S(11)-APPLIED MATH-3(QUANTUM MECHANICS)
1979

APPLIED MATHEMATICS
THIRD PAPER
(Quantum Mechanics)

Full Marks—100
Answen any SIX questions taking THREE from each half.
The questions are of equal value.

Candidates are required to give their answers in their
own words as far as practicable.

FIrRsT HALF

1. (a) Define eigen-states, and eigen-values of a real obser-
vable, and show that

(i) two cigenstates belonging to two different eigenvalues
are orthogonal,

(i) if every observable that commutes with a real observ-

able « also commutes with another observable f, then f is a
function of a.

(b) If @ and B be two observables such that their simul-
taneous eigenstates form a complete set, show that « and S
commute.

2. (a) Explain Heisenberg’s uncertainty principle, and use
it to find the ground state energy of the linear harmonic oscillator.

(b) For a linear harmonic oscillator, prove that the expec-
tation value of the potential energy is
<V>n:%(n+'§lf) Tl w:‘}_};E“,
and further that Ax- Ap=(n-+%) h.
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3. (a) The Schrodinger equation for a rigid body that is
constrained to rotate about a fixed axis and that has moment of
inentia / about this axis is
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where ¢ is the angle of rotation. State the boundary conditions.

Find the normalised energy eigen functions and eigen values.
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(b) Consider the Schrodinger equation
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Find the condition on the nonlocal potential V' (r ; r) that ensures
conservation of probability. ol

4. Assuming that the time evolution of the state vector is
governed by the Schrodinger equation obtain the equation of
motion in Heisenberg representation.

Establish the following :

is the Hamiltonian for a particle in coulomb field. Show that for

the particle the Runge-Lenz vector given by
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is a constant of motion.

5. (a) Let u; Wand u,® denote the energy eigenfunctions of
the Hamiltonian H, corresponding to a two-fold degenerate bound
energy level E;.. Show how to obtain the first order connection
to this energy level due to a small perturbation AH'(| A | < 1).

(b) Derive the equation for the radial part R; (k :‘) of the
Schrodinger wave function in a central potential. Show that for
the hard sphere of radius a the phase shift 8;(k) for the scattering
of the /th partial wave is given by

tan 8;(k) = ji(ka) /| m(ka)

where j(ka) and mn;(ka) are the spherical Bessel functions of
order /.
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6. (a) Obtain the Pauli-Schrodinger non-relativistic wave
equation for an electron, with proper magnetic moment, moving
in a magnetic field, and interpret the components of the wave
function.

(b) Define the Pauli spin variables o,, o©,, ¢, and obtain
their representation with ¢, diagonal. Deduce that any state of
spin can be obtairied by the superposition of two states for which
o. is equal to +1, and —1 respectively.

7. Define parity and time-reversal operators in quantum
mechanics, and show that

(a) if the Hamiltonian be invariant under the parity
operator P,, then Pap—=z=1, where 1 is an eigen-vector of
R

(b) the time-reversal operator is not unitary, but there exists
an anti-unitary transformation 7' generating the time reversal such
that PT'= —TP, QT=TQ, and T?=1 (Q and P being the posi-
tion and momentum operators).

Show further that 7' anti-commutes with the angular momen-
tum operator, but commutes with rotations and space inversions.







