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| II. LOW-FREQUENCY ACOUSTIC MODES

THE FREQUENCIES AND THE AJHAPMONICITIES OF

{

THE NORMAL MODES OF OSCILLATION OF ALKALI HALIDE CRYSTAIS

By Sir K.S.Krishnan, FuR .S, and Sanat Kumar Roy, Ph D.,

Nationgl Physical Lgborgporx of Indlaa New Delhl

.(khuﬁkwi 77\§Hﬂtndmu IQS) ‘ ol

Abgtract.

<—1In the present Fart are deduced, on the basis of Born's
model, expressions for the frequency and the ratio of the
amplitudes of the alkall and the halide ions in an alkali
halide crystal, for any general normal mode of osecillation of
the erystal. The results are applied in detail to the speecial
case of low-frequency acoustic modes. Since the amplitudes

of the two ions are not in general the same, there is a result=
ant electric polarization of the medium accompanying the oscile
lations, and consequently a polarization field. The force act-
ing on an ion due to this field is found to be comparable with
the force of ihteraction with the other ions, not only in the
optical branch, in which the displacements of adjacent positive
and negative ions are in opposite direetions and in which,
therefore, the polarization is large, but also in general in
the acoustic branch, in which their displacements are in the
same direction. A detailed calculation, however, shows that
for low frequeney acoustic modes ,though the ratio of the ampli-
tudes of the two ions is affected by the polarization field,
the fregquency remains completely unaffected by it.

The expressions deduced for the frequencies of the acous-
tic modes give us also the velocitiecs of propagation of the cor-
responding acoustiec waves, and since the latter are already knowr
in terms of the elastic constants of the erystal, we obtai% inei-
dentally;simple expressions for these constants. The elastie con-
stants so calculated are found to agree with observation.

Unlike the prineipal oscillationg of the erystal dealt
with in Fart I, these low—irequenc;lﬁzzgéiat£:;;+zgve negligible
anharmonicity. |
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4. INTRODUCTION

-

<———In #art I of this paper (Krishnan i Roy 1951) the
ogeillation of the lattice of positive ions in alkali halide
erystals with respect to the lattice of negative ionsi was
discussed in some detail, on the basis of the simple Born
model. Among other results it was m found that the electric
polarization of the erystal that accompanies the oscillation‘
plays an>important part in determining its frequency. The force
acting on any given ion, due to this polarization field)is COn=
parable in magnitude with the force due to its interactions with
the other ions. For example, in sodium chloride crystaly the
force due to the polarization is nearly half that due to the
interactions with the other ions, and,being in opposite direction
to the latter, is almost of the same magnitude as the resultant
force.

The model enables us also to calculate the ahharmonicity
of this oscillation, since the expression for the potential ener-
gy of the crystal contains, in addiﬁion to the prominent term

proportional to the square of the relative displacement of the

log -
two lattices, and which[determines the frequency, also a term

proportional to its fourth power. The latter term, unlike the
square term, varies with the direction of the displacement, and
hence the anharmonicity, unlike the frequency, varies with the
direction of the oscillation.,

In the present,éért are deduced, on the basis of the
same model, general expressions for the frequency and -the ratio
of the amplitudes of the positive and the negative 1ons’ for
any general normal mode of oscillation of the alkali halide
erystal. The results are applied in detail to the special case
of low-frequency acoustic modes,

These and other modes of oscillation of the alkali




h
halide crystalj have been discussed previously by several
authors, and particularly by Kellermann (1940). But the
present treatment is in some ways much simpler, and yields
some new results of interest.

2. THE POTENTIAL ENERGY OF AN ION DISPLACED
BY AN ELASTIC WAVE IN THE CRYSTAL

u,u

Consider an alkali halide crystal of the gggl type,
and propagation in it of a plane elastic wave of wave:\
length A sy and consider one of the three principal direc-
tions of displacement of the ions in the crystal assoclated
with this wave, the displacements being small in comparison

with the distance d between neighbouring ions. Choosing as

the cé&?dinate axes the cubic axes of the crystal, and as

the origin the equilibrium position of an alkali ion, we
denote by lgn the direction-cosines of the wave-normal,

and by LMN the direction-cosines of the displacements, and
by 7, the displacement at any given instant t of an ion

m whose equilibrium position correspondszghe cqp;dinates

( Eyn, Ny, Bog )y where £ W ¢ are integers. Let Y(R)
be the energy of interaction between any two lons separated

by a distance R. For simplicity (R) may be assumed, as
i ’

in fart I of—thts—Paper, to be of the form

YR) = + /R —t—Aep/e Sl
where the second term on the right-hand side represents the
repulsion interaction between the ions, and the first term
the electrostatic interaction between thé?”the 4+ or the —
sign being chosen according as the second ion, say n, is of
the sameftype as the first, or is different. It will be
the former when!( 2, +z;n> (Bt w5 )13 even, and the
latter when it i odd. 2 o the Put tiim dencte, Ha
t\‘o
The rep ? ion interactions, which are of short range,
are regarded in this paper as confined to the nearest neigh-
bours only, and hence we use in (1) gsingle constant: A and f
which refer to the interactions between near ions of the
opposite types only.nth(interaetiongﬁyf the van der Waals
type between the dipoles induced in the ions)are slse
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neglected.
. Considering now the interactions between the various
ions in the erystal, all‘of which have been displaced appro-

priately to correspond to the same instant t, we obtain for

the potential ener of the crystal
P gY Yy

U = i_ E: Zl S e

m:#-'n.

where ) ~1s used for brevity in place of Y (Rumw).

