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1. Intreduction. / :
Every non-singular cubic can be reduced to the canonical ¢ g
form : (4
2 +y°+2°+6 m apz=0 .. - s (1) . wher
and if the cubic be equi-anharmonic we have the relation m=o, '
so that the standard form of the equi-anharmonic cubic can be
taken as . g But t
S )it at= S b i ii
x>+ +27=0 (ii) (p,-

In a former paperk I have obtained (in collaboration with
my friend Mr. M. Lakshmanamurthi) the complete set of neces-

so that w

- < : of the fu
. 3 sary and sufficient conditions in order that any three points on AT e B (5, 9, 20,
the cubic (i) should be collinear. In attempting, as a natural =1 i e S
consequence, an extension of this problem for the case of six : ‘ A=
points on the cubic (i) and finding out the conditions in order . ¢ o
that they might form a group of zero residue, I found that the C=z
problem would be greatly simplified if I first tackled the case of where the
the simpler cubic, wiz., the equi-anharmonic one whose equation permuting
is given by (ii). . : expressed
I have given here all the results that I have obtained in this 7 v
connection.
Further it is evident that since (ii) is only a particular case - “

of (i) the problem of determining the condition of collinearity of
three points on (ii) must yield simpler and a larger number of
such conditions than in the case of (i). I have also indicated . 1‘ .
here these new sets of conditions obtained. ]

. and elimi
2. Groups of Three Points. » e
Let (*,, ¥, ) \=1, »» 5 be any three points on the cubic We «
x+9°+2°=0 o o T (ii)
* Journal of the /ndian Mathematical Society, February and April 1924. 7 * so that =
& { which is
‘ ‘ 2 - (i) also.
g
A
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A and if they be collinear let them lie on the straight line
ax+ By +vz=0 2 o fi @i
Associating with (ii) and (iii) another arbitrary relation
pxtgvtrz=0 .. o - S G
, let us eliminate x - y - z between (ii), (iii) and (iv). The result of
2 elimination reduces to
N (Br 1)+ =)+ ag— )" =0
il ! which is a ternary cubic in (2, ¢, 7) say
(a8 C B G H. ], K L) q 1) =0 (v) x
where—A4=0B"~7" | # =07 | — 7=y
m=o, ' —B-—v-a | G=r | — /=7a L=0
can be ‘ e H=aB] — k=0
But this eliminant can also be written in the form
. (/”51 S 7‘21) (/7-"5:'%/ gyt 752) (p“"a’;»{/)’:; “ "Z?):O (Vi)
4ol i so that we have the relations which express 4, 5 and C in terms
riceces- < - of the fundamental symmetrical functions of the system of roots -
n’ e o LM {“'* °* (%, y; 2,). etc. of (ii) and (iii), véz., . s
1atural | . . ; :
of six ! iv A=x, %, x4 35:‘53)1 Vo 2g ol = ‘521 50 s 0
o F . B=y, y, ¥ | 3G= S35, 7z, x4 3(,?=A5‘x1 X 2|l =80y 2
at the C=2, 2, 3, | 3BH=38x, %, y, SH=Sy, 3 ,
ase of : where the symbol S denotes the sum of all the terms obtained by
juation permuting the numbers 1, 2 and 8. Thus 4, B, C, . .. L are
expressed in terms (x, y, z,) as well as of (a, B, V), viz.,
3 3 e . % " - .
in this : A=x, x, x:;——-'Y"-,B" 3 F=Sy, v, 2;3:6'7“

/’:::};1 Vs ya:a:‘* ’y:: 3 G:SZ!' Zq x;}:'}’ag
£ 5 s C=z, z, 33:*/83-(13 3H=Sx, x, y,=aB’

rity of .
S7—Sz =2 = — 0"
ber of ?1 S.ml e B-:/ =
licated . ! . 3/ =S5x, &, 23= ——y)a L= 8%, y, 2,=0
SK=— Sy Y, X a3
and eliminating @: B : v between any three of these expressions
. we shall have a necessary condition of collinearity.
e i We observe immediately that
— 6L=0=S5x, y, 3
- 1924. . i
f so that Sax, (9, 2,1+, 2)=0 .. L o (i)
which is a necessary condition which holds in the general case

(i) also.
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Further 4+ 84 C= 8 2, %, x=2T~8°=0 ..  yiig)
is also a necessary condition. In the paper referred to above we
have shown that (vii) and (viii) taken together are both necessary
and sufficient for the collinearity of the three points on the
cubic (i) and hence also for (ii). It has also been shown, further,

that of the three conditions
(ix)

any two taken together are necessary and sufficient conditions.

