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Some inequsities relating to

Harmi+€ orthogonal functions.

?‘% . b.‘l o._!”-ﬁ d‘h”’v.ﬂ‘ rao
As is well known,the Hermite orthogonal functions are the

eigen-functions of the gquantum-mechanical vproblem of the linear ha
harmonie oscillator.Using this,and the notions of probability density
for the quantum and classical states,and the correspondence principle,

a known inequality relating to the Hermite functions has been employed

to derive two new types of inequalities,one referring to the largest

o

zeros of this funetion,and the other to the largest zeros of its deri-
vative.The first inequality has been proved,and the other is presented
here as a conjecture.A table calculated for n=1(1)10,2D is given to
show the plausibility of this conjecture.

2. Introduction. The normalised eigen-function of the 34 harmonic osecilla-

tor is given by = e o
drF Lot o i )77 Al 1)
e i % n”f e ﬁnu\x/« )

N

v
211

—ax H, b9 nHe (x) mz|

, s iy OGNS " ERH derive expressione
i e B C / 4

for higher values of n.

. { }
Denoting the successive relative maxima of}d”n\n)i

decreases fromiwto Q by

Mo n s Mins Mam,

1 .
o S g
it follows from the well-known theorem of Sonine relating

A

orthogo-

: z = .
nal polvnomials,that the sequence (3) is decreasing,or <
= {
M 7M1 n (t=01 ¢ ) _ by
paner the further inequality due to Szasz that
7 (4)
Rrw 72hrnan, (R217200 4 -
whieh relates to the corresponding maxima of <$“ and ¢n+i Alterna

ahall use in this

3
tively,we can put (4) in the form Y o)
WMo |4, € Man [ 4,001 = T . : _
ginee we are interested im=the with the highest relative maximum IR
D e e arc 1teresved -

we shall use (L) in the form
2L > 5
(Po'n NO'T\,-H
f
a.“d\& &¢q+( .
3.%2eros of P ﬂndfpn+r Sefore proceeding further we shall summarise,
2 e Lt o 3- A :

for the sake of easv reference,some of the well-known results about

(5)

are i« evident from ()) the zeros of
these zerossThe zeros of‘ﬁéx)are ag is evident C

it | : 1 eros 211 real and simple,say
& Hnﬁxy,and it is known that f#&x} has n 2

~

Tin 7 Xonze T )

. { . S YaYs
: i & - i ' .
|
|
|




(2)

\

and in addition ¢n0y;vanishes at =z += .We also have the standard

formulae for the derivative of H,(x) viz.

H t

7
Lxl <9 rA [rox
n NN = n hf[-\ \ N

Hn () = 2% Ha W8] = Hn” L)

ep that ol Hos .
Hy (0 = 2 Hn () = Hpy () _ o ¢!

n

pifferentiation of (1) shows that the ZeTo8 (are given by the zeros of
-5 a e A s |
HT\ AN - X l_“q i\l'\, =2\ \LI /

or,using ( those of X Hy () ~Hp ) =0 (9,4)

By Rolle's theorem,between any two roots of<g;,‘:0 lies at least one
root ofcg“x/:o,sn that,as is evident from (q) or (9,4) !%QKX;SO has
L

(Y\f \) roots,say
] .

x'

/ /
S e X -
O,ﬂ > Xl)‘ﬁ. 5N / nn

and in addition ¢'(x) vanishes at X = t+o .Thus,
n

/ : 4 - |
J P& 2 oo oS T {
2 R2 St oY P w7 M 7 Xy

imalar
{

—-i N \:’ %
Xo VHi7 m 7 x','nﬂ 73('l,‘f1-+a ‘ x‘l/YHi <

. ! S !
.gain (7) shows that the roots of H,(x) are the roots of H

are intsrlacsd with the roots of H , (%),thus

-1 7 ;‘i, g X e 22X & ~
| Mt In £l 2 am 7 /knnﬂ7xnnfl

1

i / : A

{ =
Ihese Moo, Jc01r\+i 7 x—ow\ >‘X-l Wit 2 %iq 7 7 xm—e n+l (13
e ichuallfl. give all the 11forﬂ&t10ﬂ re.the location of the roots

/ ! a o Thex e i
£ a9 ¢ 49 ,2nd how they are interlaced.
Ui NA '

s

As regards actual expressions for the roots of ¢h{ﬁ@ i.0 of

it micht be noted that although this a is a pplynomial equation
n\x) e g JoRN g

?

iIlI;fn Qr;i 2 ) ( taking out the root x =0 for the case n odd),
]
- 5 o - 2 s - . =
there ars no direct expressions for X;., itself to be found in the
)
1iterature.Jowever,there are some very interesting results relating

Xy y - Thus,one has the iremnﬁlitvq :
> lf = |/6‘ (14.)