Let us denote by Lun the potential energy involved
in displacing one of the i;ns, say ion m, from its equilibrium
position to the position appropriate to time t the other ionms
being displaced s synchronously from their respective equli=-
brium positions to the positionms corresponding to t., U,, can
be readily obtailned, except for a constant term independent
of the displacements, in which we are not at present interestéz
- by putting

- 3

in which while differentiating Lj with respect to ¥, all the
other displacements are kept constant, whereas in the inte- 7
gration all the displacements are increased from O  to their
final value characteristic of t;me t, synchronously with ¥,,{

i.e. before integrating, all the other displacements;?h,occur-

| t e .
ring in the expression for 9;%21;tare/expressed in terms of ﬂ@h

S —
and the appropriate differences in phase between them, so that

for the purpose of this integration BLV%1* may be regarded

m
as a function of 3§n, only.

In obtaining the differential ecefficient 3U/at, oceur-
ring in (3) we may, therefore, omit stralightaway all those
terms in expression (2) for U that obviously do not involve

1;m , and rewrite (3) in the simpler form
nm
f - E; Men - 0 )

EXPANSION AS A POWER SERIES

Now the interaction energy \V bétween the alkali
lon near the origin and any other ion at a distance‘ﬁ from

it may be expressed in the form of a Taylor expansion
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YR = § Re) +rwpar),, +(e)@lew), 7 )
where r is the displacement of the former ion, with respect
to the latter. 1In view of the relation

R'= Ro+ ¥ —2QR T g
in which Q is J:Mi?e of the angle between the directions
of r and R, , and/R—> R as r-5o , We may express the
differential coefficients of 4 with respect to r at r =",
in terms of the differential coefficients of v with
respect to Ry at R=R_ . We shall, for simplicity, desig-
nate the latter coefficients by'lp', ’\{)” 5 ”qJ”; cvs o Obvi-

ously
B/, = -Q¥,

F/or), ., = (-&) /G Y
| = F o

. So«%a

(’33\}'/ 9~r3)¢- 3Q Q__ QZ) (1‘]) //Rt_ H)n Ro)" Q{k’)m
G, sy 7

@y/or), =3(-a2) Cat) (¥/R- VIR
S 46 (A YYR, + @YY 4

2w
whure
] = (Lt Mo+ NS)/”/@?} e ‘GL)‘/% vr(8)

Since ‘\.}Jmm can thus be expressed as a power series

a U also)@as we shall show presently, can} be

expréssed as a power series in T, and in particular ‘Uo -

v )
> ML o
the potential energy of the alkali ion ',f the origin as

a power series in f\f;,
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4, INTERACTION OF AN ION WITH A PAIR CENRTRO-SYMMETRIC TO IT

-
-

As a first step towards expressing LL as a power
series in ¥, , we shall confine attention to the interaction
between the alkali ion near the origin and the pair of
ions at i:(an»ﬂnffn)dL respectively, and designated
n and n' respectively, n' being the inverse of n with res-
pect to the orign., Now choosing the positive direction
of the displacement to be the same for all the ions, and
the positive direction of Rdﬂtﬂto be from the origin to
the lattice point n under consideration, one can readily
see that Q,, and Q_ ,are of the same magnitude, but have
opposite signs. Hence puttmg& =-—Q ,_Q and denoting
by 'q) the value of QP when both the ions okjnd n are o

in their equilibrium positions, we obtain

Yt W, S2Y, = QY [(-1)- (-]
o RER) [t + G-t

+ (6/3! ) E(’To“ T - **L’)zj
+ () =1 + () 4 o)
Now the amplitudes of the alkali and the halide ions

will in general be different. Denoting by q the ratio of
the latter amplitude to the former, and by qJ the differ-

ence in phase of the elastic wave at the ions o and n, .

we obtain

T/ = G ‘%“Pm
it - QWM

in which q will be unity if n and n' are alkali ions,

but otherwise will, in general, be different from unity,
and will be positive in the acoustic branch in which the
the displacements of adjacent positive and negative ions

- (10)

are in the same direction, and will be negative in the

optical branch in which the displacements of the two ions

are in opposite directions. vav will evidently be equal
[}
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to27TTR A, where R=1/A\, and A,y 1s the path
difference between o and n, and is given by
£ o
- ={LE +my el Vel =~ (1)
~"In other words, £> 1s the projection of 1? on the wave-
g
nommal. ;