It is easy to see that the conditions in (ix) are all of the first
degree in any one set of co-ordinates of {lx, 7, 208 dn the case of
the cubic (ii) we are considering, we can also deduce sets of
conditions of the second degree a thing which is not present in
the case of the cubic (i). We have

Firn % s

which can be written in the form
FK=GI=HJ = = e )
equivalent to two conditions. On simplifying these conditions
by putting
[— ik, = Y Yot h
U=yl edyes, om0 X s Yt Y,
they reduce to the forms
(mz,+1y,) (W' yq+mx,)
= (s, + m'z) (U2 +ny,) =y, +u'xy) (m’ s+ Iz,)
3. Groups of Six Points.
Let (x,, ¥,» ) ,=1.:6 be the intersections of the cubic
B+ =0 .. Wi 7 7, (ii)
and a conic
ool 3 00 o . (xi)
Associating with these a linear condition
ax+By-+vz=0 - o (xii)
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let (X,, et (x,, ¥, Z,) aund (X,, ¥y, Z) be the
intersections of (ii) and (xii). Then the eliminant of . 1 -3
between (i), (xi) and (xii) is given by
(ex  ToY A +3F VN2 495 2 X 20X, Y,)
Xax b0V, vl T W2 0. 2 op vt
Xa XtV e Z A9 f VT AW 7 X (9w vy ()
provided we can express the symmetrical functions of the roots
e 7)) arising out of this product in terms of @, B8 and 7.
These functions are evidently of the second degree in the roots
and have all been calculated by Prof. Cayley.* Writing down
the product at tength we have the eliminant given by
E=(ax % v+ .. +..) + (89,2, 902y Yozt ..+ ..)
(89’/{" Sxﬂ’l XoYs ZzXy . A, .
,(2/}?/ AS‘J’J%]'Q‘-
+(4cr® S912,9,5.5,
(B Sxyy,5,,7
+ (4277 Sy,y.z,
(2('f Sy,z,

o :
4 agh Sx,x,y8.0,. . .

+(b” 53’13;«2'232 e )
+(4ehf Sx,p,p,2.3,"+
+(dahf Sx, %.ys0a5: . .
+(Qbef Sy, 3,20, . . +)

+(8fgh Sxyy,18.%,52,+ . .+

- (Qbeh Sk 9y 55
+(26cg Sz,x,7,°

~ 2 2
F (abe Sxy' vy 2,

* Cavley : Collected Mathematical Papers. Vol. 1L, pp. 454=64,




5

The fundamental symmetrical functions of the roots (
7 (ii) and (xii) are given by
xxx -5 B SY, Y, Z,=8F=87
V,Y,Y,=B=a’—7 5422X3— 3G="a’
Z.2Z-— 6058 a SX AV, -34 0B

SZ,Z,V, =8/ ﬂ@”“/
SX, X,Z,=8/=" Sy 27 U
SV, Vo Xi— 3K~ —a B

and the symmetrical functions of the second degree which appear
in Z have, as already mentioned, been calculated by Cayley in
terms of 4, B, C, F, G, H, I, /, K and L. Substituting these

values the eliminant % is further reduced to

E-la .. . )
+ 8(fPBC +..+..)
+94 (ePAF+ ..+ ..
+ B (W’ fBE, - .+ ..
FoleeE o )
+94 (PhAl+ ..+ ..
L1 GeBE
+ 6 (fCEE
+24 (aghAL+ ..+
+[6%c (QF*—6BL)+ ..+ ..
L @—6eR) .
4 [chf (9FG—3CK)+
4 [ahf (OJK—8AF)+ .. +..
9 [bef (OFI—8BC)+..+..]
24 foh (F/+GKA ///-—1>
L19 [0k QF)—CGK—HI L)+ .. F..
L 6:[bch (6BFL—8KI—BG)+
6 [bcg (6/L—8FG—CK)+..+. |
- 6 abe (—F/—GEK—HI+4L%).

.Z in terms of @, 3, and ¥

-

Substituting the values of A4, 5, C.
E finally reduces to a ternary sexticin @, B and Y say £&° (a, B, v)

whose co-efficients of functions of «, 4, ¢, f, &, # only.
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We can also obtain the eliminant of a: p: z between (ii),
(xi) and (xii) in an entirely different manner. Since (%, ¥, 2,)
. .(x4, ¥6» 25) are the roots of (ii) and (xi) the eliminant can be
written as (ax, +B8y, +7z,) (ax;+By,+72,) (..) (..) .. (axs+By,
+79%,)=0 and if the right hand side be expanded it reduces to
a ternary sextic Z;' (a, 8, 7) in @, 8 and ¥ whose co-efficients are
the fundamental symmetrical functions of the roots (x, y, z,)
i=1, 2,..6. Next comparing the different terms in a? Bz ¥»
(p+¢+7=6) in the two forms of the eliminant, ziz., Z and &’
we obtain the expressions for the fundamental symmetric func-
tions of (x, », z,) 1=1,..6 in terms of the co-efficients of the
quadratic (xi).

To carry out this rather laborious operation I evaluate the
different terms in Z£° (a, B, v) separately, writing them down at
length by substituting the values for 4, B8, C....and Z. I next
write down the expansion 7 (ax, +8y, +%z,) in terms like a? Bz v»
(p+¢g+7»=6) and for comparing the co-efficients I pick out the
terms of the required type from the expansion of E written down
at length.

