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GROUPS OF POINTS ON THE
EQUI-ANHARMONIC CUBIC.
By B. S. MADHAVA Rao, M.Sc.

(Dept. of Mathematics, Central College, Bangalore.)

1. Introduction.

Every non-singular cubic can be reduced to the canonical
form:

ety? +2°+6 m ayz=0.. so .. (i)
and if the cubic be equi-anharmonic we have the relation m-a,
so that the standard form of the equi-anharmonic cubic can be
taken as

x+y .. .. (ii)
In a former paper* I have obtained (in collaboration with

my friend Mr. M. Lakshmanamurthi) the complete set of neces-
sary and sufficient conditions in order that any three points on
the cubic (i) should be collinear. In attempting, as a natural
consequence, an extension of this problem for the case of six
points on the cubic Gj) and finding out the conditions in order
that they might form a group of zero residue, I found that the

problem would be greatly simplified if I first tackled the case of
the simpler cubic, véz., the equi-anharmonic one whose equation
is given by (ii).

I have given here all the results that I have obtained in this
connection.

Further it is evident that since (ii) is only a particular case
of (i) the problem of determining the condition of collinearity of
three points on (ii) must yield simpler and a larger number of
such conditions than in the case of (i). I have also indicated
here these new sets of conditions obtained.

2. Groups of Three Points.
Let (* , y.,7,) ,=y, >,» be any three points on the cubic

.e .. (ii)
* Journal of the Mathematical Socrety, February and April 1924.
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u and if they be collinear let them lie on the straight line

By --¥s--0 .. .. Gil)
Associating with Gi) and (iii) another arbitrary relation

pxtgyrrs=O .. .. Gv)
let us eliminate 1 » ~ between (ii), Giti) and (iy) The result of
elimination reduces to

¢ (Br Vg (yp- ar)" - (ag - Bp)? 0

ronical which is a ternary cubic in (f, 7, ") say

where-4=8°-Y By? -

0, - B-- y" _ a G=ya _. =97'a Z - 0)

can be C=0-8 H=af K&B
But this eliminant can also be written in the form

ase of where the symbol .S denotes the sum of all the terms obtained by

juation permuting the numbers 1, 2 and 3 Thus d, B, C, Zoae
expressed in terms (x, 11, s,) as well as of (a, BY),

r case c C=, by 3, = 8° -a° 2 f= Sx, a Vg as"

(4, B,C, FG, (bg, 72

(pa GPa i VSFz
i so that we have the relations which express 4, Aand Cin termsn with

of the fundamental symmetrical functions of the system of rootsneces

s,). etc. of (ii) and (iii), zz.,nts on
oy

of six % bf - -2 114

bo 8G= Ss, 42 ee 3G- Sa, %> a f-- Si 1

at the C= 21 3H- Sx VOT 3/1-- Sy

By'in thi 3 Sp 1

P &G= Sz wo 4 Ya

rity of
iber of 1

V,3/= Sx wa 0
1

Sy B
and eliminating @: 8: P between any three of these expressions
we shall have a necessary condition of collinearity.

cubic We observe immediately that

1 22

1924, so that Za, Gy, 2.7 yy. 3,)=0 .. .. (vit)
which is a necessary condition which holds in the general case

(i) also.
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Further B Sy, vy a =y'- B--0 vill)
is also a necessary condition. In the paper refered to above we

have shown that (vit) and (vin) taken together ate both necessary

and sufficient for the collinearity of the three points on the
cubic @) and hence also for (ii). It has also been shown, further,
that of the three conditions

1

(ix)
1 Ss

any two taken together are necessary and suificient conditions.
It is easy to see that the conditions in (ix) are all of the first

degree in any one set of co-ordinates of (x. y,,). Inthe case of

the cubic (ii) we are considering, we can also deduce sets of

conditions of the second degree a thing which is not present in

the case of the cubic G). We have

0

I
0

G a if

Kand Hf

which can be written in the form

FR= .. we Ox)

equivalent to two conditions. On simplifying these conditions

by putting
L= HX, Vay HEV) Pos WS Be

FT ne
they reduce to the forms

ff /

1 1 WY

(ne - mc) ays)- (4; nr.) Oni - Le)

3. Groups of Six Points.

Let (x,, + %) p71. -6 be the intersections of the cubic
Le .. .. Gi)

and a conic
=0

Associating with these a linear condition

-0

1(a x i )

y == () ee (xii)By

(a E

ey

oe ae
BONAR
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let
1 35, Z,)- (N, Fu, Z) and CY, Z.) be the

intersections of (ii) and (xii). Then the eliminant of vrs
between (ii), (xi) and (xii) is given by

2AN Jo)
DANY)

27 1.
1111

OVP CZ DLS ZN WKY )=0
provided we can express the symmetrical functions of the roots
(Y, }° Z,) arising out of this product in terms of a. 8 and Y
These functions are evidently of the second degree in the roots
and have all been calculated by Prof. Cayley2k Writing down
the product at tength we have the eliminant given by

Joe,

(Beh velo Saket ee.)
oe te)

bf potas se.

Say soWyt i eel.

(46° SY Poba Vy ms

sya hd,

44 aeh te.

tile,
Sy eh.

+ (Aca Saya visase bh.

Sx a os.