Now equation (4) for Ll]may be written in the

g 2] 2(nrt)en, @

in which the summation extends over all pairs nn'. The
differential ccefficient appearing in it may be obtained

by differentiating (9) with respect to‘T; s remembering
that in this operation . and j:{ are to be treated as
constants independent of 7 (se;'remarks at the end of
~Gectiun?2). The‘coefficient thus obtained will naturally
involve Y, and 7., in addition to 1; . - Now by substituting
for 1” and 7, from (10), we can express the integrand

as a function of 1‘ alone, and thus obtain L] as a function

of Wz or,to be more precise, as a power series in WP

< A
on( 6. THE Y, TERM IN THE EXPRESSION FOR U, AND THE
=3 EFFECT OF THE POLARIZATIMN FIELD
In expression (12) for U, we shall consider

separately the terms that involve the different powers of

—

2
-~ and take first the 1; term, which is the first non-_

)

vanishing term, Now

%o W) = Flen -Gt

s —2Fr, [ 1- %MQPDD e
and hegge

[ 3 (o t)nmFol (gt oo
In equztions (13) and (14), as in (10), q ahayéhd be put 1
equal to @nity whenever nn' are alkali ions, #.e. q are of
the same type as the ion at the orign. Hence the 1‘ term
in expression (12) for U, will be given by -
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in'which Zl denotes summation over all the ions for which
§= é)..’_v] 4 '§ is odd, and similarly Zz denotes summation
over all the ions for which 1:3 is even.

ir m, be the mass of the alkali ion, —Zw'/m' will
obviously be the acceleration of the ion per unit displace-
ment under the interactlion forces under consideration. '_.ﬁ'
these were gll the forces acting on the ion, 2@,/ml should
be equal to the square of the frequency of oscillation
of the ion, and therefore of the elastic waves.

In fart I ef—thispapem{ we showed that the inter-
actions "L/J between the ions, on the basis of which we
have calculated GJ' s do not include the effects of any
" iv pheam-:‘:n'xer:(f;gL like the electric polarization of
the crystal that may accompany the oscillations. Such a
polarization obviously accompanies what are \sﬁlll\lally des-
eribed as polar oscillations of the crystal, in which the
displacements of adjacent positive and negative ions are
in opposite directions. The oscillation of the lattice
of positive ions with respect to the lattice of negative
ionsy is a special case of such polar oscillations and is
characterized by l@;—_o and hence by a homogeneoug polari=-
zation, i.e. polarization that is the same throughout the
medium. In/fart I -efthis paper, in which this case was
discussed in detail, it was found that the force acting

on any ion due to the polarization fleld is comparable in

*Equation (14) refers to the interaction between the alkali
ion near the origin and the pair of ions n and n', Hence in

obtaining the potential energy U, of the ion 0, due to in-

the
teractions with allLother ions, we have to sum up theéffects

of all such pairs nn'. In (15), however, for convenience in
doing the summations, we have regarded the ion n and its
inverse :}i | §epgrgtel z,)and to rectify the double counting
thus introduced, we have inserted the multiplying factor

2 1/2 on the right-hand side of (15).
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magnitude with the force qu'to interaction with the
surrounding ions. In‘ééé%'for example, it is roughly half
of the latter, and being opposed to it, is of nearly the
same magnitude as the resultant restoring force. It was
also found that any polarization induced in the ions by
the displacement of the electrons with reference to the
corresponding nucleij does not contfibute to the force act-
ing on an ion and tending to displace the ion as a whole.

The polarization field plays an important part in
oad
somi\of the other modes of oscillation too of the alkald
halide erystal, and will be discussed i?d%ftail elsewhere,
We shall merely note here the followiggzyhich are relevant
to our present purpose.

(1) Even when the polarization of the medium is not

quite homogeneous, the polarization field acting on an ion

may be nearly as large as when it isﬁhomogeé?us, but will

now depend markedly on whether the displacements of the
lons that produce the polarization are longitudinal or
transverse to the direction of the gradient of the polari-
zation, i.e.{ to the wave-normal.

(2) Considering elastic waves having their wave-nor-
mals along [il{] such a polarization oceurs not only
for the gptical branch, in which the displacements of
adjacent positive and negative ions are in opposite direc-
tions, but also for the acoustic branch in which the dis-
placements are in the same direction, because the magnitudes
of the displacements of the two ions are different as a
result of the difference in their masses. For a given amp=-
litude of one of the ions, the polarization ty%g pruduced
will of course be much smaller than in the corresponding
optical branch, but the frequencies involved now are also
mmm correspondingly smaller, and hence the polarization
fields acting on the ions will stild remain comparable with
the forces of interaction between the ions displaced from
their respective equilibrium positions by the acoustic wave.
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e