/2 157
‘ : Xy ¥ n e In ) — 6 2Rty L,
where Lv<L2< 93<~. (L-yo)are the real zeros of the Airy's function
I

A(X) « Further ,for a fixed r,

ll
! e /b
Xyn = (it ¢ . (2redt) %LT‘ﬁé“}
where 1im € - ¢ .It follows from (l4) and (I5) thatéke the constadt
N —y oo
Lq.ls *ha best possible if r is fixed,and n arbitrary,snd also that
lf3 /e. -
(iﬂ\+i) .t > (an+y) is an upper bound for the zeros of f,(x) with

{s)

the constant / . (le)

not being irreplceable by a smaller one.An alternative form for (/5) is
iy 1 <t/
given by a3, 6
FTrom the computational noint of view,we might mention the

3 Capuane unW@
tabulation by H§ qalz"ﬁv/’f fhP largest z=ros off*(x)for n=1(13)15D,




(3)

n = (14-16)14D,2nd n = (17-20)13D.
~ - l > »
As regards the zeros of ¢ﬂgg snno information either regard

ing explicit expressions,or computational approach is available in the

; 6
literature,except,perhaps,for the general theorem that if éf¢%(k and

=
¢h\x;are both orthogonal systems,then <&Kx; must be the system of
Jacobi,laguerre,or Fermite polynomials.

4, Quantum-theoretic considerations.We use the physical interpretation

hased on the notion of vrobability that ¢;Wix defines the probability
of occurence of the varticle in the element of distance dAx ,or in

other words that @k‘ is the probability density or .probability ampli-

tude at x.The corresponding probability distribution functionfew for
the classical harmonie oscillator ( of frequency Y, s2nd total energy
given by the eigenevalue En: hﬂiﬁﬂ+§3} corresponding to the eigen-func-
tion ¢, ) is given by
Pdwc = - _f{:,_xi,m e (”)
lTv(nn+h93}
Bguation (17) shows that for the classical oscillator,the probabi-

lity deneity increases froml/m/(an+) at x=0 to oo at X=x = /lan+)

Also from the Schrodinger equation

24 e A
B8 s tuneb-n) 920 (18)

- hoE
we have %g% =0 for x=% showing that this constitutes a point of
inflexion .For values of |[x| 7 |%| , ¢ decrases continuously without
exhibiting any nodes.

Plotting ¢:' against X (for different values of n ),we
get the quantum probability distribution curves (denoted by A) which
indicate the statistical interpretation of the Schrodinger equation
in consonance with the principle of indeterminacy.Using equation(l7)
the classical distribution curves (denoted by B) can also be drawn
along with the curves A for different values of n.Such curves A and B e
are to be found in most of the standard text-bookszgn quantum-mecha-
nics,generally for values of n = 0(1)4.However,using the table of
Hermite functions given by J.B.Russell,we can draw the curves for
higher values of n 3 4.In view of the fact that we are going to refer
to these for use only in two cases,it has been thought been hot worth-

while to indicate these here.Since similar curves symmetrical with

resnect to the ¢i -axis may be plotted for negative values of X also

( the curves plotted in the text-books being plotted for + ve X ),and




)
since the Q)A are normalised,we have the result that the total area
under the curve for -co <X < +o0 is equal to 1.These curves also iilusis
illustrate the results regarding the location of the roots of %\/¢ﬁ+i,

¢, ¢

cular,we might interoret (§) by saying that the maximum probability

{ - r N = - . .
as given by (10) (1) g1) « (15 sand the inequality (5) . In parti-
i+l . :

in consonance with
the correspondences princivle,but this argument is,of course, no substi-
tute for the rigorous mathematical deduction of (%) -

Inenuallgﬁgﬁ,relatlng to zeros of %&ﬁn&ﬂd¢n“0¢. Referring to the eurves
LA s

A and B,we notice that,in consonance with ((7) ,the ordinate of B
corresponding to the farthest node of A on the x -axis(i.e the largest

zero of ¢ ) decreases with n.Hence we have
}

\/% A+ +1 =X |
& /
)

X7 Xin vide( 12 ))
?
Since onlv positive walues of the square root are being considered,

this leads ,on simplification to the inequality
2 %
xX - = 2
XI,YI-H el

The plausibility of (|q) can be checked by using the zeros of

as given in the table of Salzer for n = 1(1)snﬁsgtaking values only

Vi 5% AN

’

uo to 2D.But this is unnecessary since a proofyof (!9) by using(i5) orfjza)
T ] [ 3 0.