Writing down the expansions of all the different terms in
£ and numbering them, we have

(1)

AL +HEB+EC =0 (B—7") 48 (VP —a®P+¢° (a®—B3°%)*

=a, (b'q’v‘-f‘o') ~:~,[))G ((::'5 -{-(zg)-!-'yﬂ ((lg*l-l)g)
—24°8%"—26°7’a*—2,%a*B.
(2)

BU Bt At Ab)-Bf 4 w)lo B+, v.]
S B )+ ]
=818% (> +A =)+ .. +..]

—(fa’+..+..)]
3)
%4 (ehPAF+ .. +..)=24 [en* =B BY+..+..]
=24 [g2” (VB=B'Y)+..+..]
=24 [(eF"Y"B+..+..)—(v4Phf2+ .. +..)]
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(4)
6 [6fBF+.. +..1=6 [B*fBr (V) +..+..]
=6 [6°f (@’BY—v’B)+..+..]

(5)
12 (fCht: R =19 [ef By (82 —ad) 4 b 1]
=12 o (B —a*ByY)+ .. +..]
=12 (B*cf>+ .. +..)—(®BY.cf*+ . . 4
(6)
24 (&hAl+..+..)=24 [*2.BY (B—7)+..+..]
=24 (B°.8%h+ .. +..)— (B Yo+ . 4
(7)
12 GBI+ + . )=12[VB8f 2+ ..+ .. )~ (@Bl al’+ . .+ .,
(8)
8 (PfCT+..+.)=6 [(@B S .. +.. )~ (Bt . +..)]
9)
=94 [(agh AL+ ..+ ..)=0 2 7=0
(10)
e (9F*=8BN)+..+..=0c [98°7' — 68y (V' —a¥)] +. . + ..

8B 1) )
= (a?@g“/.%gc‘f G i)

(11)
be (OF 6CA) .. =3y bt
+(a® By 262+ .. + . )]
(12)
4 leaf (OFG—BCK)+..+.]1=12[chf[8a*B.Y’ —a?Bla’— BH)] + ..+ ..]

=19 j(aﬁﬂvﬁ,?);/zf—}- E = }
C—(@Bohf+ .. 4. ) +aB (ehf+ .. +..)




(13)
4 [ahf (9 JK—8AF)+..+..]
(*PB.ahf+.. % .. )
=10 [ —(V°B.akf+ ..+ .. v
L + (B anf+ ..+, ) l
(14)
2 [bef (OFI—8BC)+ .. +..]
=6 [bef [—38°7Y'—(¥'—a®) ("= BH)]+..+..]
o e )
-6
L [/83'73 Qécftcagtabh)+ .. +..] ){
(15)

24 foh (F/+ GK+HI—L?)=—24 fgh (eBy*+..+..)
=—(a*By.24 feh+..+..)

(16)

12 [ch? QF/— GK— HI+ L")+ .. +..]
=12 [c#? [8F/—(F/+GCGK+HID)]+..+..]
=12 a*By (ch*—2af>+be)+ .. +..]

(17)

6 [bch (6FL—3KI—BG)+ ..+ ..]
=6 [bch (—8KI— BG)+..+..]
=6 [beh [—802BPy+va® (V' —a®)]+..+..]

( y*a®3bch+..+..) )
=6 4 —(a®8*v.3bch+..+..) b
e

(18)

6 [6ce (BZL—8FG CK)+..+. ]
((42,8'1./14;7 S )
5 —(*BY* Bbcg+ ..+ .. r
—((15/6./)43'%" S e )J

(19)

babe (— F/— GK—HI+4L%)
=6 abX(B*Ya+ .. +. )




so that the resultant
B (R b +(19)
and £’ (‘7'1/817): 7"(-”"\".1 +Pg+ %)=

a“.x] XX IO, Be s
+a3° See e ok
i aBn S5 Ve Y VsV Tt
+atB? Swivad yeh otk L
+a?B SR e e
+a*By Sex e ye s
+a?@3? Sl s
+a’B2y Sx sy Vo sk
+a®By? S B2 2 T .
+ a* 3%y Swwiynss o
Hence comparing the co-efficients of the different terms in
i a8 B yinE and BT @) (19) we have
the different symmetric functions in order, iz.,
[ xxwx,0,x,=0"+c"—8F +98cf
ete.
II.  Sxyx,xawx.yo=6 (477 8—2chf— beg—b°h)
etc.
III. Sz p,0.0.25%=6 (Afe’ —2chg— acf— a*h)
etc.
IV. Sxx,x.%,.9,=38 (ab® +2caf+2cgh+46h> —6fs>)
etc,
V.  Syi3sysVats®e=3 (8a°+2bcg+2chf+4ah*—6gr?)
etc.
VI. Sxx,0,x,9.2,=6 (@bo—4feh—4af>+ 260°42c4%)
etci
Sty 20,00,9, 957, =8 (f*+ 22+ /7)) —6 (bcf+cag+abh—2c%)
eLcs
Sx,0,00,0,95%,=6 (Ff+67c+8afe+Scak)
etc.
S, %0259 1552, =6 (8 f+ b+ 6afh+3bag)
etc.

Se gy ez =0