When & is small in comparison with Ukb (the polari-
zation 1s nearly homogeneous over regions covering a large
number of ions; The polarization per unit volume in the heigh-
bourhood of the origin will then be given by _NeQ—qJ}w’; , Waere
N is the number of ion pairs per unit volume; the direction of
éﬁe polarization will naturally be that of the direction of
displacement of the lons under the elastic wave. (Consistently
with the finding in éﬁrt I, we neglect here the polarization
due to the electronic displacements, as distinguished from

the polarization due to the relative displacements of the posi-

tive and?gégative ions, since the former polarization does not

affect the q%placements of the ions)in which alone we are
interested herej)Hence the extra force due to the polarization
field acting on the alkali ion near the orign, and tending to
restore it to its equilibrium position, can be put equal to
}LNe.Q quP and the corresponding contribution to the potential
energy U of this ion will be given by- Q/z){zNe( q,) T»in which p 1is
the polarization factor, which will depend on whether the
direction of the polarization is along or transverse to the
direetion of the gradient of the polarizationy i.e.y whether the
displacements under the elastic wave, that cause the polarizatiqg
are longitudinal or transverse. In the latter case Bﬁwill evi-
dently have the Lorentz value 41r/3 for the same ré;son for which
the usual Lorentz treatment of dielectric polarization is appli-
cable not only for an incident static electric field, but also
for the field of an electrquagnetic wave whose wave-length is
much longer than the interaftomic distance, as is the case with
the elastic waves that we are considering now.

Even when ﬁa is not small, the extra poten%ial energy of
the ion near the :;igin due to the polarization produced in the
medium by twhi:éf:—:ic i L st:lll be t‘gft equal to -(l/z)}»b'\{el(!—%)"”:a
displacements are longifudinal or transverse,but also on the mag-
nitude of fg_‘in relation to l/_omt, but canj—howevery be calculated.
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term in the expression for U, , which determines the

'this to the right-hafld side of (15) we obtain for the‘T

frequency of the mode, the value

o (8 -3 (Eerm, ) - () -G E Eong)] . ox(6)

Equating this to: (VZQ'WL co 1” ; and putting:

= Eesep Y=ec, T
SF -7, (Fusp)- hNE =3 s (18)

anmd

we obtain
: E}-ﬁn,cn

i‘ ¢ ~ hNe e

By shifting the origin of the cﬂ?rdinate system
from the equilibrium position of an alkali ion, where we
have located it at present, to that of a halide ion, we

obtain similarly
; e
ptnad s G el
S = - : 2 ) e 20
v Sy "‘P;Ne? ')
in which m, 1s the mass of the halide ion, and >, and ¥,

occurring in the expressions for C, and g; denote as before
summations over all odd and even values.respectively of &,
THE
Ge EXPRESSIONS FOR THE FREQUENCY AND BE RATIO OF THE
& AMPLITUDES OF THE TWO IONS
For any given value of Kl, which determines the
phase differences p of the elastic wave between the ionms,
one may eliminate either q or CSL from (19) and (20), and
thas obtain
L 2 2 o 2\2
i, 9 (g ) 0 g (e N0, a2
whence -
: 2.5 i 2
LM.+M.»..)%1«:@M.~M%+w|mz(°' hNeDE L\ 22)

Q_’.YYL'W:'?«Z

and similarly




"o (€ ~ENE)GS +(m=m,)qq —m (c-pN)=0, ()

whence

I T S R NS, S
i . Zm, (¢, —hNel}

In both (22) and (24) the upper sign corresponds to the

™M o
acoustic branch of the elastic wawes, and the lower sign
to the optical branch.

1

7. PARTICULAR CASE WHEN R IS SMALL
Let x» be the distance up to which the electrostatiec

1nteractions between ions, which are of long range, Temain
significant, and let ve be sufficiently small that
eos (¢ = cos 21T RA can be put equal to I——B;él even when

A\ 1s as large as X . Expression (24) for q then reduces

to Lo =
e L sy i (s

“ N }:F— f-,.Ne

in the acoustic branch, and to

2
if—'- (l ?,m+m Z,F- f’LNe'
in the optical branch. Similarlz, expression (22) for

reduces to 7
2. Z (\F CP(:rVI,.
W =

M, 4+Mm
in the acoustic branch and to

(27)

2-

z 2
2—{“’ m‘+j'}f1r9. '
in the optical branch, where
e,

In the special case when B=0

' qj%o‘a:w-3~£. S (39)

m
The first value corresponds obviously to an acoustic wave

of infinite wave-length, for which the amplitudes of the
two ions will naturally be the same, and the second value
to the oseillations of the lattice of the alkhli ions

e Lattice .
with respect to that of the halide ions, in which their




displacements would-naturally be in opposite directions,
and the amplitudes inversely proportional to their res-
pective masses. Similarly when R — O

@00z F-pND/, om BY
the first value in (31) referring to the acoustic, and

the second to the optical branch. In the latter case, in
which the polari zation is homogenous, P,-.: L\-:n:/3 )and is
independent of the direction of the displacement of the
lattice of positive ions with respect to the lattice of

" the negative lons. This expression for the optical fre-
quency is identical with that obtained in Part I, where too
it was fornd to be independent of the direction of displace-

ment.

