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ON THE EQUILIBRIUM TWO PARTICLE WIGNER DISTRIBUTION FUNCTION FOR AN
ELECTRON GAS

C. Shah and G. Mukhopadhyay*

International Centre of Theoretical Physics, Trieste, Italy

(Received 12 November 1986 by S. Lundqvist)

We present here an expression for the equilibrium two particle Wigner
distribution function f2%4.(q), within the mean field approximation,
using the equation ofmotion approach. We show that the modification
to the non-interacting form for f°}4.(q) can be incorporated through
the longitudinal dielectric function, in a manner consistent with the
dielectric response theory.

1. INTRODUCTION
x

2
>Wo

THE EQUILIBRIUM TWO PARTICLE Wigner
distribution functionfi? (q), is a quantity that often

r+
2 2' t))appears in equation of motion approaches employed

to study the many body effects in the homogeneous
electron gas [1]. However, an expression for this func-
tion, even in the simplest approximation, has not been
made available so far. On the other hand, any theory
based on the equation of motion for the two particle
distribution function (e.g. calculation recently carried
out by Aravind et al. [2]) requires, as input, the form
for f24.(q). The aim of this paper, therefore, is to
obtain an expression forf,°?.(q). For this purpose we

employ the equation of motion approach and work
within the mean field approximation [5].

In Section 2, we give definitions of some relevant

2 (1)

quantities and enumerate certain general properties of
the equilibrium function. In Section 3, we describe the

equation of motion approach and obtain an ex-
pression for f,2.(q). Finally in Section 4 we discuss
the implications of our result.

2. DEFINITIONS AND GENERAL
PROPERTIES

We begin with the definition of the non-equili-
brium form for the irreducible two particle distribu-
tion function in real space, given by

2' o $4
* Permanent address: Department of Physics, Indian
Institute of Technology, Powai, Bombay 400076,
India.

where y, are the usual field operators for the interact-
ing electrons of spin o in a large volume V. In the
Fourier space, it can be expressed in terms of tne usual
creation and annihilation operators a,, and a,, respec-
tively as,

Sew t)QV = (Og gre (DOE a 20 (Ow +q;p0(D)

X Oeyqro(t)> Cay g/20°(t)

X Aysqj20°(t)>- (2)

- (ag q(t)

In terms of the density fluctuation operators 6,,(q), as
defined as

(q, 4 = bela) - <bro(@, t)>, (3a)

with

bo(Gs 1) = Ot aire (1)Ox4q)20(t), (3b)

Ox

we can rewrite (2) as

fold) = (Oko (q, Nove', >
Doo Ox +(9+4yppSOx ta'/20(4 + q', t)>. (4)

d'x d3x' x+ik'*xFR 'a' (r, r
1

In equilibrium, i.e., in the absence of an external field,
we have

Oke (q)>eg =
MWg > (5)

where n,, is the single particle momentum distribution
function for the interaction system. Using (5), the

419
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eqfilibrium two particle distribution function can be
written in terms of density fluctuation operators as

AKL (q) = bq sq kok'o' (q, q') = Ox. (q)Ove (~ q)eq

80 Oxk'My 9/20 2 (6)
where the first equality follows from the translational
symmetry of the system. Due to rotational symmetry
in a homogeneous system, it also follows that

fee (-q) = SRS vo(Q). (7)
The sum over all momenta and spins gives an exact
condition

> AGELq) = N[S(q) - 1, (8)
kok'o'

where S(q) is the usual static structure factor of the
interacting electron system.

The first term on the right-hand side of (6) is
related to a retarded response function, defined as

through the relation (derivation is straight forward [5]
and follows standard textbook methods [4)),

x Im Xkok'o' (q, w), (10)

where Xkck'o' (q, @) is the temporal Fourier transform of
(Q, 4). Thus the problem is reduced to obtaining

an expression for the response function, which we do
in the next section.

3. EXPRESSION FOR f,2}4.(q)
We use here the equation of motion approach to

first obtain y,,..(q, ¢). From the definition (9), we
have

0

+ A(t) (e (q, t), Owe (-4q, »]) >

where we have used the commutation properties of the
density fluctuation operators and (5) to write the first
term. The equation of motion for 6,,(q, 4), using the
fully interacting Hamiltonian, is given by

Vol. 62, No. 6

Ox +4,/20(4
- q, ty}, (12)

where v(q) (= 4ze"/q') is the spatial Fourier transform
of the interaction between the electrons, and 6
(=26,,) is the density operator.

Substitution of (12) in (11) leads to higher order
correlations entering the equation. In the present
work, we restrict ourselves to the mean field (i.e. time-
dependent Hartree or RPA like) approximation and
hence rewrite (12) as

AG

Oke (q, t)

-q/20 Ny a). )OCG; t).+

Substituting the above in (11) and taking its tem-
poral Fourier transform we have

Xkok'o' (4, @) = Lee (Q, @)

Xkok'o' (q, t) = x éb One + (13)[Oro (G, t), (-q, 0)]_ req? (9)
A(t) (qx. (q
inv e(q,

Here, we have defined

(14a)Xia (GQ, @)
0

o+id -k-qm

@, @) = Xo. @), (14b)
and

e(q,@) = - v(q)x°Q@, ) (15)

Oke (q)Ove ( q)
AV da AVa

1 e

ko

By definition, y°(q, w) is the usual Lindhard function
and ¢ has the standard RPA form for the longitudinal
dielectric function [4].