X 4

Putting r = 1 for the largsst zero we have,using the latter,

! 'yq o

-— £ S5 e ]
KXipy = (tn) 6 ~ o

)
and similarly ,
X owip = (Enrl) -6

Sguaring the two empressions,taking the differencs,grouping the Lerus
resulting terms suitably,we have,up to the order indicated,

‘i A ‘ ) ) 5' ""3 Se)
) 0 : L }

'\,\1 6/

the second term can be shown to be positive.Similarly the second factor
of the third term can be shown to be negative.Since the first factors
of the 2nd.and 3rd.terms are respectively — ve ,and + ve,(20 ) leads
to the desqred insquality ( |q ).A proof can also be given using (15 ?,

and noting that s e .
g €“+i\,CW

{ 4 | s \ o .
Tnequality relating to zeros of ¢ (X) and ¢ | . Referring again to
e

B g

the curves A and B,using the inequality ( § ),ths relation (17 ),and
appealing to the correspondence principle in the form that the larger

the wvalue of n,the more nearly does the wave-mechanical probability




(5)
distribution function approximats to the classical case for the same

rswe shall make the intuitive assumption that the difference

— -~

(]
between the ordinates of the curves A and B at the point X, , decreases

as n increases.This leads to

Q(& ;o i
(s Mg ) = et
N+l N0 N ppaz i o
/ { B Gy TR g =)
V ,\7.7&,, ICh nat

i.e

Aoty
a (¢

—
1 / — ~ - i =50
1 e { =

!
on)~ ¢ 7 E s i
v < -
L Jansd T ]

RS A,f\ ntit e, "
148 ) { / ‘kuﬂ '/\.UIY\,

lence if the R.H.,5 of the above be > 0O,s0 is the L.B.3,and this is trus

in virtue of ( §) @.In other words,if

4

a ‘2 S
()\_"n..‘.j,x "7 ‘}_u'h*.ax.gn
!

vide (V 3,0\) )

or it

) holds.Thus (2! ) does not amount tB?Heduction from { & ),
but is offered here as a conjecture,in view of the faect that we have
not been able to derive an explicit expression for Mé;n'or DCQ;N ,Which

4
corresponds to (|5 ).A table has ,however ,been prevared to verify the
correctness of (2l ),by finding the limits between which the ¢éﬁ:s lie
)
for n = 1{(1)11,2D.For this purpose ,we shall use the expressions for
the first ten values of n given by Pauling & Wilso#?and then obtain
the corresponding polynomial equations ¢;bg:o'using (%0). fm{x}is
obtained from the recurrence relation ( 2 ),and ¢ (x)=0is obtained
Ly W3 (Q) -

abowe,Taking out the root 3 = 0O,appsaring &=
for even values of n,the actual calculations for n = 3,4 reduce to
solution of quadratics,for n - 5,6 to cubies,for n=7,8 to quarties,
for n=9,20te quintics,and for n =11 tS%bextio in the squares Of)c&n.'
The largsst zeros of these eleven nolynomial equations were detemmined

¢£e§/

by using Torner's method.Bewr- For values of n > 7,the arithmetiekl
becomes rather complicated.Tor these cases ,it was originally proposed
to use the comouter,but,in view of the labour involved in preparing
the software for the programming,it was decided to continue with Hewasr-
Torner's method.In the table thus prepared,and shown below,the waiwes

= = il
of upper and lower limits of the values of X for n > 3 are imdiseaie

on
indieated,and it can be easily verified that the difference between
RS

yand the lower limit of X3, is 1less than 2
!

+1

P
the uppe imit of x
he upper limit of an y

for all the cases in the table,thus verifying ( 2| ) .An asymptotic

tendsner for thisdifferenes




tandency for this difference to approach the 1imit 2 might #mlso be

noticed.

Table showing th

2
] )
between which Xg,5lie for
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was read at the International 3ymposgium on nuantum

v

radras durine 7th to 12th January 19290,
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