8e LONG ACOUSTIC WAVES: VELOCITIES AND AMPLITUDES

-

From now on we shall confire our attention to 10&2;»
frequency acoustic modes, and postpone to later farts of
thls paper the consideration of the other modes.

It will be readily seen from the expressions derived
in the previous section that the ratio of the amplitudes
is considerably influenced by the polarization field, in
both the acoustic and the optical branches, and the fre-
guency too in the optical branch. But the freguency of

ong acoustic waves, as is evident from (2 remains com-
pletely unaffected by the polarization field. This result
is significant, since otherwise the validity of the wel%E:,
known Christoffel relations between the elastic constants
and the velocities of propagation of long acoustic waves

the cores
for different directions of the wave-normal, an I is-

placementa)which we need to use in the next section, will
be disturbed., One can understand in a general way how in
the case of long acoustic waves this happens, in spite

L
of the restoring force acting on an Jon due to the pola-

w
rization field, being still qxite large and comparable

with the force due§ to the interactions. The frequencies

of the oscillations of adjacent positive and negative ions




| &
which are determined jointly by the interactions with all
the surrounding ions and the polarization field, have =
avltoma
naturally to be identical, and this is secured by a suitable /
ad justment in the crystal of the relative amplitudes of the
two ions. The relative %hplitudes and in general the frequen=-
cles also\will, therefore, depend very much 6nvwhether the
polarization field is present or not. In the case of low-fre-
quency acoustic modes, however, unlike in other modes, it
happens that the condition that the frequencies of the neigh-
bouring ions remain equal in spite of the extra polarization
forces, incidentally ensures that these frequencies remain
quite unaffected by these extra forces, the whole effect of
these extra forces bi#ing now confined to changing the relative
amplitudes of the two ioms.,

Now expression (27) for L$L for low-frequency acoustic
modes of vibration of the erystal leads to the following
expression for the velocities of propagation'u: of the corres-
ponding long acoustic waves in the crystal, namelx

D =Nl s o)
in which D is density of the crystal, and is given by
B Pl Q‘%v"’j%.)- — (33

o

The calculation of the velocities of long acoustic waves.

thus reduces, on Born's model, to evaluating Z(EAzon).It

becoles particularly simple when, as in the case of propagation
along[(oo],@o'] MOLDU] , the acoustic waves can be regarded
as longiiudinal and transverse respectively. The restriction
of the calculation to these special cases does not involve
any loss of generality, since for any given general direction
of the wave-normal the directions of the displacements and the
corrésponding veloclities of propagation can be obtained from
the data for these particular directions.

Since tL is known, the ratio of the émplitudes o=
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of the two ions can also be calculated for the above

directions of the wave-normal.

o2t o, EVALUATION oF T (&)

We now proceed to calculate 2:(f§§?) for these
special directions. (For convenience we are dropping
the subscripts from & . ), The summation can be done
conveniently in two stages, £as similar summations were
done in Part I¥. In a cubic erystal of the alkali halide
type, corresponding to every lattice point (&, M, G )
there are others whose cqépdinates}are obtained by the
various permutations of +% + *\ , =% . Their number

T when all the three coprdinates are different and
different from zero[ wili be 48, and otherwise will be
smaller., For any such group ofaiggi‘round the origin,

| Ro| will remain the same, and the average valueg of

FA* taken over all the ioms in the group, which we
sggll denote by }55? s can be calculated easily, and
hence the contribution_fg_ii(&éf‘ from all the ions in
this group, namely;'t{&&f). The summation can then be
extended over all such groups.

MOreover)in expression (7) for F we may separate
the contributions from the electrostatic and the repul-
sion interactions by substituting for 1P given by (1)
either the first or the second term only, and thus get
separately the contributions to El(EZ§> from the electvo=-

static and the repulsion interactions. The repulsion
interactions being of short range may be restricted to
the six immediate neighbours only, whereas in the melectro-
static case we have to include interactions over a much
wider range.

In order to calculate the average value cf_EA}taken

over all the lons in any particular group, i.e.; over ZRE
the ions immmmmE whose cc{ordinates may be obtained by the
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permutations of (ii,’i:“’\.,i‘g )d, we merely require the
average values of the following functions of these cqé;-

dinates, all of which are readily obtained. Putting

Euop kAT B 00 e

we obtain

=s/3 AE7 = 0 33(E+HE) =3EF =

S5

e (é,—n)"’“ = 28/3 ;.55% :{»s"}j‘e"g*/z;

ng__ ,,lz TZ _7"59/3 + 3%?‘?' ;;:;(Z-Q-Yob(-:: §L— %“Z*_ 5

(Brmte)t= 85— 6 Eh. -

The results of the calculation are entered in Hable 1.