Note that the following relations follow:

2 Kor' (q, 0 = x. (q, )/e(q, o), (16a)

Akon's' (G, ©) = Yo (q, w)/e(q, @), (16b)

and

ko

S50' (1, _a)20 - Ng +4120)Gt

Xrck's' (4, @) = a, w)/e(q, w) = xq, @).
kok'o

(16c)eq

Clearly the condition (8), follows from (16), (10) and
(4) with the static structure factor Sq) given by its
RPA form.

Using (13) in (10) and explicitly writing the ex-
pression for the imaginary part of y?,(q, w), we have
for T = 0 (considered henceforth)

(k-q)0..(q, 4

eq
= (Ay q/2a

~
Ny +q/20)Dd.v(q,0G),

1
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0

We now replace n,, by the non-interacting single
particle momentum distribution n°, and use the rela-
tion [5],

M+q27)O(K-q) = (I

(17)

(18)

(ny -q/2a

in (17) and combine the result with (6) to obtain

. Here

AKL (Dur = - bg Oey Me gi22ncane (20)
is the well-known Hartree-Fock form for the equili-
brium two particle distribution function of a non-
interacting free electron system [3]. The modification
to this. is the second term where the longitudinal
dielectric function enters (incorporating the dielectric
screening effect), This is our main result.

4. DISCUSSION .

We first note that the expression for f{2%.(q) ob-
tained here, appears to be very different from the
ansatz that Aravind et al. [2] used in their numerical
calculations. The two forms chosen were [2]

k
2eq

(qq) =fkee. (Q)ur

and

fists@) = AG? Dur

x [Sq) (21b)
These ansatz were chosen so that they satisfied the

also taken to be even functions of q.
In general, as stated earlier in (7), the assumption

fit (-q) = f2k4(q),
which has been made by earlier workers like Nik-
lasson [1] and Aravind ef al. [2], is not accurate. Ex-

TWO PARTICLE WIGNER DISTRIBUTION FUNCTION om

-effect in (13) via a multiplying factor (1

421

pression (19) obtained by us here does satisfy the
symmetry relation (7), which, we believe, is an impor-
tant aspect. For actual numerical calculations, suit-
able approximations may be made in (19) to make it
amenable for computations. For.example, (16a) and
(16b) suggest an approximation for Anoka' (Q, W), Viz.,

dax O(k Oe ~ v(q)
AV

x Im (Q, QO)eg" (q, w)

Xkok'o' (q, @) = Soa Onn Lhe (q, w)/e(q, @),
which is much simpler to handle them (13).

To see exactly how the higher order terms are
included in (19), it is instructive to consider (19) to first
order in v(q), i.e., without the screening due to
é~'(q, @) in the second term. In this case, after replac-
ing € in (19) by unity, we can rewrite the result as

0

AK (q) Aue (Qur - v(q) f do
AV

5(q) = + (ny ~q/20 Nysq)kok'a
(2)eq mv(q)0

0

Im ko (Qs w)
HV

0 [A(k'-q) - O(k-q)]&(q, @) (19)

k'
x (ny.

(k
m v(q)
h'V (k - k')-q

x ce ~~

Ny 49.20)Mk qi2e (ny. - 9/20"
~

Me s-q'20')
_ d Ne +q// ne -q'/20° (MR gine My qi20 Is

(22)

where in going from the first step to the second, we
have made use of the equality (18).

We now compare (22) with an expression for
k k (q) obtained by Niklasson [3], by evaluating the
first few terms of its perturbation expansion and find
that (22) essentially contains the lowest order terms
evaluated in [3] (see equation (2.19) in this reference)
except for an exchange term. This difference arises

(2)eq

. from the absence of exchange contribution in our
mean field approximation. The screening by (q, @)

(21a) present in (19) clearly provides ways of writing down
higher order terms in v(q).

We note that, although we have worked in the
mean field (RPA) like approximation, it is possible to
include the local field correction factor Gina straight-
forward manner. If one accounts for the local field

G), where
G can be static or even a fully frequency and wave
vector dependent quantity, (19) is replaced by

1

N+ MoM (SQ)00

J kak'o'

Me 4q/20' + 0

2N+ ay [nk -q/2o
01

(2)eq Qur
t requirement given by (8) forf2%.(q). They were Epes (q) v(q)

0

x Im [ee Ong
ot
-64

ob]
> (23)e(q,

where G(q, «) is the local field correction factor, and
now
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v(q)x'(q'@)
- G@, o)]7°q,

(24)

e(q,@)' = 1+

We should like to emphasize now that our for-
mulation presented here is not only independent of the
actual form of the interaction between the particles of
the system, but also of the spatial dimension of the
homogeneous system. This implies that formulae (19)
and (23) are applicable, for example, to a two dimen-
sional electron system in an inversion layer where a
rather complicated form of v(q) appears.