~(Qhif Ly

(Sfgh SUM S2XVay Fs

a

Sy

(Qhch SX aVo B Te ge

-(Qbee Sz 243

rlabe Sx,

* Cayley: Collected Mathematical Papers. Vol. Li, pp. 454-64,
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The fundamental symmetrical functions of the roots CX, Y, Z)
/Gi) and (xii) are given by

=

C 8= SX 8A HeB

SLi "» } = 3/-- -_

-- Pa SX, ¥iZy7 La
S Y, Y, Xx, _ 2K «28

and the symmetrical functions of the second degree which appear
in & have, as already mentioned, been calculated by Cayley in

terms of 4, B, C, F, G, A, 7, /, K and LZ. Substituting these

values the eliminant # 1s further reduced to

ee)
BV2BC + +

+24 (oPAF+
6 WPBF bebe

12 (ef?
+24 (PAA...)
"12 (67Bl--

+24
¢ (9F°-BBL) -

(9.97-6CF)+..+..]
4 [chf(QFG-~8CK)..4-..!

+ 4 fahf 4+.

+ 2 lbcf QFI--BBC)
+24 foh GK

12 [en

6 [oce (6/L-3FG-C 0+.

-6 abe (-F/- GK--HI -AL").

of

(6FL-3K/-BG) +6

F. finally reduces to a ternary sexticin 0, Bandy say &" (a. 3. Y)
Substituting the values of 4. &, C.. ..Z in terms of a, 3, and ¥

whose co-efficients of functions of a. 3, f /, 0. A only.
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We can also obtain the eliminant of +: y: s between (ii),
(xi) and (xii) in an entirely different manner. Since (a,, -11,

0Xe, Ver Ze) are the roots of (ii) and (xi) the eliminant can be

0 and if the right hand sidc be expanded it reduces to
a ternary sextic £,' (a, 3, 7) in a. 8 and P whose co-efficients are
the fundamental symmetrical functions of the roots (w, y, %,)
i=], 2,..6. Next comparing the different terms in aé B¢ yr
(p gir=6) in the two forms of the elininant, zvse., and A'
we obtain the expressions for the fundamental symmetric func-
tions of (v, », z,) 1-1,..6 in terms of the co-efficients of the
quadratic (xi).

written as (ax, + Py (ar, By (ar, Py,

To carry out this rather laborious operation I evaluate the
different terns in Z (a, B, ¥) separately, writing them down at
length by substituting the values for 4, 8, C....and Z. I next
write down the expansion ™ (av, +3, Yz,) in terms like at Bo y
(p+g+r--6) and for comparing the co-efficients I pick out the
terms of the required type from the expansion of E written down
at length.

Whiting down the expansions of all the different terms in
and numbering them, we have

(1)

a, (6° +") + 8° (3 +a*)+y? (a°+69)
26 a*B,

(2)

8 [f*
8 3 *)+...)
-(fra+..+..)]

(3)

24 (gh AF+.. +. .)=24 [eh® (1-8) BP+. 4.0)
~24 [eh® (YPB-B*y)+..4..]
=94 [(eh B+... +o.

a A' (a' 8°)

8 C CA (5 a

Bro _ a®) +

+, DI

a Color Control Patches



(4)
+

> 6 Le BY a') ed
=6 (PF (CBP B) eo. +.)
=6 (CRP... EL Pe

(5)

12 .)= 12 [ef BY (8 a8)4 0420)
(BY BP)+ 4]A

=12 (BY F.CBP fr +L.
(6)

6

12

24 24 [on (Ba) eo

=24 (By. h+.. +.) -(B'ytetAt.,
3

(7)

3 hf'
ow. l= (Ba ah' +..

6 FETAL, >.)
O*y,

wor HB yee ty

1 Alf -12 bf

(8)

(9)

llagh ALA...
(10)

24 0 0

b< (9F°=6B/) wo .. be (9B 68°4 -w14,
(Boe

6 207

(11)

QF BCA) 0. -3 LOY bbe 8)

(12)
= 12 chf(80°By - @Ba? -BY]++]

a 8 Qe

4

Bc

.) a fs" (hy re



(13)
4

5
1

(14)
2

=6 [ocf (y* ~a°) (u' _. 8°) ek

(15)

3 (Qécht ca 7 é
6

24 feh (F/+ HI- - -24 fh (aBY' + +)
(a4BY.24 feho....)
(16)

12 [ch QF/- GK-H/4
12 er (BAR/-F+ TTI) oo

By (iP -Pafi
(17)

6 [och
=6 loch (-3KI-BG)+..+..]
=6 [ar [--380By ye -a@)] 00 wd

(Ya? Boch. +.)
4 (a BY .Bbch+

bch+ oot,

(18)
6 lbeg 1.

1

begs ,e ae

(19)
6abc (-

=6 BY? +

6
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so that the resultant

and &,' (a,8,Y= + Be,

-- (19)

+ Of" Sv Xyr¥y- .

Sax iy yyaty >

oi?

Bens ¢

Hence comparing the co-efficients of the different terms in

1

a

a 32 yo oYS. Qe1

4BY+a
Sx V3) lalg @ 6

bY SY y

t.

in B and we have
the different symmetric functions in order, 77z.,

8
1

etc.
Tl. Sv V =6 (46?¢-Qchf- beg 07h)

etc.

etc.
B Cab? 4 QWaf+ Qegh + 4b? -bfe")
etc,

etc.
Sr -6 (abe Afgh-Anfe Whe? As)

etc.
IT Syst 1

1
y wr -W) 6 (bcf- cag -abh-2c*)

etc,
g,- 6 f- be -Bafe -Bcah)

etc.
IX Srv ye, 6 (OS C Baths Baag)

etc.

x Vol 1 61.

re
> (ba Ybe 6g>41
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