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8 1, INTRODUCTION.
recent. siven! a mixed olar theorem relatin to

derive a number of other subsidiary theorems dealing with
mixed polars and poloconics which, although not directly
connected with the mixed polar theorem, have an intrinsic
interest. These theorems have been given in §2 of this paper.
Further theorems which follow from a direct application of
the mixed polar property with the aid of pure geometric and
symbolic methods have next been given in §3. It is shown in
this section that some of the theorems given by Rey. J. Pastor?
are immediate geometrical consequences of the mixed polar
theorem.

$2. THEOREMS ON POLO-CONICS AND MIXED POLARS.
THEOREM 1.-The mixed polar of any two points P. Q in

the plane is the polar w.r.t, the poloconie of PQ of the point of
intersection of the polar lines of P and Q.

Let the cubic be a,3=6,3=0 and the pomts P and Q be
and « and the line PQ. u=0. The poloconic of PQ is given

by
(abu) a,b, = 0

which can also be written as

© = 9x by 0 ve oe ve (1)
Let the polar lines of P and Q meet at the point t. The potar
of this point w.r.t. (1) is given by

We have also the relations

Aly" = 0 = aa? we (2)

1 Prac. Ind. Acad. Sci., Vol. 1, No. 6, (1934), p. 367.
3 Atti. Accad. naz. Lincel, Rend, VI, S. 20 (1984), pp. 459-62,
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Operating with (« =) ( b =) ( (av) 2 on 6,61¢,7

we get (abu)* (a,b; + bxa;) = 0

which is equivalent to

(a,b, a,b (a,b; + = 0

Lore. j of this last equation and using (2) we derive

AyAnb,b, (a,b; + bz) 0

and remembering that a and b are equivalent symbols this gives

rectly Let the mixed polar of P, Q meet u-0 at R ; the points P, Q,
trinsic R then form a degenerate apolar. triangle of the cubic. The

in we have

is mnseribed in the poloconie of the line.
LARS. The above theorems are very much simplified and can be

of the line PQ (u=0) with the cubic and Theorem 2 transforms

inseribed in the poloconic of the line.
As a simple corollary we can deduce the condition in order

alternative case arises when the poloconic of the line PQR

(GB) (b,b,bz) 0

uble to mixed polar of P, Q touches the poloconic of PQ
if P coincides with Q at a point of the cubte.

paper.
on of

Jastor
p

Q in

sa T, ' " iat "yt fe mcd by th. mixed polars by
3

that the mixed polar of P, Q may be the tangent to the cubic

case the mixed polar becomes the inflexional tangent. An

section of the polar Jines of P and Q will be the double point
of this degenerate poloconic and by Theorem 1, the mixed

to R, #.e., the tangent at R. Hence the(2) polar of P,Q coincides with the line joining this double point

Cor.-The mixed polar of P and Q is the tangent at R either
when P, Q, R coincide or when the line PQR has a degenerate
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64. B. S. MADHAVA RAO

poloconic. In the latter case the mixed polar of any of the three
pairs is the tangent at the residual point.

We can now proceed further and investigate how the mixed
polars of the three pairs of points are related to the pointsP', Q', R' which are the other intersections with w=0 of the

ing diagram', let the tangents at P, Q, R to the cubic form the

c

Fic. 1.

triangle ABC which is circumscribed to the poloconic of u=0.If D, E, F are the points of contact of these tangents with the
poloconie it follows by Theorem 3 that DE, EF, FD pass through

R, P. The mixed polar of Q, P passes through R or in other
words, the polar of Q w... the polar conic of P passes throughR, which means that Q and R are conjugate points for the polar

QQ', R' therefore determine the cubic covariant of the binarycubic form given by P, Q, R, the Hessian covariant being the

principle of translation the points P', Q', RB' are given as the
intersections of u with the curve

Q =(abu)*(cau)e,?
But from a property of this curve the points P, P'; Q, Q' andR, R' are conjugate points relative to the poloconic of uw.

Therefore AD, BE, CE pass through P', Q' and R' respectively.Consider further the polar of B w.r.t. the polar conic of Q.Since the polar of Rw.r.t. this conic, é.¢., the mixed polar of Q, Ris PE, it follows that the polar of B w.r.t. the same conic passes
through R. EQ being the tangent at Q to the cubie is also
the tang-nt at Q to the polar conic of Q. Hence the polar ofB w.r.t. this conic passes through Q, i.¢., 1s the line QR or QQ'
showing that HQ' is tangent at Q' to the polar conie of Q.This gives us

3 This diagram is the same as given in Salmon, U.P.C. (3rd Edition), p. 157
4 See Clebsch, Lindemann and Benoist, Legous, t. 2 (1880), p. 279.
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The points P',conic o P i (PP' JR) is a harmonic range

intersections of u with the poloconic of wu. Hence using Clebsch's

5 Cle
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three
vertices of the triangle formed by the mixed polars by pairs of these

f the
ijoin-
n the

poloconic of w and hence the point of intersection of the polars
of P, P' w.r.t. the same conic forms with P, P' a self-conjugate

