitude becomes as largé as aa), which

2
6

may be taken as a rough measure of the anharmonicity.
On the other hand, for the low-fpequency acoustic

modes that we are now considering, the r and r
terms are of the order of and Z(H ce")respectively.
The ratio of the latter to the former will now be of a

2

lower order of magnitude than for theoptical modes, lower
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by a factor
term is slightly moreThe calculation of the r 3

complicated, but here again, the coefficient is of the order

of cp
Hence for the low-frequency acoustic modes, the anhar-

oy

monicities are of a lower order of magnitude than for the optical
brahch, and will be the smaller the lower the frequency and quite
ins ignificant. fF

We wish to thank Mr, K.D.Baveja and Mr, Gyan Mohan for

undertaking the numerical computation of the seriesx, and for

making availabb to us their results.
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Burlington House,
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Dear Sir,
About a month ago, I communicated a paper by me and

Dre Saket entitied THE FREQUENCIES AND TH ANTI ARMONICITIES
OF THE NORMAL MODES OF OSCILLATION OF ALKALI HALIDE CRYSTAIS
(IT) LOW FREQUENCY ACOUSTIC MODES for consideration for pub-
lication in the Proceedings of the Royal Society.

Roy

After communicating the paper, Found a numerical
error in the value of one of the constants used in the paper.
I shall be glad if you will kindly get the following correc-
tions made in the paper:

cal. for tie last three
\. Page 21, Table 3. (entries under

erystals (namely CsCl, CsBr, CsI) should read

4,0 5,0
Bed 4.6 €

28 t 35

Similarly entries under 12 Cara eal. should read

0.5 instead of
0,6 0.2
0.6 tt 2

9. Page 25 secord line from the top should read

1.08 instead of 1.70
Yours faithfully,

a
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Yours faithfully,
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