The first column in the Tfable gives the direction of the
wave~normal, and the second the direction of the displace-
ment, The third column gives the contribution to Z(F AL)
from repulsion interaction, which, being restricted té the
six immediate neighbours, is readily calculated, apd needs
no comment. Following the notation used in f‘art I the

/
repulsion interaction is expressed in terms of WZ&?‘)
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The calculation of the eleectrostatic contribution,
however, presents certain features of interest. Consider-
ing the interaction between the alkali ion at o with any
particular ion M whose cc%:rdinates are ( E N5 &,
we find that the value of FAz can be expressed in the form

( = \) (AS +BS /z)ie/d) w(se)

- - and afoe
where A and B are functions of the ciordinates, which /vary

with the direction of the wave-normal and of the displace-
ment. The values of A and B for different directions are

entered in columns 4 and 5 of Theg (eﬂale'1 Now the average
values of A and B for the group of ions whose cq_ordinates

are obtained by the permutation of (X €, +"rl 15 )d{

respectively, and hence the average — Z
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value of CFAL)JM. taken over the group can be expressed

in the form

E=), =6 [ 8" +o(E e s @), v

‘where a and b are found to be independent of the cgg)rdinggg_s_
and therefore have the same value for all the groups. (They,
however, depend on the direction of the wave-normal and of
the disPlacement> We are thuws led to the important result

that the net electrostatic contribution from all the ions to
: ZQ:A‘L) is as though each ion contributed just two terms)

both unique, one to the series @/ OL)(MX and the other to

the series @/d’ X’]‘ . < where oew
e - i 1/2. N (33)
X :—2(_!} L&: aat +_25)

2
- = e e e wwg) e )

in which ‘E, n 5 take all integral values except E—..—.'r{:‘gzo.
In other words, the electrostatic part of ‘L‘_(F&/ can be
expressed in the form M.

2(e8),, = (ax+kR)eh, o o)
in whieh a andwb are known functions of the direction of
propagation and of displacement. The values of a and b
for the principal directions are entered in columns 6 And
7 of ;fable 4.

¢X. can be readlily identified as the well-known

Madelung series, and]( also is a known series (see,for
example, L&Swdin, 1948 a and E). Their values are (= 1.75
and ‘X = 3.14*/

el 10, EXPRESSIONS FOR THEELASTIC CONSTANTS

As is well known, for any given direction of the
wave-normal of an acoustic wave in a cubic erystal, the
three directions of displacement, and the corresponding
velocifies, can be readily calculated in terms of the known

elastic constants o . c_q_q_ with the Belp of

)9!7,

*Both . and X have been computed numerically to seven
places of decimals; o = 1.747,557,8; xX= 3.138,555,8
(Lowdin 1948 b).
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Christoffel relations. (See)for example Love 1944)
‘The values of Dv?‘ thus obtained in terms of the elastic
constants are entered in the last column of Table 1.

At the same time, we have in equation (32), namely,

B = NZ (FA) = ZQF&)/(;_OG ! @M’

an expression for DV for crystals of the yaﬁtype, in terms

of &, X and S) all of which are known. ;‘rom a comparison
2

of these two values of D'U' we obtain expressions for the

elastic constants of the crystal in terms of o, K, S) and

also the contributions to these constants from the electro-

static and the repulsion interactions separately.

The data entered in Table 1 offer nine relations
between the elastic constants, and o, x and § . E:fé%
of these relations are identical, and any three of the
remaining g&ﬁe will enable us to calculate the three
elastic constants, or rather to calculate Cu and C, and
to verify the Cauchy relation, namely, c‘,. = F‘“‘“) which
we should expect the crystal to satisfy on the basis of the
model adopted by us, in which both the repulsion and the
Coulomb forces are Ffcentral®. The ge;iw extra relations

offer an effective check on our calculation.

We shall denote the contributions to c,, from the

repulsion and the electrostatic interactions by ﬁ( - and €

respectively, and similarly the contributions to “92 by f’m_

and €y and to mgqr&by ﬁM’

values are entered in Table 2, and are expressed in terms

and C’w respectively., Their




2 (3+1) —6 1
It will be seen immediately (1) that the Cauchy relation

is verified, c,, being equal to C*F43, though the components
€2 d | re not separately egqual to € nd mEmS

oy gg&resgegtivelz and (2) that the compressibility
& 3/(c,, +2c,2_ ;go&*/ie x (3- 2 e (4D
is the same as the valueO(oL/ $ N (8-2)3 s T

quuation §7l from direct considerations (in view of the

relation N= I/@d®) for the @1 type of crystals that we are
=

The values of the elastic constants obtained here

now considering).

agree with those calculated/K€llermann on the basis of the

same model. His expressions, however, involve more complicated
series thangx.. It should also be mentioned here that the
values of elz and Elz’and of Ek_*and ew_obtained by Kellermann
differ from the corresponding values obtained by us.

The numerical values of the elastic constants calculated
from/ above expressions}which obviously refer to very low temper=
atures, are entered in fable 3, along with the observed values
wherever available. The values of & used in the calculation
are those given by Pauling (1928) and used by us in-?hrﬁléﬁ—%his
paper, and are endtered in column 2 of the fable. The agreement

te elastie cootant
between the calculated and the observed values/is satisfactory.