§3. THEOREMS ON SALMON PENCILS.
I call the pencil of four tangents that can be drawn from

points of contact of tangents from P, to the cubic, or the inter-

P, which now degenerates into the inflexion tangent at P, and
» 157

triangle for the poloconie. From the above theorem of Clebsch
Y

should also lie on it. Hence the
Pp'

7

tiwe y.

uO.
h the
ough
3 and to in §1 which can be stated as follows :-

other

polar

ary If the points P and Q coincide at P, the point R will be the
sch's
s the

sections of the cubic with the satellite conic of P,. Hence we have
and

Q, R f
also

QQ'
rf Q let P, be a point of inflexion on the cubic the mixed polar of

5 Clebsch, Lindemann and Benoist, p. 287.
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66 B.S. MADHAVA RAO

the harmonic polar. Hence the mixed polar passes through
the intersection of these lines and this gives Rey Pastor's first
theorem. The polar lines of an inflexion point P, of w.r.t.
the Salmon peneiis of points on all pass through a fixed point
which is the intersection of the inflexional tangent at P, and the
harmonic polar of P,.

If P, be any fixed point of the curve other than a point
of inflexion we can consider the problem of finding the envelope
of the polar lines of P, w.r.t. the Salmon pencils of the points
on C*. By the mixed polar theorem this reduces to the enve-
lope of the mixed polars of P, and the different points on the
cubic. If P, be denoted by y and any point on the cubic by
€, the envelope mentioned is the envelope of the line

-0
with the condition a 0

and hence is in general a curve of the third class. Hence we
have

THEOREM 7.-The envelope of the polar lines of a given
point on C® with respect to the Salmon pencils of the different
pints Phe cute is tn general a ne + of the thi ad elass.

I hope to return in a further paper to an investigation
of the properties of this class cubic.

Let us now consider two given points P, and P, in the
plane and determine the points on C, such that the polar lines
of P, w.r.t. the Salmon pencils of these points are all concurrent
at P,. Let P, and P, be denoted by y and and any point
on the cubic by €. The Salmon pencil of € is represented by
the quartic

va .. (3)

If this passes through € we have

ay°bb
ze
+ 3a,7a-b,b .?E

- 3a,a,b,"aPer
0 .. (5)

which shows that the required points are the intersections of
the cubic with the conic

THEOREM 8.-Gtven two points P, and P, in the plane,
there are six points on such that the polar lines of P, w.r.t.
Salmon pencils of these six points all concur at Py.
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and the polar line of y w.r.t. (3) can be found to be

8
2th yby'O

2b
= 0 .. (A)b

Cayl:

3b b + 3a,7a,b,b,? - 3a a b a x = 0 .. (6)
Hence the number of points sought for is six and we can state
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» #

d point ease (6) reduces to
and the

Oy Ogbybi _ AbD47D -) ., . (7)

THEOREM 9.-There are four points on the cubic such that
the polar lines of a point vy on the curve w.r.t. the Salmon pencils
of these four points concur at a point z. ;

Specialising still further let us choose 2 such that a,'a, 0
in addition to a,7=0. This means that 2 lies on the tangent

this ease (7) still further reduces to

points of intersection of the conic (6) with reduce to
in the P,, P,, P,, Pz and two other points P,', P,". The polar lines of
ar lines P, w.r.t. Salmon pencils of P,', P," pass through P,. Using the
current mixed polar theorem these polar lines are the mixed polars of
y point P,, P,' and P,, P,". Hence the
ited by TororpoM 10.-If P, be a point on the cubic and P, its

tangential and if the mixed polar of Py, Pz, meets the ecubie in

rn Another special case of a different nature can be obtained
by reealling the corollary to Theorem 3. Let P, Q, R be three

(4) collinear points on a cubic such that the poloconic of PQR
degenerates intoa pairofst.linesthrough P,. By a well-known
theorem P, is on the Hessian and PQR is a tangent to the

at P, Q. R to the cubic pass through P,. If P', Q'. R' be the

cubie, P'. Q'. R' also he on a line and the polar conie of P,

hrough Reserving for a future occasion an investigation of the
rs first nature of the conic given by (6), I proceed to consider some
13 particular cases. Let P, lie on the cubic or a,?-0. In this

which is of the form
v point

e enve-
on the
ibic by

x ¥

ace we

5 given (A,Ayt;) (b,°b,) = 0

P,P, 0

(3)

(5)

(6) is the paur of st. Imes PQR, P'Q'R' meet at P, which is algo

n state
plane,
wrt.

of the Hessian there correspond six Salmon pencils such that the
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68 B.S. MADIHAVA RAO

polar lines of Py w.r.t. these pencils are concurrent at P, the
Steinerian conjugate of P,.

This is also immediately evident from equation (6). For,

aya, - 0

0 identically satisfied, i.c.,

-0
AAA, = 0

Hence equation (6) reduces to
b,? b,==0

which is the polar conic of P,(z) which immediately provesthe above theorem,

and ~ be conjugate poles on 1 he Hessian we have

since polar conic of w passes through and the equation

0)
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