Finally, we note that the extension of (19) to finite
temperature T is easily obtained as,

hVAK) = ALE@awe - (q)

In the classical limit (i.e. h - 0), this gives the follow-
ing formula appropriate for a classical one component
plasma:

where p and p' are the momenta replacing hk and hk';
(Q)ree and y@q, ) are given byPp

SO"Qe - Spf° f°(P)S°@)

TWO PARTICLE WIGNER DISTRIBUTION FUNCTION Vol. 62, No. 6

(p)
mV w + id - (p-q)/m'x(q, @) =

with x°(q, @) = £,x>(q, w) and f°(p) representing the
classical one particle momentum distribution func-
tion.

In conclusion, we note that numerical calculations
using the form for f°4.(q) derived in this paper,
would be helpful in further understanding of the ad-
vantages and limitations of the approximation.
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The non-equilibrium behaviour of a homogeneous electron-liqui&
(jellium) with a time. varying external flield may be described via

the linear Yesnonse theory. The induced is 'etarnined by the

retarded aznsity-"'ensity (4d) function A141) of the sy-tem
tio

j= Pourter veyawactorr , we "ro tency). In mean field apnroaches,
aum

assuming that the system responds to an effective potential Vore (dew)

(decined later) through the screened response function & ah dyw)

(usually replaced by free electron response function x )» one*

obtains /1/ c

a

a)
where @(q) = inte and G= the so-called local field correction. In

most theorectical approaches C is independent of w ful although in

2

he

principle it should;have.a We dependence determined by the "non-equil-

ibrium ded correlation function. In this paper we present an approxi-

mate method of determining the latter and thereby Gta,w) and its"

effect on the damping of plasmons for= small a.

In the presence of Vaxt (Bs 2)( external notential),VopelR,t) 'to

which the system responds via x 'is /2/%

N7 aVore(B t)=Vay(R, t)+ S-fax #7 f( R-X) C(x,t,R,t), (2)-

Sc

where Vn is the screened time dependent Hartree potential ang '(hn =1

throughout) C(x, t,R,t)= Lt(tet).in(x,t,xt )with in(x,t 9 )=

<THE (x,t) (xt v)¢ > -< (x,t)>< e(x,£y>, Here nm is the proper time

ordered d=-a correlation function of the interacting system in the

presence of the external potential (i.e. odin non-ewilibrium) and is
determined by

n(1, Lame, (1y LW)afro(142)0(2,3)m(5,1)a(2)a(3) (3)

with nm = screened correlation function, For Vayt=Or m reduces to x
SC



and to Kee . Then:
sc

w TL, 1)= C1, 9pee, 2)R(2 , 3)XGWa(2)aa) (4)

where Yis the dielectric. function and /2/

acer 5)(1,2) fx Sc (2,

'The correlation functions are short ranged in space and time. f2/ and

therefore A(1,2) can be aporoximated by (1, t)"A(1)/n. Then in Four-

ier space, V (q,w)=V,,(4,w)-¢lq) Gla,w)nla,w) ;eff
q' MEY (6)3

where G{q,w)= 9

e(q ,w)

with € This leads to expression (1). One can rewrite G(q,w)

(using the definition of €
-1 and static structure factor 6(q)) as G=

GyGp, where

G4= 3°
and (7)3

aw! q. -qw-w). (8)3

( 2x )

the' part G, is the weindependent G(q) of Singwi et al /r/. Xt

is real and 'corresoponds to the high w-limit of G(q,w)» The part G

complex and its imaginary part determines the damping of plasmons:

is
2

Tm GI

where Q ( d(a)K(a,w), q4
2

gt igh *-2qq! t and dq, qiare in units
N )9

of ap( Fermi wavevector) and W yw in En-( Fermi energy)«

It is gratifying to note that coupling between modes of the

interacting system (e. geparticle hole pairs and plasmons) control G

and in this sense our apprgach is parallel to the Mori formalism 3

roximate Aby its RPA form A=x 9/(A-b%,). Thus we retain in G, the.
Here G, should be determined self-consistently. Howeve Ts, we can app=

couplings between all modes of the interacting system. Table I gives



IRS re.

- 3 -

the contributions from this coupling of modes to the damping of plas-

mons for small q and r The contribution to plasmon width at WeW

is mainly due to particle-hole part of q' and is considerably less

than the cas> when Q is approximated by Q » The latter isalso smal-

ler than the Mori formilation /3/ result where too dq) is replaced by
it 1

af before QHowever in Mori formulation, the coefficient in

expression (9) is defferent because of the difference in apnroach.

} 2
+ I. Plasmon width in e,=¥ 45 (w /2e,)G (q,w )

Damping coefficient, from ref.3contributions from
dt it 0.122163 1.339512

iF a
a 0.001466
ph ph

In conclusion we note that it is imvortant to evaluate the non-

equilibrium d-d correlation fufictien for obtrining w- dependent G.

Our method igs one scheme for this, and we are examining other schemes

with improvements on the present one and will report them elsewhere,
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