3
It will also be seen from the Table that in the NaCl type
,\

of crystal\the elastic constantfhzz;c4aaas calculated on Born's

e,

simple model, depends on the lattice constant gmonly, and is
inversely proportional to its fourth power. This result is veriw
fied by observation. This result, however, does not applj to
the CsCl type, as we shall see presently.*?

¥ A %ALQVTAANMZF?T ruukonfl Jk tre ni@uubg tQV\pfii 4b£a4

WM «ﬁ\_gq 43{124,\ W
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Table 3. -

' I
The elastic constants are expressed in |O dynes/em ™~

OLoﬂ > i CieSun Sin
Lrystals (in A ) (Pauling) &2l Obs . €alt, obs .
Y . fon 71

................................ ' o o o e e 5 e oy 50 . - - " - = - - - o o - - -

J

CsC o e

CsCl 290 -5 70

CsBr 3-7I 12 o & 02
CsE g+ 15 13 0 g o2

a._L/ s 2t = ~
o lf ﬂ lal /\M 9!\" e ehote cpta s base

§! e can *.:;,,{r'i:,w !:(‘v'{S‘»-M Emiiﬂ Oan (: 192 C}) ) \/c,—z:ﬁ'{'; (1 ‘72.8) :
v_/h»n‘tw»qio " i( 9 ‘+7‘> : %/O‘v(j: (174§ ) awd R ama chandran (_’“?‘f“ﬂ)
{ . X )
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¢vX  11. THE ELASTIC CONSTANTS FROM STEADY DISPLACEMENTS

- —

M Our main interest in the present paper is the cal-
?- }7 culation of the frequencies and the amplitudes of the
acoustic modes of oscillation in the aystal and their
harmonicities, on the simple Borh I;fodel, and the expressions
obtained for the frequencies are usedy incidentally, by
making ¥ small, to give us the elastic constants. If

our mai:wpurpose had been to} calculate the elastic constants
of the alkali halides, we could have calculated directly
the potential energy associated with certain spefific
homogeneous strains produced in the crystal, and th'ence
evaluated the elastic constants; for example, Cy—Ci2

in increasing slightly the distances between the iors

along the ?&S—axis and decreasing simultaneously by the

same amount the distances along the Yy-axis, those along
the 7. axis remaining uﬁaltered) and E’:thy a shearing
strain in a plane parallel to two of the cubic axes. In
general, for a cubie crystal, adopting the usual Voigtié{
notation (Voigt, 1928) and @enoting by ~, %, 2the three

tension components of the strain tensor, and by Ay y Xy %

5226
the sheer components, and expressi ng the energy E per unit

volume of the crystal in terms of the strains

e

we obtain

r3)

c, =¢,= —— .
- L U L :

The calculation of E involves, aswmentioned ju'st now, the
same technique as used 113._ th_e egl_:@gr g_grﬁ ,Q.f this paper
and leads naturally to the same expressions for thev erastic
constants as obtailned here from the velocities of acoustic

waves of long wave-lengths.
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12. ALKALT HALIDES OF THE CgCl TYPE eV X
= ¥ -

Though the discussion till now has been made to
refer explicitly to the NaCl type of alkali halides, most
of it will apply equally well to the CsCl type also.
Choosing again as the origin the equilibrium position of
an alkali ion, the cdérdinates of all the other ions will
now be given by ( & YL ﬁ; )d/vﬁ?' where, as before, d is
the distance between neighbouripg ions, and 2,71‘5 are
integers, but are now either all of them odd, in which
case they refer to a halide ion, or all of them even, in
which case they refer to andlkali jon., The number of ion

pairs N per unit volume will now be given by 3~/‘¢'/(f8 d;%) s

type. The contr.’z&ution to Z(‘WFA) from the repulsion
interactioné willAlgg different ) since the number of nearest
neighbours is now 8 instead of 6, and so alse will be the
contributiong from the electrostatic interactions. The
latter, however, can still be expressed in the form
(o.o(+ L—f)éi/c\, whenea, a,\/3 and /fr b\/s

in which a and b have the same values as for NaCl (see ‘fable :
i

s (L'_q.}

and

o -——zc—u) () v
il ein (e n*m‘*)@“l*%) - (45)

Though OL and _7L have the same form as ¢ and )(/

they are really different from them, since § N g do not
now take all integral values és before, but are restricted

to where they are all odd, or are all even. ( E = 7’[ = r-0
is excluded in both the cases). ’ 1is obviously the Madelung
constant for the CsCl type of crystal, and has been calculated
by several investigators(see in particular Shermanny, 1932)

and is equal to 1.018.
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It should be remembered here that the Madelung
constant used in Part I for the CsCl type of crystal,
namely)o(—.: 1.763, is defined by)5

_x/d = = HYR
where R is the distance of the lon from the origin and is
equal to S'/Zx o\./\/3. Hence our of/ = 1.763/V3,

The series )(l s however, does not seem to have been
studied, but can be evalugted in the following manner. The
CsCl type of crystal is bédybcentred cubic, with two ions
in the unit cell. If we divide the crystal into sﬁch unit
cells and calculate in the usuwal manner the contributions

/

from such cells to j& s the terms are found to converge

very slowly, and one needs to take contributions from several
thousand cells befor:i?gé second decimal place could be
decided with certainty. This method of cubic summation,
which is usually adopted for the computation of such.series,
is not, therefore, helpful in the present case. There is,
‘however, an alternative ﬂﬁgg::eof the elementary cells,
which we find on trial to give terms that are much more
rapidly convergent. Choosingias before the equilibrium
position of an alkali ion as/the.origin, consider the cubé
of eightdg?iiigbions immediately surrounding it. The edght
corners/will correspond in our notation to Z Nng==I L
Join the origin to any three adjacent corners of this cube,
s o
say, (L1 1=t | |<{ . The parallelopiped formed with tlese
three lines as the adjoining edges will form a suitable
Wil Ul with ome 1eh 4t saeh ob i corners, half of them
positive, and\the other negative. By considering these
eight ions forming the%corners of such a cell as forming a
group, and regarding every alternate cell as unoccupied,
one can calculate readily the contributions from these cells
to %/ and they are found, after the first few terms,to
convergé&yapidly. Detailed calculations have béen made by

this method by Mry K.D.Baveja and Mr/ Gyan Mohan in this

laboratory, and wiltl be published elsewhere. We shall merely
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quote here the final result of their computation, namely,
X=h?0o. —1' 07
Coming back to the calculation of % ( FA) and thence
of the elastic constants of alkali halides of the CsCl type,
on the Born fdodel, the results obtained are given in

Aable 4, and are expressed in terms of 6/06"[-“‘)

Tab_le 4 X C

2 o/ (B+)-1gx  o/(23-7) +qr’  o/(23-7)+X

Here again thoughmt’;l?_:c‘_'_*as should be expected,
the contributions to C, from the repulsion and the
electrostatic interactions, namely €'2 and . £/ , are not
separately equal to ﬁ_w_and eq_q_ respectively.

Further
p=3/Cut2ln)= s/ {er (3-2)}, e (46)

which is the same as the value obtained in equation (7)

of /Ifart I from direct considerations. -

# %W 13, THE ANHARMONICITIES OF THE LOW FREQUENCY ACOUSTIC MODES

Coming back to expression (12) for U, (see also (9))
we shall now consider the terms in it that involve higher
powers of r than rz . These terms will evidently deter-h
mine the anharmonicity of the oscillation, in the same manner,
in which the rg‘ term determines the frequency. The r:"

ap——

term, which we shall consider first, will be given by

fai= 2] 2 [f e o) R




where H has the value defined by (8) and where, while

differentiating with respect tor, , 30 and r. are to
be treated as constants, whereas before integrating, both
j:L and T’r are to be expressed in terms of T . Doing

so, we obtaln for the coefficient of r*‘

'?: = Z[T.;T (\-37} cos ¢p +3q!zw52cp—‘q)3m3ﬁ)] > o (49)

where the summation extends over all the ions.

For the low frequency modes, for which cos(g can
be put equal tol~iéﬁ5q is given by (25), which we may
rewrite for conveniengg in the form

CU = |= \1\1152') ot e Q-I-Q)
where the second tef;wis of the same order of magnitude
as cpl; After some simple reductions, we find that the
terms in (44) that are independent of (¢ cancel each other
out, and that the first mmmlm non-vanishing term corres-

ponds to

f=-3 (Bwete), =6

N

and 1is of thea/fé?é/ér of magnitude as 2. (H ‘-a?““*)'

There is thus an essential difference between the
optical modes and the low-frequency acoustic modes. In the
optical branch, the coefficients of the ré‘ and r;* terms
in the expression for potential energy a;; of thgnérder of
ZLF: and §ip{ respectively and the ratio of the latter
to the former 1s of the order of 10 P cwi, Incher words,
the r*’ term will become comparable with the r term
only when.the amplitude becomes as large as anlx which

may be taken as a rough measure of the anharmonicity.

On the other hand, for the low-feequency acoustie
= and rf‘
terms are of the order of Z(Fﬁgz) and ZQ-{ ce‘jrespedtively.

The ratio of the latter to the former will now be of a

modes that we are now considering, the r

lower order of magnitude than for theoptical modes, lower




by a factor ce?‘
The calculation of the rg’ term is slightly more

Ane

complicated, but here again, the coefficient is of the order
of Cpg.

Hence for the low-frequency acoustic modes, the anhar-
monicities aI:e :Df a lower order of magnitude than for the optical
brahch, and will be the smaller the lower the frequency and quite
:F.ns ignificant. /;}

We wish to thank Mr K.D.Baveja and Mr, Gyan Mohan for

: /
undertaking the numerical computation of the series )()and for

making availabk to us their results.
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